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PREFACR ^^'^^'^ 



Although there are already many excellent text-books on 
trigonometry, there appears still to be room for one which shall 
avoid the extremes of expansion and brevity. Some of the most 
thorough and scholarly of these contain a great variety of matters 
which it is impossible to consider in the time usually assigned to 
this study in school and college. On the other hand, the expla^ 
nations given in many other works are so meagre that the stu- 
dent is perplexed and bewildered by the new ideas which are so 
abruptly forced upon him, and the difficulties of the teacher are 
greatly increased. The manner of presentation adopted in this 
volume necessitates more reading matter^ and, consequently, a 
somewhat larger number of pages than is found in many of the 
recent text-books on trigonometry. This has seemed unavoid- 
able, however, for the general consensus of opinion among those 
with whom the author has conferred, is that it ji^^elitial t^y 
explain in some detail the principles of the, science^ in 6rde^ 
that it may be clearly and intelligently understood ^^ fA^Hfe- 
mentary student. » ^^''*.t**' .:". 

With regard to the scope of the book, it may be'^d^-^iiiWit : 
deals with the subjects considered in the ordinary course in plane 
trigonometry in colleges and secondary schools. It discusses the 
topics usually required for teachers' certificates, for entrance to 
college, and for examinations in trigonometry in the first year 
of the college curriculum. It treats of all the topics that one 
who has taken a few months' course in trigonometry may be 
reasonably expected to know. 
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Careful consideration has been given both to the early diffi- 
culties and to the possible future needs of the beginner. The 
book differs somewhat from other text-books on this branch of 
mathematics both in the arrangement and in the manner of pre- 
sentation. The oldest and simplest part of trigonometry, namely, 
the solution of triangles and the associated practical problems, 
is concluded before the more general and abstract portions of the 
study are introduced. The first chapters of the book contain 
little more about trigonometric ratios and angular analysis than 
is sufficient to enable the beginner to understand clearly the 
arithmetical part of the science, and its simple practical applica- 
tions. This arrangement seems to have several advantages. The 
a subject is rendered far less strange at the beginning, and, by 

p means of practical, concrete examples, the student becomes 

\' familiar with the trigonometric functions before proceeding to 

L- the more general treatment. His progress is thus made easier 

and more rapid. Teachers who prefer a wider generality of 
' treatment at the outset, however, can select the chapters in a 
t different order from that followed in the text. 

{) An endeavour has been made to introduce the several topics in 

\.*\ •••/.wicTj A ^ajftlhfit the pupil may have, from the very start, an intel- 
ri • ••• Kgent idQ^ of each step in advance, as well as of the ultimate 
^ * ** : pi^pbsejoT: the study. In some cases, especially in Chapter II. 
. S^.l (j^e»fjrSt»cWapter on trigonometry), care has been taken to pre- 
7 /ritaSreTlfie^mitfd of the learner for the reception of new ideas, by 
the preliminary solution of easy familiar exercises. Throughout 
the work the author has endeavoured to make each step clear, and 
thus to prevent the appearance of that puzzled feeling which has 
such a depressing influence on those entering upon a new study. 
if On the other hand, he has sought to develop independence of 

mind and the power of mental initiative on the part of the stu- 
dent. Suggestions as to practical methods of work are frequently 
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introduced, and summaries are made in several places for the 
purpose of helping the pupil to get a better idea of the subject 
as a whole. 

In the practical applications, marked attention has been given 
to the graphical method of solution, as well as to the method of 
computation. The former method serves as a check upon the 
latter, and affords practice in neat and careful drawing. What 
is perhaps more important, however, is that the students will thus 
become accustomed to a method which will be used by them in 
other studies, and which is often employed in practical work by 
engineers and others. 

Logarithms are used almost at the beginning of the study as 
here presented. For this reason, and in order to avoid making a 
digression later on, an introductory chapter is devoted to a reyiew 
on logarithms. Examples, simple ones as a rule, are given in the 
several articles. Questions and exercises suitable for practice and 
review on the separate chapters are placed at the end of the book 
instead of at the ends of the chapters. These collections will be 
found useful, both in the short reviews that may be required on 
the completion of each chapter and in the larger and more general 
reviews. Many of the examples have been taken from examina- 
tion papers set in Great Britain and the United States. 

Throughout the work there are many historical and other notes ; 
and an historical sketch is given in the Appendix. It is believed 
that some knowledge of the historical development of trigonome- 
try, and of the men of various times and races who have helped 
to advance the subject, will interest and stimulate those who are 
entering upon its study. 

While writing this book, the author has received many valuable 
suggestions from Mr. J. A. Clark, B.S., of the Ithaca High School, 
and from several of his colleagues in the departments of mathe- 
matics and of engineering at Cornell University. He is indebted 
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PLANE TRIGOJfQ34^TRY;:^ 



CHAPTER I. ----..; 

I^OGARITHMS: REVIEW '-OF" JHEATMENT IN iLRI-^- 
METIC AND'AtOEBRA. - '.- V'" ' 

1. There is a large amount of -Qcmij)Vtation necess^'-ih the 
solution of some of the practical proBleip^ in trigolwrBa^try. The 
labour of making extensive and complicated' Carculations can be 
greatly lessened by the employment of a table of logarithms, 
an instrument which was invented for this very purpose by 
John Napier (1550-1617), Baron of Merchiston in Scotland, and 
described by him in 1614. From Henry Briggs (1556-1631), who 
was professor at Greshain College, London, and later at Oxford, 
this invention received modifications which made it more con- 
venient for ordinary practical purposes.* 

Every good treatise on algebra contains a chapter on logarithms. 
This brief introductory review is given merely for the purpose 
of bringing to mind the special properties of logarithms which 
make them readily adaptable to the saving of arithmetical work. 
A little preliminary practice in the use of logarithms will be of 
advantage to any one who intends to study trigonometry. A 
review of logarithms as treated in some standard algebra is 
strongly recommended. 

* The logarithms in general use are known as Common Iqgarithms or as 
Briggs's logarithms, in order to distinguish them from another system, which 
is also a modified form of Napier's system. The logarithms of this other 
modified system are frequently employed in mathematics, and are known as 
Natural logarithms. Hyperbolic logarithms, and also, but erroneously, as 
Napierian logarithms. See historical sketch in article Logarithms (Ency. 
Brit. 9th edition), by J. W. L. Glaisher. 

1 
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2 PLANE TRIGONOMETRY. rCn. L 

2. Definition of a logarithm. 

If a» = JV, (1) 

then X is the index of tjie power to which a must be raised in order 
to equaLN^^ \ } -* :\' . 

Fo?'gr6tie^*piirj)pse9i'lRris,'';>dea is presented in these words: If 
a* =«= J^.tii&n*a; is the logil^hfi^of N to the hose a, 

-The "latter statement is-ttfken"as the definition of a logai'ithm, 
aid is expressed by matheraatical •symbols in this manner, viz. : 

:-<•. 'iB?^4og.JV.. (2) 

^Bqtfatipns (1), (2), are eq,ilijcg,lent ; they are merely two different 
wdy^.of-^tating a certaip'ocy^ction between the three quantities 
a, a?: ^••\-S5»i:'' example." the'^elations 

may also be expressed by the equivalent logarithmic equations, 
logs 8 = 3, log5 626 = 4, log^ .001 = - 3. 

EXAMPLES. 

1. Express the following equations in a logarithmic form : 

38 = 27, 4* = 266, ll^ = 121, 98 = 728, 78 = 343, w»» =jp. 

2. Express the following equations in the exponential form ; 

log2 8 = 3, logs 625 = 4, logio 1000 = 3, loga 64 = 6, log« P = o. 

8. When the base is 2, what are the logarithms of 1, 2, 4, 8, 16, 82, 64, 
128, 256 ? 

4. When the base is 5, what are the logarithms of 1, 5, 25, 125, 626, 8125 ? 

6. When the base is 10, what are the logarithms of 1, 10, lOQ, 1000, 10,000, 
100,000, 1,000,000, .1, .01, .001, .0001, .00001, .000001 ? 

6. When the base is 4, and the logarithms are 0, 1, 2, 8, 4, 6, what are 
the numbers? 

7. When the base is 10, between what whole numbers do the logarithms 
of the following numbers lie : 8, 72, 235, 1140, 3470, *7, .04, .0035 ? 

3. Properties of logarithms. Since a logarithm is the index of 
a power, it follows that the properties of logarithms must be 
derivable from the properties of indices ; that is, from the laws 
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of indices. The laws of indices are as follows (a, m, n, being any 
finite quantities) : 

(1) or xa:^=^ ar+\ 

(2) ^n=or-''\f=o,-' = «''';^o,;C_=i. .vo5=v.i]. 

1 Hi * 

(3) (a*)" = a"*". (4) :\(ii"' = (a'^y = a*". • 

Let M^a"^, whence, log; Jf=m; (1)" 

and let -^=a", whence, \og„N=n. (2) 

It follows that 

MN = a^^" ; whence, loga 311^ =. 7;>. ^^ .^, = lo^a M 4- Jogr» . V. (8) 

[If P=a'', then log,P = p, J)tf^P = a"»-'-"+'' ; - 
whence, log. MNP = ?» 4- w -f jp = log. J[f + log. N + log. P.] 

Also, -— = — = a"»-»; 

whence, loga ^ = ^^ — ^* = ^ofi^a -**" - lo?a -2V. . (4) 

Also, Jlf = (a*)' = a"**" ; whence, loga M^ = rm = r loga M. * (6) 

1 "» 

Also, ■n/J^= (a"*)' = a*"' ; 

r 1 1 

whence, loga VS'= -•*» = - loga -Sf. (6) 

The results (3)-(6) state the properties, or are the laws of loga- 
rUhms. They may he expressed in words as follows : 

(1) The logarithm of the product of any number of factors is equal 
to the sum of the logarithms of the factors. 

(2) The logarithm of the quotient of two numbers is equal to the 
lotjarithm of the numerator diminished by the logarithm of the 
denominator. 

(3) Tlte logarithm of the rih power of a number is equal to r times 
the logarithm of the number. 



i 

f' 



4 PLANE THIGONOMSTHY. [Ch. l 

(4) ITie loganthm of the rth root of a number is equal to -th of 
the loganthm of the number. 

Hence, if th^ Jogg,rithms (i.e. the exponents of powers) of num- 
bers b§ His^ :instea4 of* the numbers themselves, then the operar 
tions of w^w?f$Zica^2oi-ScijWl division are replaced by those of addition 
and,|w5&'ac?tori,*an& l;hV€iP.ey4t^ons of raising to powers and extract- 
ing ro&t»,^hj those of muWpilcation and division, 

^ • * 

. 4.^ €ommon system of logarithms. Any positive number except 

Tr^Alay.be chosen as the bafsp^j-^aiid to the base chosen there cor- 

re^s^Sntis a set or system of iejgjarithms. In the common or deci- 

nial''^J'Stem the base i^ *l(i[J*and, as will presently appear, this 

s/^tQiH^-is.k.very conv6ni:qttii*-bne for ordinary numerical calcula- 

tions** -/"JR^'Vhat fol^cJws,v1jhe base 10 is not expressed, but it is 

always nuljicrstood that 10 is the base. Tlie logarithm of a nuwr 

ber in the cofnmori: system is the answer to the question: ^^What 

power of 10 is the number f " 

Since 

1=10«, 10 = lOS 100=10«, 1000=10«, 10000=10*, ..., 

it follows that 

logl= 0, log 10= 1, log 100= 2, log 1000= 3, log 10000= 4, -- 
This also shows that the logarithms of numbers 



between 1 and 10 lie between and 1, 
between 10 and 100 lie between 1 and 2, 
between 100 and 1000 lie between 2 and 3, and so on. 



(1) 



For example, 

9 = 10«^, 247 = 10*-«8^«, 1453 = 10"«'; 

or log 9 = .96424, log 247= 2.39270, log 1453 = 3.16227. 

Most logarithms are incommensurable numbers. (See Art. 9.) 
The decimal part of the logarithm is called the mantissa^ the 

* The base of the natural system of logarithms is an incommensurable L ^ 
number, which is always denoted by the letter e and is approximately equal li 
to 2.7182818284. " 
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integral part of the logarithm is called the index or chjarao" 
teristic. 

The two great advantages of the common system, as will now 
be shown, are ; 

(1) The characteristic of a logarithm can be written on mere 
iiiS(gection ; 

(2) The position of the decimal point in a number affects the char- 
acteristic alone, the mantissa being always the same for the same 
sequence of figures. 

Since .1= ^ =10-S -^^-^'^is =1^"^ 

•001 = ttjW = io-«, .QOpL^'-^i^ = 10-^, y.-^; . 

it follows that . v;- - - 

log .1 = - 1, log .01 = - 2, log .001 = - 3, log .0001 = -4, etc. <2) 

From (1) and (2) comes the fpllowing rule for finding ik«i, char- 
acteristic: '/^ - 

When the number is greater thMurJ, the characteristic i& positive 
and is one less thaii the number (i/ digits to the left of the decimal 
point f when, the number is less tharf-lj.ih&xhatahtert^Hoi^ negative, 
and is one more than the number of zm>& between tj^e decimal point 
and the first significant figure. 

When a change is made iri the position of the decimal point in a 
numher, the value of the number is changed by some integral 
power of 10. Its logarithm is then changed by a whole number 
only, and, consequently, its mantissa is not affected. For example, 

25,38 = 2638 x lO"*, 2538000 = 2538 x 10^ ; 

and hence, log 25.38 = log 2538 - 2, log 2538000 = log 2538 + 3. 

Accordingly, it is necessary to put only the mantissas of se- 
> quences of integers in the tables. 

3 

S. Negative characteristics. In common logarithms the mantissa 
^\is always kept positive. Thus, for example, log 25380 = 4.40449; 
^ \ log .002638 = log toVoVoo = log ^538 - log 1000000 = 3.40449 - 6 

» - 3 + .40449. (Never put - 2.59651.) ^ 

r 
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60. The use of logarithms in Cases I., II 107 

61. Relation between the sum and the difference of any two sides of a 

triangle. The law of tangents. Use of logarithms in Case III. . 108 
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6. Find the value of X in 34» = 19. 

Since 34« = 19, 

log34« = logl9, 
as fog 34 = log 19, 
^_ logl9 1.27875 QQ^oft «««,.i« 

6. Find the value of (a) |^, (6) |?^, (c) !!§, (d) ^ 

^ ^ 267 ^ "^ 316.2 ^ ^ 69.83 ^ ^ .4231 

7. Find the value of (a) I5A>L83:21, (ft) ^'^^ x 6.36 95.83x76.49 

^ "^ 674.2 ^ "^ 7.84 ^ ^ 82.97 

8. Find the value of (a) V63, (6) V630, (c) VO, (d) v^ISs, 

(«) V':063, (/) V:0063. 

9. Find the value of V63.42 x 74.96, V6.36 x 10.87, V14.21 x 17.29. 



10. Find flie value of ^^'Q X72.il /31.21 x 41.7 JiTTTsg: 

>'7.81 X 6.96 >'ll.39x 16.71 ^^ 73.4 x 97. 

8 

11. Fmd the value of 2.6637*. 12. (—\ 

\113y 

18. Find a; from the equations : 

(o) 3« = 36, (6) 6» = 70, (c)10«=36, 

(d) 10- = 127, (e) 10- = 766, (/) 10* = 1364. 



CHAPTER II. 

TRIGONOMETRIC RATIOS OF ACUTE ANGLES. 

7. The name Trigonometry is derived from two Greek words 
wliich taken together mean * I measure a triangle.' * At the pres- 
ent time the measurement of triangles is merely one of several 
branches included in the subject of trigonometry. The more ele- 
mentary part of trigoilometry is concerned with the calculation of 
straight and circular lines, angles, and areas belonging to figures 
on planes and spheres. It consists of two sections, viz. Plane 
Trigonometry and Spherical Trigonometry. Elementary trigonom- 

• etry has many useful applications, for instance, in the measure- 
ment of areas, heights, and distances. An acquaintance with its 
simpler results is very helpful, and sometimes indispensable, in 
even a brief study of such sciences as astronomy, physics, and 
the various branches of engineering. Some modern branches of 
trigonometry require a knowledge of advanced algebra. Their 
results are used in the more advanced departments of mathe- 

• matics and in other sciences. This work considers only the sim- 
pler portions of trigonometry, and shows some of its applications. 

The truths of elementary trigonometry are founded upon geom- 
etry, and are obtained and extended by the help of arithmetic 
and algebra. A knowledge of the principal facts of plane geome- 
try, and the ability to perform the simpler processes of algebra, 
are necessary on beginning the study of plane trigonometry. 
Instruments for measuring lines and angles, and accuracy in 
computation are required in making its practical applications. 

& Ratio. Measure. On entering upon the study of trigo- 
nometry it is very necessary to have clear ideas concerning the 
terms ratio and incommensurable numbers as explained in arith- 

• metic and algebra, for these terms play a highly important part 

* See historical sketch, p. 165. 
9 
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in the subject. The study begins with an explanation of certain 
ratios which are used in it continually, and most of the numbers 
that appear in the solution of its problems are incommensurable. 

If one quantity is half as great as another quantity in magni- 
tude, it is said that the ratio of the first quantity to the second is 
as one to two, or one-half. This ratio is sometimes indicated 
thus, 1:2; but more usually it is written in the fractional form, 
^. In this example the magnitude of the second quantity is twice 
that of the first, and the ratio of the second quantity to the first 
is 2 : 1, or, adopting the more usual style, \, i.e. 2. The ratio of 
two quantities is simply the number which expresses the magni- 
tude of the one when compared with the magnitude of the other. 
This ratio is obtained by finding hx)w many times the one quantity 
contains the other, or by finding wha^ fraction the one is of the 
other. . It follows that a ratio is merely a pure number, and that 
it can be obtained only by comparing quantities of the same kind. 
Thus the ratio of the length 3 feet to the length 2 inches is A^, 
i.e, 18 ; the ratio of the weight 2 pounds to the weight 3 pounds 
is ^. But one cannot speak of the ratio of 3 weeks to 10 yards, 
for there is no sense in the questions : How many times does 3 
weeks contain 10 yards ? What fraction of 10 yards is 3 weeks ? 

When it is said that a line is ten inches long, this statement 
means that a line one inch long has been chosen for the unit of 
length, and that the first line contains ten of these units. Thus 
the number used in telling the length of a line is the ratio of the 
length of this line to the length of another line which has been ' 
chosen for the unit of length. The measure of any quantity, sufih 
as a length, a weight, a time, an angle, etc., is 

r the number of times the quantity contains 1 
I or, the fraction that the quantity is of / 

a certain quantity of the same kind which has been adopted as the 
unit of measurement. In other words, the measure of a quantity 
is the ratio of the quantity to the unit of measurement. For 
example, if half an inch is the unit of length, then the measure of / 
a line 8 inches long is 16 ; if a foot is the unit of length, then the ■ 
measure of the same line is f ; if a second is the unit of time, then | 
the measure of an hour is 3600 ; if an hour is the unit of time, 
tlien the measure of a second is -^^^^ 
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If two quantities have a common unit of measurement, then 
their ratio is the ratio of their measures. For example, 1 
pound being taken as the unit of weight, the ratio of a weight 3 
pounds to a weight 7 pounds is f , which is also the ratio of the 
measures 3 and 7. In general, if a quantity P contains m units, 
and a quantity Q contains n units of the same kind as is used in 
the case of P, then the ratio 

quantity P _ m. units _ m^ 
quantity Q n units n 

The last fraction — is the ratio of the numbers m and n, which 
n 

are the measures of the quantities P and Q respectively. 



EXAMPLES. 

1. What is the ratio of each of the following lengths to an inch, viz., 

8 in., 2 ft., 3 ft. 6 in., 1.5 yd., 20 yd., a yd., 6 ft., c in. ? 

8. What is the ratio of each of the following lengths to a yard, viz., 
6 yd., 3.76 yd., 8 ft., 2 ft. 6 in., 10 in., 6 in., a yd., h ft., c in. ? 

8. What is the measure of each of the following lengths, when a foot is 
the unit of length, viz., 1.6 mi., 17 yd., 3 yd. 2 ft., 8.6 ft., 2 ft. 6 in., 

9 in., 2 in., a yd., h ft., c in. ? 

4. What is the measure of each of the following lengths, when 3 in. 
is the unit of length, viz., 2.6 yd., 1.5 ft., 8 in., a yd., h ft., c in. ? 

6. Express the ratio of 2.6 mi. to 10 yd. ; and the ratio of 2\ in. to 

6. Compare the ratio of a foot to a yard with the ratio of a square foot 
to a square yard. 

7. What is the unit of measurement in each of the following cases : when 
the measure of 2 ft. is 4, of 1 yd. is 72, of .5 in. is 4, of 2.6 ft. is .26 ? 

N.B. The following examples will he used again for purposes of illustra- 
tion. The student is advised to draw figures neatly and accurately and to 
preserve the results carefully, 

8. In a right-angled triangle the base is 6 ft. and the hypotenuse 10 ft 
What Is the perpendicular ? Calculate the following ratios, viz. : 



• perpendicular 


base 


perpendicular 


"^ '^ hypotenuse 
1 ' base 


hypotenuse^ 

hypotenuse 
base 


base 
hypotenuse 


|:" ^, perpendicular 


pei-peudiculat 
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What are these ratios in a triangle whose base is 6 in., and hypotenuse 
10 in.? What are they when the base is yd., and the hypotenuse 
10 yd. ? When the base is mi., and the hypotenuse 10 mi. ? When 
the base is 12 ft., and the hypotenuse 20 ft. ? When the base is 3 in., 
and the hypotenuse 5 in. ? Compare, if possible, the angles in these 
triangles. 

9. In a right-angled triangle whose base is 36 ft. and perpendicular 
12 ft., what is the hypotenuse ? For this triangle calculate the ratios 
specified in Ex. 8. Calculate these ratios for a triangle whose base is 
70 yd., and perpendicular 24 yd. Compare, if possible, the angles in these 
triangles. 

10. Calculate these ratios for the triangle whose hypotenuse is 29 ft., and 
perpendicular 21 ft. ; for the triangle whose hypotenuse is 2.9 in., and 
perpendicular 2.1 in. Compare, if possible, the angles in these triangles. 

9. Incommensurable quantities. Approximations. If the side of 
. a square is one foot in length, then the length of a diagonal of the 
square is V2 feet. Thus the ratio of the diagonal to the side is 
V2, a number which cannot be expressed as the ratio of two 
whole numbers. Two quantities whose ratio can be expressed by 
means of two integers are said to be commensurable the one with 
the other ; when their ratio cannot be so expressed, the one quan- 
tity is said to be incommenmrable with the other. For example, 
the diagonal of a square is incommensurable with the side, and 
the length of a circle with its diameter.* The quantities in the 
examples, Art. 8, are commensurable. Numbers such as V2, ^v^, 
VTO are incommensurable with unity, and their values cannot be 
found exactly. Their values, however, can be found to two, to 
three, to four, in fact, to as many places of decimals as one 
please. The greater the number of places of decimals, the more 
nearly will the calculated values represent the true values of the 
numbers. In other words, the values of incommensurable num- 
bers can be found approximately ; and the degree of appi'oximation 
(that is, the nearness to the exact values) will depend only on the 
carefulness and patience of the calculator. In practical problems 
there frequently is occasion for the exercise of judgment as to the 
degree of approximation that is necessary and sufficient. For 
example, in calculating a length in inches in ordinary engineer- 

* See Appendix, Note C. 
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ing work there is no need to go beyond the third place of deci- 
mals, for engineers are satisfied when a measurement is correct 
to within -^^ of an inch. As a rule the results obtained in practical 
problems in mathematics are only approximate and not exact. 
There are two reasons for this ; first, the data obtained by actual 
measurement can only be approximate, however excellent the 
instruments used in measuring may be, and however skilled and 
careful is the person who does the measuring ; second, most of 
the numbers used in the subsequent computations are incommenr 
surable. 

The examples at the end of this article are intended to bring out more 
clearly the idea of an approximate result. The answers are to be calculated 
to three places of decimals. It is advisable to compare the values calculated 
to three places of decimals with the values calculated to two places of deci- 
mals, and to note the difference between them. The following facts are sup- 
posed to be known and will be taken for granted. 

(a) In a right-angled triangle the square of the measure of the hypotenuse 
is equal to the sum of the squares of the measures of the other two sides. 

(6) The ratio of the length of any circle to its diameter is a number which 
is the same for all circles.* The exact value of this ratio is incommensurable 
and is always denoted by the symbol x (read pi).t The approximate values 
commonly used for v are 3.1416, 3.14159, fff (i.e. 3.1415929 ...), V (U. 
3.142857) ; of these values the last is the least accurate, but it is accurate 
enough for many practical purposes. 

(c) The length of a circle of radius r is 2 irr [by (6)] ; and the enclosed 
area is vt^. 

Note 1. If a number be calculated to three or more places of decimals, 
then the closest approximation to, say, two places of decimals is obtained by 
leaving the number in the second place of decimals unchanged when the 
number in the third place is less than 5, and by increasing the number in the 
second place by unity when the number in the third place is greater than 6 
or 5 followed by numbers; thus, e.g., 3.72 for 3.724, 3.73 for 3.7261 and 

* This ratio and facts (c) are considered in Note C, Appendix. The read- 
ing only requires a knowledge of elementary geometry. 

t This symbol is the initial letter of periphereia^ the Greek word for cir- 
cnmference. Its earliest appearances to denote this ratio are in Jones's 
Synopsis Palmariorum Matheso.% London, 1706, and in the Introductio in 
analysin infinitorum^ published in 1748 by Leonhard Euler (1707-1783), a 
native of Switzerland, who was one of the greatest mathematicians of his 
time. 
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8.7257. When the number in the third place is 6 and this is followed by 
zeros only, the number in the second place is unchanged if it is even, and is 
increased by unity if it is odd ; thus, e.g., 3.78 for 3.775, 3.78 for 3.786. In 
a series of calculations the errors made by following this rule tend to balance 
one another. 

Note 2. A quantity measured to two places of decimals is correct to the 
hundredth part of the unit employed, and a quantity measured to three places 
is correct to the thousandth part of the unit. For example, the length of a 
circle of 10 feet diameter is 31.4159 . . . feet. For this length 31.416 or 
31.42 may be taken ; the former result differa from the true result by less 
than one-thousandth of a foot, the latter by less than one-hundredth. 

EXAMPLES. 

1. A finds the square root of 3 correctly to two places of decimals, and B 
to three. How muph closer than A does B come to the exact value of the 
square root of 3 ? 

2. A circle is 50 ft. in diameter. In calculating its length A takes 3.1416 
as the ratio of the length of a circle to the diameter, B takes 3.14159, and C 
takes 22 : 7. What are the differences (in inches) between their results ? 

8. The radius of a circle is 49.95 ft. How nearly will a person come to 
the length of the circle if he assumes the radius to be 50 ft. ? [In this and 
the following example take t = 22 : 7.] 

4. It is known that the diameter of a certain circle does not differ from 
100 ft. by more than 2 in. What will be the outside limits of the error 
made in calculating the area when the diameter is taken as 100 ft. ? 

6. Find the difference between the calculations of the numbers of revolu- 
tions per mile made by a 50-in. bicycle, for ir = 22 : 7 and ir = 3.1416. 

6. A lot is 75 ft. by 200 ft. Find the diagonal distance across the lot 
correctly to within a tenth of an inch. 

7. Find the height of an equilateral triangle whose side is 20 yd. 

8. The side of an isosceles triangle is 40 ft. and the base is 30 ft. ; find 
the height. 

9. What is the length of the diagonal of a square whose side is 20 ft. ? 

10. What is the length of the side of a square whose diagonal is 20 ft. ? 

N. B. The following examples will be used again for purposes ofilluHra' 
,tion. The student is advised to draw figures and to preserve the results with 
those of Exs. 8, 9, 10, Art. 8. 

11. (a) In a right-angled triangle the hypotenuse is 12 ft. and the base is 
6 ft. ; calculate the ratios specified in Ex. 8, Art. 8. 

(6) What are these ratios when the lengths in (a) are taken twice, three 
times, one-half as great ? Compare, if possible, the angles in these triangles. 
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18. (a) lu a right-angled triangle the base is 8 in. and the perpendicu- ^ 
lar 12 in. ; calculate the ratios specified in Ex. 8, Art. 8. 

(&) What are these ratios when the lengths in (a) are taken one-third, 
and four times as great ? Compare, if possible, the angles in these triangles. 

18. (a) In a right-angled triangle the hypotenuse is 36 yd. and the per- 
pendicular is 15 yd. ; calculate the ratios specified in Ex. 8, Art. 8. 

(ft) What are these ratios when the lengths in (a) are taken four times, 
six times, one-fifth as great? Compare, if possible, the angles in these 
triangles. 

10. linear measure. Drawing to scale. Direct measurement by 
means of drawings. Various systems of linear measurement are 
^ described in arithmetic. The system mostly used in English- 
speaking countries is that in which length is given in miles, 
yards, feet, or inches. The system which is in common use on 
the continent of Europe, and which is mainly employed in 
scientific measurements throughout the world, is the metric 
system. In this system lengths are given in centimetres, metres, 
etc., the centimetre being a hundredth part of a metre. A metre 
is equal to 39.37 . . . inches.* 

Drawing to scale. It is often desirable to have a drawing on 
paper which shall serve to give an accurate idea of the relations 
of certain lines and positions. Maps and architects' plans are 
familiar examples of such drawings. In a map an inch may 
represent 1 mile, 10 miles, 100 miles, 500 miles, and so on, accord- 
ing to the scale on which the map is made ; in a building plan 
an inch may represent 10 feet, 12 feet, and so on. The operation 
of drawing on paper lines that shall be a half, a quarter, a tenth, 
a thousandth, etc., part of the actual length of given lines, is 
called drawing to scale. In many cases the drawings of objects 
cannot be made full size ; for instance, the map of a town, the 
floor plan of a church ; these are drawn to a reduced scale. In 
other cases the drawings are made larger than the actual objects, 
for instance, the drawings of the minute things that live in a 
drop of water, the drawings of the various parts of a flower; 

* The metric system has the great advantage of being a decimal system. 
At the present time committees of scientific societies in England and America 
are working to have the common system replaced by the metric. 
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these are drawn to an enlarged scale. When a drawing is made to 
scale, the scale should always be indicated on it. This may be done 
in various ways. Thus a mere statement may be made, e.g,, 

1 inch to 10 feet; 

or, the scale may be indicated by a fraction which gives the ratio 
of any line in the drawing to the actual line represented. The 
scale can also be shown graphically by means of a specially marked 
line. Both the latter methods are illustrated, for instance, oa 
the map of the Kingdom of Saxony in The Times Atlas : 



Socaevmom. 

6 10 



English Miles (69.16 - 1°) 
FIO.L 

The scale should be expressed fractionally, that is, by express 
ing the ratio of a line in the drawing to the actual line repre- 
sented. Thus in the first example above the scale is 1 : 120 ; in 
the second the scale is 1 : 870000. 

When a drawing is made to scale, the distance between two objects 
can be measured directly, by merely measuring the distance between 
their corresponding points on the drawing. For instance, if 1 inch 
represents 120 feet, then 2.5 inches represents 300 feet. Another 
example : On the map of Saxony referred to above, the distance 
between Leipzig and Dresden is, approximately, 4^ inches, and 4|- 
inches x 870000 gives about 62 miles as the distance in an air- 
line between these cities. This method of finding distance can be 
used in solving many of the problems in trigonometry.* To find 
the length of the representative line in the drawing when the 
scale and the actual length are given, is an exercise in simple 
proportion ; so, also, to find the actual length of a line when the 
scale and the length of the representative line are known. 

* This is one of the methods which will be employed in this book in prob- 
lems involving distance. Proficiency in drawing will be very helpful to the 
student. 
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EXAMPLES. 

1. When an inch represents 10 ft., how long must the lines be that will 
represent 3 in., 6 in., 1 ft., 2 ft., 6 ft., 16 ft., 7.6 ft., 30 ft., 40ft., 66 ft.? 
What is th6 scale ? 

2. When an inch represents 6 yd., how long must the lines be that will 
represent 2 yd., 4 yd., 7 yd., 11 yd., 3 yd. 2 ft., 4 yd. 1 ft. 8 in. ? What 
is the scale ? 

8. When an inch represents 160 ft., what distances are represented by 
\ in., J in., \ in., 1} in., 2J in., 4.8 in., 6.3 in. ? What is the scale ? 

4. When an inch represents 10 mi., what distances are represented by 
8 in., 7 in., J in., J in., 3 J in. ? What lengths on the drawings will represent 
7 mi., 18 mi., 26 mi. ? What is the scale ? 

6. What are the scales when 1 in. represents 100 ft., J in. represents a 
mile, \ in. represents 20 ft., ^ in. represents 16 yd., 1 in. represents 1 mi., 
10 mi., 100 mi. ? 

6. Draw to a scale 1 : 240 (20 ft to the inch) the circles in Exs. 2, 3, 4, 6, 
Art 9. 

7. On a map in Baedeker^s Guide to Paris the distance between the 
nearest comers of the Eiffel Tower and Notre Dame Cathedral is 7} in. 
What is the distance between those points, the map being drawn to a scale 
1:20000? 

8. Make the comparison of angles asked for in Exs. 8, 9, 10, Art. 8 ; Exs. 
11, 12, 18, Art. 9. 

Suggested Exercises. Make drawings to scale of the floor plan of a 
dwelling house, of some other building, of some grounds. Find the distances 
l^etween various points, such as diagonally opposite corners, by making 
measurements in the drawing and applying the scale. Compare the results 
obtained in this way with the results obtained by other methods. Other 
methods that may be used are : (1) making an off-hand estimate of the dis- 
tance ; (2) actually measuring the distance by ** pacing off" or by using a 
rule or tape line ; (3) making a computation. Let the student, from his 
own experience, form a judgment as to which of the four methods referred to 
is the easiest, and which the more exact. Find the air-line distances be- 
tween places by measuring the distances between them on maps. Several 
maps may by used so as to have a variety of scales. 

Note. The word scale also has another meaning in drawing and meas- 
urement. Engineers and draughtsmen use various kinds of rules called 
scales. The faces of these rules contain different numbers of divisions to an 
inch, one 10 divisions, one 20, one 30, and so on ; and generally, one inch on 
each face is subdivided so that a small fraction of an inch may be set off or 
xea4. Some paper scales are on the protractor inserted in this book. 



18 PLANE TRIGONOMETRY. [Ch. II. 

11. Degree measure. The protractor. It has been seen in 
geometry that: (1) When one line is perpendicular to another 
line, each of the angles made at their intersection is a right angle ; 
(2) All right angles are equal to one another. In some geomet- 
rical propositions angles are compared, and one angle is shown to 
be greater or less than another. But geometry, with the excep- 
tion of a few cases, does not show by exactly how mucli the one 
angle is greater or less than the other. In order to show this, 
measurement is necessary ; and in order to measure, a unit angle 
of measurement must be chosen. The unit of angular magnitude 
which is generally used in practical work is the angle that is one- 
ninetieth part of a right angle. Tliis unit angle is called a degree. 
All degrees are equal to one another, since all right angles are 
equal to one another. Each degree is subdivided into 60 equal 
paroS called minutes, and each minute is subdivided into 60 equal 
parts called seconds. Hence comes the following table of angvlar 

measure : 

60 seconds = 1 minute, 
60 minutes = 1 degree, 
90 degrees = 1 right angle. 

The magnitude of an angle containing 37 degrees and 42 minutes and 85 
seconds, say, is written thus : 37° 42' 35", read 37 degrees, 42 minutes, 85 
seconds. This system of measurement is sometimes called the rectangular 
system^ sometimes the sexagesimal system. In this chapter only acute angles, 
that is, angles which contain between 0° and 90°, are considered. Chapter 
y. considers angles of all magnitudes. 

Note 1. An angle 1° is subtended by 1 in. at a distance 4 ft. 9.3 in., and 
by 1 ft. at a distance 57.3 ft. An angle 1' is subtended by 1 in. at adistanoe 
286.5 ft., and by 1 ft. at a distance 3437.6 ft., about two-thirds of a mUe. 
An angle 1" is subtended by 1 in. at a distance of nearly 3J mi., by 1 ft. at a 
distance a little greater than 39} mi., by a horizontal line 200 ft. long on the 
other side of the world, nearly 8000 mi. away. These facts can be verified 
later. See Ex. 3, Art. 83. 

Note 2. Another system of angular measurement was advocated by 
Briggs and other mathematicians (see Art. 1), and was introduced in Fraaoe 
at the time of the Revolution. In this system, which is a decimal one and 
called the centesimal system^ a right angle is divided into 100 equal parts 
called grades^ each grade into 100 equal parts called minutes^ and each 
minute into 100 equal parts called seconds. It has not been generally 
adopted, on account of the immense amount of labour that would be necessary 
in order to change the mathematical tables computed for the other system. 
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Note 3. The sexagesimal system (from aexagesimus, sixtieth) was in- 
vented by the Babylonians, who constructed their tables of weights and 
measures on a scale of 60. Their tables of time (1 day = 24 hr., 1 hr. = 60 
min., 1 min. = 60 sec.) and circular measure have come down to the present 
day. It has been suggested that their adoption of the scale of 60 Is due to 
the fact that they reckoned the year at 360 days. ** This led to the division 
of the circumference of a circle into 360 degrees, each degree representing thp 
daily part of the supposed yearly revolution of the sun around the earth 
Probably they knew that the radius could be applied to the circumference as 
a chord six times, and that each arc thus cut off contained 60 degrees. Thus 
the division into 60 parts may have suggested itself. . . . Babylonian science 
has made its impress upon modern civilization. Whenever a surveyor copies 
the readings from the graduated circle on his theodolite, whenever the 
modern man notes the time of day, he is, unconsciously perhaps, but unmis- 
takably, doing homage to the ancient astronomers on the banks of the Eu- 
phrates." — Cajori, History of Elementary Mathematics^ pp. 10, 11. 

Note 4. Another system of angular measure is described in Chapter IX. 
See Art. 7-1. 

The protractor. The protractor is an instrument used for meas- 
uring given angles and laying off required angles on paper. Pro- 
tractors are of various kinds, of which the semicircular and the 
full-circled aye the most common. The degrees are marked all 
round the edge. A paper protractor is inserted in this book for 
use in solving problems.* In order to draw a line that shall 
make a given angle with a given line at a given point, proceed 
as follows : Place the centre of the protractor at the given point 
and bring its diameter into coincidence with the given line, keep- 
ing the semicircle on the side on which the required line is to be 
drawn; prick off the required number of degrees with a sharp 
pencil or fine needle. The line joining the point thus fixed and 
the g^ven point, is the line required. In order to measure a given 
angle with the protractor, place the centre at the vertex of the 
angle, and place the diameter in coincidence with one of the 
boundary lines of the angle; the number of degrees in the arc 
intercepted between the boundary lines of the angle is the meas- 
ure of the angle. 

* A horn protractor costs about 25 cents, and a small metal one about 60 
cents. One who is neat and handy can make a paper protractor. 
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Note. Before proceediDg further, the student should be able to draw 
with ease a ri^ht-angled trianp:le, having been given: (a) The hypotenuse 
and a side ; {b) the two sides about the right angle ; (c) the hypotenun 
and one of the acute angles ; (d) one of the sides about the right angle and 
the opposite angle ; (e) one of the sides about the right angle and the adja- 
cent angle. It is here taken for granted that these problems have been con- 
sidered in a course in plane geometry or in a course of geometrical drawing 



EXAMPLES. 

N* B. The student is advised to do Exs. 1-6 carefully, and to preserve tiU 
results^ for they will soon be required for purposes of illustration. 

1. Draw to scale the triangles considered in Exs. 8, 0, 10, Art 8, and Exa 
11, 12, 13, Art. 9, and measure the angles. 

2. Make drawings, on two different scales, of a right-angled trian^^ 
whose base is 20 ft. and adjacent acute angle is 56^ In each drawing mesB- 
ure the remaining parts and thence deduce the unknown parts of the originil 
triangle. In each drawhig calculate the ratios specified in Ex. 8, Art, 8. 

8. Same as Ex. 2, for a right-angled triangle whose hypotenuse is 90 ft 
and angle at base is 25". 

4. Same as Ex. 2, for a right-angled triangle whose base and perpendionlac 
are 30 ft. and 45 ft. respectively. 

5. Same as Ex. 2, for a right-angled triangle whose hypotenuse la 00 ft 
and base is 45 ft. 

6. Same as Ex. 2, for a right-angled triangle in which the base is 60 ft 

and the angle opposite to the base is 40°. 

7. What angles of a whole number of degrees can eaaUy be oonatmoted 
geometrically without the aid of the protractor ? Make the oonstnictionB, 

' 12. Trigonometric ratios defined for acute angles. Tlie ratios 
referred to at the beginning of Art. 8 will now be explained bo &r 
as acute angles are concerned. (Before proceeding, the stadent 
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should glance over the work on Exs. 8-10, Art. 8 ; Exs. 11-13, Art. 
9 ; Exs. 1-6, Art. 11.) Let A be any acute angle. In either one of 
the lines containing the angle take any point P and let fall a 
perpendicular PM to the other line. The three lines AP, AM^ 
MPj can be taken by twos in three different ways, and hence six 
ratios can be formed with them, namely : 

MP AM MP AM AP AP 
AP AP' AJ^ MP' AM MP 

It is shown in Art. 13 that each of these ratios has the same 
value as in Fig. 2, no matter where the point P is taken on either 
one of the lines bounding an angle which is equal to A, For the 
aake of convenience of reference, each one of these six ratios is given 
a particular name witJi respect to the angle A. Thus : 



TLfjy 

-J- is called the sine of the angle A 

-— is -called the cosine of the angle A 



MP. 



. , _is called the tangent of the angle A 

AM 

AM 

—- is called the cotangent of the angle A ; 
MP 

AP 

-r--is called the secant of the angle A\ 
AM 

AP 

•--- is called the cosecant of the angle A, 

MP 



■• . .(I)* 



These six ratios are known as the trigonometric ratios of the 
angle A. According to the definition of a ratio (Art. 8) they are 
merely numbers. For brevity they are written sin A, cos A, tan A, 



♦ In Chapter V. the trigonometric ratios are defined for angles in general. 
The definitions give in this article will be found to follow immediately from 
those given in Art 40. 
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cot A, sec A, cosec A (or esc A).* Thus tan A is read ^^tangetit 
Ay^' and means "the tangent of the angle A,'' The giving of 
names in (1) may be regarded as defining the trigonometric ratios. 
Definitions (1) may be expressed as follows: 



— = sinA — ==tan^, — = secA 
AP ' AM ' AM ^ 

^=cos^, ^=eot^, ^=cosec A, 



. (2) 



These definitions can be given a slightly different form which 
is more general, and, accordingly, more useful in applications. Tn 
any right-angled triangle AMP (Fig. 2), M being the right 
angle, with reference to the angle A let MP be denoted as the 
opposite side, and AM as the adjacent side. Then these defini- 
tions take the form : — 

* The term sine first appeared in the twelfth century in a Latin translation 
of an Arabian work on astronomy, and was first used in a published work by 
a German mathematician, Begiomontanus (1436-1476). The terms seoanl 
and tangent were introduced by a Dane, Thomas Finck (1661-1646), in ft 
work published in 1583. The term cosecant seems to have been first used by_ 
Rheticus, a German mathematician and astronomer (1614-1676), in one of 
his works which was published in 1596. The names cosine and cotangent 
were first employed by Edmund Gunter (1581-1626), professor of astrpnomy 
at Gresham College, London, who made the first table of logarithms of sines 
and tangents, published in 1620, and introduced the Gunter's chain now 
used in land surveying. The abbreviations sin, ton, seCy were first used 
in 1626 by a Flemish mathematician, Albert Girard (1690-1634), and those 
of cos^ cot, appear to have been earliest used by an Englishman, Wlllfam 
Oughtred (1674-1660), in his Trigonometry, published in 1657. These con- 
tractions, however, were not generally adopted until after their reintroduQtim 
by J-«onhard Euler (1707-1783), born in Switzerland of Dutch descent. In m 
work published in 1748. They were simultaneously introduced in England 
by Thomas Simpson (1710-1761), professor at Woolwich, in his Trigonon^ 
etry, published in 1748. [See Ball, A Short History of Mathematics, pp. 
216, 367.] When first used these names referred, not to certain ratioa con- 
nected vHth an angle, but to certain lines connected with circular arcs Mifr. 
tended by the angle. This is explained in Art. 79, which the student oao 
easUy rea(^ '^me. See Art. 80, Notes 2, 3. 
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(8) 



gin ^- opposite side/ 
hypotenuse, 

^^g ^ ^ adjacent side, 
hypotenuse, 

^^^022ositejide, 
adjacent side, 

, A __ adjacent side, 

opposite side, 

g^^^_hjr£otenusej_ 

adjacent side, 

^^«^« >< hypotenuse, 

cosec A = — »^-t--: — ^ 

opposite side, 

[The word perpendicnlar is sometimes used instead of opposite side^ and 
base instead of adjacent side.'] 

^it is necessarj that these definitions be thoronghlj memorized. 



EXAMPLES. 

N«B* The student is requested to preserve the work and results of these 
Eqcs, for purposes of future reference. 

1. In AMP (Fig. 2) give the trigonometric ratios of angle APM, Note 
what ratios of angles A and F are equal. 

8. In Figs. 45 a, 45 b, Art. 46, give the trigonometric ratios of the various 
acute angles. 

8. Find the trigonometric ratios of the acute angles in the triangles in Exs. 
a-10, Art. 8; Baca. 11-13, Art. 9; Exs. 2-6, Art. 11. 

4. In a triangle PQB right^ant^led at Q, the hypotenuse PR is 10 in. 
long, and the side QR is 7. Find the trigonometric ratios of the angles P 
and B. Note what ratios of P and R are equaL 

'5. For each of the angles in Ex. 4, and for each of any three of the angles 
in Ex. 8, calculate the following, and make a note of the result. [Let x de- 
note the angle whose ratios are being considered. ] 

(1) shisecoseca; (2) cos a; sec a; (3) tan a; cot x 

(4) . sin* X + cos? x (6) sec^ x — tan^ x (6) cosec^ x - cot^ x 

cos a; 
sin X 



(7) tana;-51£^ 
cos a; 



(8) cota;- 
6. 3iake the same calculations for angle A in Fig. 2, Art. 12. 
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13. Definite and invariable connection between (acute) angles 
and trigonometric ratios. It is important that the following prin- 
ciples be clearly understood ; 

(1) To each value of an angle there corresponds but one value of 
each trigonometric ratio, 

(2) Two unequal acute angles have different trigonometric ratios. 

(3) To each value of a trigonometric ratio tJiere corresponds but 
one value of an acute angle, 

(1) In Fig. 2, Art. 12, from any point S in AR draw ST per- 
pendicular to AL, Let angle B (Fig. 3) be equal to A, and from 
any point G in one of the lines containing angle B draw OK 
perpendicular to the other line. Then, by definition (3), Ai-t. 12, 

sin^ (in AMP) =^ sin A (in AST) = ^ 

. „ , ... KG 

But the triangles AMP, AST, BKG, are mutually equi- 
angular. Hence the sides about the equal angles are propoi^ 
tional, and 

MP^ST^KG 

AP AS BG' 

Therefore all angles equal to A have the same sine. In like 
manner, these angles can be shown to have the same tangent^ 
secant, etc.* 

(2) Let RAL and RALi be any two un- 
equal acute angles, placed, for convenience, 
so as to have a common vertex A and a 
common boundary line AR. From any 
point P on AL draw PM perpendicultt 
to AR, Take AP^ = AP, and draw P^H^ 
I)erpendicular to AR, Then 

* In Euclid's text on geometry, the properties of similar triangles are 00l|- 
sidered in Bk. VI. Pupils who study Euclid and have not reached Bk. VX 
can be helped to understand these properties by means of a few.exeroftni 
like tliose referred to in Ex. 3, Art. 12. 
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sm BAL = ^, sin BAL, = ^^' 

But MiPi > MP, and AP^ = AP, 

hence sin RALi > siu RAL. 

In a similar manner the other ratios can be shown to be respec- 
tively unequal. 

Ex. In this construction J. Pi is taken equal to Al\ Why does this not 
affect the generality of the proof ? 

(3) This property follows as a corollary from (1) and (2). 

The trigonometric ratios for angles from 0° to 90° are arranged 
in tables. In some tables the calculations are given to four places 
of decimals, iii others to five, six, or seven places. There are also 
tables of the logarithms of the ratios (or of the logarithms in- 
creased by 10),* which vary in the number of places of decimals 
to which the calculations are carried out. The student is advised 
to examine a table of the trigonometric ratios at this time. A 
good exercise will consist in finding the logarithms of some of the 
sines, tangents, etc., adding 10 to each logarithm, and comparing 
the result with that given in the table of Logarithmic sines, tan- 
gents, etc. [What are denoted as Natural sines and cosines in 
the tables, are merely the actual sines and cosines, which have been 
discussed above ; the so-called Logarithmic sines and cosines are 
1;he logarithms of the Natural sines and cosines with 10 added.] 
A book of logarithms and trigonometric? ratios is the principal help 
and tool in solving most of the problems in practi(ial trigonom- 
etry; and hence, proficiency in using the tables is absolutely 
necessary. The larger part of the numeri(;al answers in this book 
have been obtained with the aid of a five-place table.' Those who 
use six-place or seven-place tables will reach more accurate results. 

EXAMPLES. 

1. Compare each of the ratios of BALi with the corresponding ratio of 
BAL, 

8. Suppose that the line AB (Fig. 4) revolves about A in a counter-clock- 
wite direction, starting from the position AM : show that, as the angle MAL 



* These are usually called Logarithmic sines, tangents, etc. 



26 PLANE TRIGONOMETRY. [Ch. H. 

increases, its sine, tangent, and secant increase, and its cosine, cotangent, 
and cosecant decrease. Test this conclusion by an inspection of a table of 
Natural ratios. 

8. Find by tables, sin 17'' 40', sin 43° 25' 10", sin 76" 43', sin 83° 20' 26", 
cos 18° 10', cos 37° 40' 20", cos (U° 37', cos 72° 40' 30", tan 37° 40' 20", 
tan 70° 37' 30", cot 42° 30', cot 72° 25' 30". Log sin 37° 20', Log sin 70° 21' 80", 
Log cos 30° 20' 20", Log cos 71° 25', Log tan 70° 30' 20", Log cot 48° 20' 40". 

4. Find the angles corresponding to the following Natural and Logarithmic 
ratios: 

sine = .15327, sine = .62175, sine = .82462, sine = .84816, 

cosine = .85070, cosine = .61497, cosine = .84065, cosine = .60165. 

tangent = .42482, tangent = .60980, tangent = 1.6820, tangent = 2.4927, 

Log sine = 9.79230, Log sine = 9.94215, 

Log cosine = 9.96611 , Log cosine = 9. 74743, 
Log tangent = 9.82120, Log tangent = 10.37340. 

14. Practical problems. The problems in this article are in^ 
tended to help the learner to realize more clearly and strongly tbe 
meaning and the usefulness of the ratios which have been defined 
in Art. 12. The student is earnestly recommended to try to solve 
the first three problems below ivithout help from the book. He 
will find this to be an advantage, whether he can solve the prob- 
lems or not. If he can solve them, then he will have the pleas- 
urable feeling that he is to some extent independent of the book; 
and he will thus be encouraged and strengthened for future work. 
Should he fail to solve them, he will have the advantage of a 
closer acquaintance with the difficulties in the problems, and so 
will observe more keenly how these difficulties are avoided or 
overcome. Throughout this course the student will find it to be 
of immense advantage if he will think and study over the subject- 
matter indicated in the headings of the articles and make some 
kind of an attack on the problems before appealing to the book for 
help. If he follows this plan, his progress, in the long run, will 
be easier and more rapid, and his mental power more greatly 
improved than if he is content merely to follow after, or be led 
by, the teacher or author. 
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EXAMPLES. 

1. Construct the acute angle whose cosine is |. What are its other trigo- 
nometric ratios ? Find the number of degrees in the angle. 

The definition of the cosine of an angle shows that the required angle is 
equal to an angle in a certain right-angled triangle, namely, the triangle in 
which " the side adjacent to the angle is to the hypote- 
nuse m the ratio 2:3/* Thus the lengths of this side 
and hypotenuse can be taken as 2 and 8, and 9, 200 
and 300, and so on. Taking the lengths 2, 3, (these 
numbers being simpler and, accordingly, more conven- 
ient than the others), construct a right-angled triangle 
AST which has side AS = 2, and hypotenuse AT=ii. 
The angle A is the angle required, for cos -4 = J. . „ 

Now " ST = V32 - 22 = V6 = 2.2301. Fig. 5. 




Hence, tJie other ratios are 
3 



sin^=- 



= .7464, tan ^ = ^ = 1.1180, cot ^ = — = .8044, 
2 ' V5 ' 



sec ^ = ? = 1.6000, cosec A = — = 1.3416. 

2 V5 

The measure of the angle can be found in either one of two ways, viz. : (a) 
by measuring the angle with the protractor ; (&) by finding in the table the 
angle whose cosine is J op .6667. The latter method shows that ^ = 48° 1 1' 22". 
[Compare the result obtained by method (a) with the value given by method 
WO 

8. A right-angled triangle has an angle whose cosine is j, and the length 
Q of the hypotenuse is 60 ft. Find the angles and the 
lengths of the two sides. 

By method shown in Ex. 1, construct an angle A 
whose cosine is J. On one boundary line of the angle 
take a length AG to represent 60 ft. Draw GK^tev- 
pendicular to the other boundary line. 
Cos^ = J = .6666 ..., 
.-. ^ = 48° 11' 22", 
.-. 5= 90-^ = 41^48' 38", 




ne.a. 



oos^ = 



AK 

AG 



= ,66m' 



AK= 60 X .6666 ..., .-. ^ = ^, 



sin^ = 


V5 
3' 






KG 


V5 
3' 






. KG = 


f^ 


60 = 


= 37.27 



(Ex. 1) 
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The problem may also be solved graphically as follows. Measure anglei 
*4, Gy with the protractor. Measure AK, KG directly m the figure. 

8. A ladder 24 ft. long is leaning against the side of a 
building, and the foot of the ladder is distant 8 ft. from 
the building in a horizontal direction. What angle does the 
ladder make with the wall ? How far is the end of the 
ladder from the ground ? 

Graphical method. Let AO represent the ladder, and 
BC the wall. Draw AC, AB, to scale, to represent 24 ft. 
and 8 ft. respectively. Measure angle ACB with the pro- 
tractor. Measure BC directly in the figure. 

Method of computation. 




BC = /Zc^ - AB^ = V676 - 64 = V6i2 = 22.68 ft 
sin^a5 = ^ = A = . 33333. 

.-. ACB == 19° 2S' Wf. 




4. Find tan 40° by construction and measurement. 
With the protractor lay off an angle SAT equal to 
40°. From any point P in ^ 2' draw PR perpendicu- 
larly to ^*S'. Then measure AR, RP, and substitute 

the values in the ratio, tan 40° = ^^j-. Compare the 

result thus obtained with the value given for tan 40° in 
the tables.* 

5. Construct the angle whose tangent is |. Find its other ratios. Meas- 
ure the angle approximately, and compare the result with that given in the 
tables. Draw a number of right-angled, obtuse-angled, and aoute-angled 
triangles, each of which has an angle equal to this angle. 

6. Similarly for the angle whoso sine is J ; and for the angle whose co- 
tangent is 3. 

7. Similarly for the angle whose secant is 2 J ; and for the angle whose 
cosecant is 3J. 

8. Find by measurement of lines the approximate values of the trigo- 
nometric ratios of 30°, 40°, 45°, 50°, 55°,. 60°, 70°; compare the results with 

the values given in the tables. 



* The values of the ratios are calculated by an algebraic method, and can 
be found to any degree of accuracy that may be required. 
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jjjf any of the following constructions asked fords impossible, explain why 
it is so. 

9. Construct the acute angles in the following cases : (a) When the sines 
are J, 2, ^, f ; (b) when the cosines are i, |, 3, .3 ; (c) when the tangents 
are 3, 4, }, J ; (d) when the cotangents are 4, 2, ^, .7 ; (e) when the secants 
are 2, 3, J, J, 4 J ; (/) when the cosecants are 3, 2.5, .4, }. 

10. Find the other trigonometric ratios of the angles in Ex. 0. Find the 
measures of these angles, (a) with the protractor, (5) by means of the tables. 

11. What are the other trigonometric ratios of the angles : (1) whose sine 

is ^; (2) whose cosine is-; (3) whose tangent is -; (4) whose cotangent 
b b 

is -; (5) whose secant is -; (6) whose cosecant is- ? 
b b b 

18. A ladder 32 ft. long is leaning against a house, and reaches to a point 
24 ft. from the ground. Find the angle between the ladder and the wall. 

13. A man whose eye is 6 ft. 8 in. from the ground is on a level with, and 
120 ft. distant from, the foot of a flag pole 45 ft. 8 in. high. What angle does 
the direction of his gaze, when he is looking at the top of the pole, make with 
a horizontal line from his eye to the pole ? 

14. Find the ratios of 45°, 60°, 30°, 0°, 90°, before reading the next article. 

15. Trigonometric ratios of 45°, 60°, 30°, 0°, 90°. The ratios of 
certain angles which are often met will now be found. 

A Ratios of 45°. Let AMP 

be an isosceles right-angled tri- 
angle^ and let each of the sides 
about the right angle be equal 
to a. 

The angle 

^ = 45°,and^4P=aV2. 

.-. sin 46° = sin^ = :?^= -^ =-i-. 

By using the same figure it can be shown that 

008 46** =— , tan 46° = 1, cot 46° = 1, 

V2 

sec 46° = V2, cosec 46° = V2. 
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The sides of triangle AMP are proportional to 1, 1, V2. 
Hence, in order to produce the ratios of 45° quickly, it is merely 
necessary to draw Fig. 10 ; from this figure the ratios of 45° can 
^B - be read off at once. 

B. Ratios of 80° and eO°. 
Let ABC be an equilateral 
triangle. Fron^ any vertex B 
draw a perpendicular BD 
to the opposite side AC. 
Then angle DAB = 60°, an- 
gle ABD = 30°. 

If ^5 = 2 a, then AD = a, and DB = V4a*-a* = aVS. 

... sin 60° = sin DAB =^^ = ?L^ = ^. 
AB 2a 2 

By using the same figure it can be shown that 





A 


^ 




/ii^ 


/ 




a V3 N 


\ 


V 


M\ 






\ 




t* or 


^D 


c 


1 




Fig 


U. 




FiQ. 12. 



cos 60° = \, tan 60° - V3, cot 60° = 


1 


sec 60° - 2, cosec 60° - ^ . 

V3 




Also, sin 30° - sin ABD = ^^ = " = i. 

^5 2 a '^ 




Similarly, 




cos 30°-^, tan 30° = ^ cot 30° = 


= vs. 


sec 30° = -^, cosec 30° = 2. 





V3' 

In ADB the sides opposite to the angles 30°, 60°, 90*, axe 
respectively proportional to 1, V3, 2. Hence, in order to produce 
the ratios of 30°, 60°, at a moment's notice, it is merely necessaiy , 
to draw Fig. 12, from which these ratios can be immediately read' 
off. 

(7. Ratios of 0" and 90°. The algebraical note, Art. 76, may Im 
read now. 
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y Let the hypotenuse in each of the right-angled triangles in 
Fig. 13 be equal to a. 

MP 
AP' 
AM 
AP' 



Bin MAP =^ 
cos MAP = 




It is apparent from this figure that if 
the angle MAP approaches zero, then 
the perpendicular MP approaches zero, 
and the hypotenuse AP approaches to an 
equality with AM; so that, finally, if MAP = 0, then MP = 0, 
and AP = AM. Therefore, when MAP = 0, it follows that : 



Fig. 13. 



sin 0° = - = 0, 
a ' 



tan 0° = ? = 0, 
a 



sec 0° = ^ = 1, 
a 



008 0** = - = : 



cot 0° = ^ = 00, 



cosec 0° = - = 00. 



As MAP approaches 90°, AM approaches zero, and MP ap- 
proaches to an equality with AP, Therefore, when MAP = 90°, 
it follows that : 



8iii90*' = - = l, 
a 



cos90*' = -=f0, 
a 



tan 90° = ^ = 00, 



sec 90° = ^=00, 



cot 90° = - = 0, cosec 90° = - = 1. 
a a 



EXAMPLES. 



H. B. Read the first few lines of Art. 17 before attacking the problems. 
Find the numerical value of 



2. sec2 30° + tan8 46°. 
4. cos 0° sin 45°+ sin 90° sec2 30°. 
e. 3 tan8 30° sec^ 60° sin2 90° tan2 46°. 
8. 2 sin'i 30° tan^ 60° cos^ 0°. 
9. X cot* 45° sec2 60° = 11 sin2 90° ; find x, 
la »(oos80* + 28in90° + 3cos45°-sm2 60°) = 2sec0°-6sin90°;finda5. 



1. sin 60° + 2 cos 45^ 

8. 8in»60° + cot8 30°. 

5. 4cos2 80°8in2 60°cos2 0®. 

7. 10cos4 45*»8ec8 30°. 



r 
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16. Relations between the trigonometric ratios of an acute angle 
and. those of its complement. When two angles added together 
male a right angle, the two angles are said to be complementariji 
and each angle is called the complement of the other. 

For example, the acute angles in a right-angled triangle are complemen- 
t.'iry ; the complement of ^ is 90° — ^ ; the complement of 27° is 63°. 

Ex. 1. What are the complements of 10°, 12° 30', 47°, 56° 27', 85° ? 
Ex. S. What angles are complementary to 23°, 42°, 51°, 78°, 86® ? 

In Fig. 2, Art. 12, the angle APM is the complement of the 
angle A. Now, 

.^ p AM . „ D AM ^^ jy AP 
SHiP = ^, tanP = — , 8ecP = — , 

cosP-^ cotP-i^ cosecP-^. 
"^""'^-^p' '^^^-^ij^' ''^'^^^""IF 

Comparison of these ratios with the ratios of A in (2), Art. 12, 
shows that 

cos A = sin P, tan A = cot P, sec A = cosec P, 

sin A = cos P, cot A = tan P, cosec A = sec P. 

These six relations can be expressed briefly : 

Each trigonometric ratio of an angle is equal to the eorrespondlng 
co-ratio of its complement. 

Ex. Compare the ratios of 30° and OOP; of 0° and 90°. 

17. Exponents in trigonometry. 

When a trigonometric ratio has an exponent, a particular way of placing 
the exponent has been adopted. For example, 

(sina;)2 is written sin^a;. 

There is no ambiguity in the second form, and the advantage is apparent 

Thus, cos^a;, tan^x, secure, represent or mean (cos x)*; 'Qtan «)», (aeoas)*. 
There is one exponent, however, which must not be written with the 
brackets removed. This exception is the exponent — 1. Thus, for example, 

(cosa;)-^, which means , must never be written cos-^ac. The reason 

cos a; 
for this is that the symbol cos"^ x is used to represent something else. Thh 
symbol denotes the angle whose cosine is x, and is read thus, or is read " tbfl 
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anti-cosine of aj," **tlie inverse cosine of x," *' cosine minus one a;." The 
number — 1, which appears in cos"^a;, is not an exponent at all, but is merely 
part of a symbol. 

Suppose that (a) " the sine of the angle ^ is |." 

The latter idea can also be expressed by saying * 

(b) ** ^ is the angle whose sine is f •' ; 
or, more briefly, by saying, 

(c) '* -4 is the anti-sine of {." 

The two ways, (a), (c), of expressing the same idea can be Indicated still 
more briefly by equations, viz., 

sin ^ = J, A = sin-i J. 

Thus, (sinjc)-^ and sin-ia; mean very different things; for (sinx)-i is 

. , which is a number^ and siu-i x is an angle. 

sinx 

NoTB. The symbols sin-^a;, cos-^x, •••, are considered in Art. 88. 

Ex. Express sin^ = J, cos x = }, tan C = 4, sec ^ = 9, cosec -4 = ^, in 

the inyerse form. 

Ifi. Relations between the trigonometric ratios of an acute angle. 

Pf»B« Some relations between these ratios may have been noticed or 
discovered by the student in the course of his preceding work. If so, they 
should now be collected, so that they can be compared with the relations 
shown in this article.] 

Some of the preceding exercises have shown that when one 
trigonometric ratio of an angle is known, the remaining Jive 
ratios can be easily determined. This at least suggests that the 
ratios are related to one another. In what follows, A demotes 
any acute angle. 

Al. Reciprocal relations between the ratios. 
Inspection of the definitions (3), Art. 12, shows that : 

(a) sin -4 = -, cosec A = -: — -, or, sin A cosec A = l; 

^ ^ cosec A sin A 



(b) cos-4 = -, sec-4 = -, or, cos^sec^ = l; 

^ ^ sec^ cos A 

(c) tanJLs — -— r, cotA = -, or, tan ^ cot ^ = 1. 

'- cot .4 tan^ 



(1) 
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B, The tangent and cotangent in terms of tJie sine and cosine. 
In the triangle AMP (Fig. 2, Art. 12), 



MP 
^ ^ MP AP 

^^-am'am- 


AM 
sin 4 . ^ ^ AM AP tmA 
-cos^' ***^ MP MP fAnA' 


AP 


AP 



= mP=^^' (2), (3) 



C. Relations between the squares of certain ratios. 

In the triangle AMP (Fig. 2, Art. 12), indicating by MP the 
square of the length of MP^ 

MP -{- AM^ = aP. 

On dividing each member of this equation by AP, AM^j MF^j 
in turn, there is obtained 



fMPV fAMy^ /APV 

^ \AMj [am J [am) ' 

fMPV (AM^fAP-^ 

[mpj \mp) \mp) ' 



In reference to the angle A, these equations can be written : 

sin* A + cos* A = lj 
tan*^ + l =see*^, 

l + cot*^ = cosec*^. . 



(4) 



Note 1. The relations shown above are true, not only for acate anfljtaii 

but for all angles. This is shown in Art. 44. 

Note 2. Kelations (1) have a practical bearing on the coiiBtraction ind 

the use of tables. Thus, for example, since cos A = , a table of natunl 

sec -4 
cosines can be transformed into a table of natural secants by meidy 
taking the reciprocals of the cosiucs. Agahi, in logarithmic computatkBi 

since sec A = -, log sec ^ = — log cos A. 

cos A 
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Note 3. An equfl ion involving trigonometric ratios is a trigonometric 
equation. Thus, for example, tan A=\. One. angle whicli satisfies this 
e(iuation is the acute angle A = 46'^. Other solutions can be found after 
Arts. 84-87 have been taken up. 

EXAMPLES. 

A few simple exercises are given below, the solution of which brings in 
the relations shown in this article. These exercises are algebraic in char- 
acter J collections of exercises of this kind are given also in other places in 
this book. In the following examples, the positive values of the radicals are 
to be taken. The meaning of the negative values is shown in Art. 44. 

1. Given that sin -4 = i, find the other trigonometric ratios of A by 
means of the relations shown in this article. 

cosec A = . , = 2 : cos ^ = VI — sin-* A = -- : sec -4 = — - — = — ; 
sm^ 2 cos^ v^* 

tan^=?HLd = J_; cot^ = ^!-=V3. 
cos J. VS tan^ 

These results may be verified by the method used in solving Exs. 1, 5-7, 
Art. 14. 

8. Express all the ratios of angle A in terms of sin A. 

8in^ = sin^; cos^ = Vl -sin^^; tan^ = ?H^^= g^IL^ — : 

cos^ \/l-sin2^ 

cotA = ^ = ^^7^?'^ ; sec^=-!-=-_L=; cosec^=. ^ 



tan^ sin^ cos^ Vl — sin-* A sin -4 

3. Provethat - — -, — --\--- — \ — - = 2sec2^. 
1 — sm ^ 1 + sm -4 

1 • 1 - 2 _ 2 _28ec«A 



1 — Bin ^ 1 + sin A 1 — sin^ A cos^ A 

4. Prove that sec* ^i - 1 = 2 tan^ A + tan* A. 

sec* -4 - 1 =(8608-4)2 - 1 =(1 + tan2^)2 -. 1 = 2 tan2^ + tan*^ 

5. Solve the equation 4 sin 9 — 8 c(w«h;'9 = 0. 

4sin^ ?-=0. 

sin 9 

.•. 4 sin2 ^ - 3 = 0, 

••. Bin«tf = -, .-. sin^= + ^, andsin^=-— 
4 ^ 2 
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On taking the plus sign, one solution is the acnte angle $ = 60° ; other 
solutions will be found later. For the minus sign there is also a set of solu- 
tions ; these will be found later. 

8. Solve 2 sin2 e cosec ^ — 5 + 2 cosec tf = 0, 

sin 9 sin 9 

2sin2^-5sin^ + 2 = 0, 

(2 sin - l)(sin ^ - 2) = 0. 

. •. sin ^ = i, and sin 6 = 2, 

The acute angle whose sine is } is 30° ; hence = 30° is one solution. Hie 
sine cannot exceed unity ; hence sin 9 = 2 does not afford any solotion. 

7. Given cos^=}, sin 5= J, tan (7=2, cotZ>=J, sec ^=3, cosec ^=2.6: 
find the other trigonometric ratios of A, B, C, D, E, F, by the algebzaic 
method. Verify the results by the method used in Art. 14. 

8. Find by the algebraic method the ratios required in Exs. 1, 6-7, 10, 
11, Art. 14. 

9. Express all the trigonometric ratios of an angle A in temiB of: 
(a) cos A; (6) tan ^4 ; (c) cot A ; (d) sec A ; (e) cosec A» Airange the 

. results and those of Ex. 2, neatly in tabular form. 

Prove the following identities : 

10. (sec«-4-l)cot2^=l; cos-4tan^ = sin-4; (l-sln«-4)Beo^ui = l. 

11. sin2^sec2^ = sec^^ - 1 ; tan^^ - cot?^ = sec^tf - cosec^tfi 

13. 1 I 1 -1. sin^ ^ co8^ _^. 

sec^^ cosec^^ ' cosec ^ sec^ 

(tan^ + sec^)«=i-±^5!ai. 
^ ^ 1 - sm tf 

18. sec2^ + cosec2^ = tan^^ + cot? -4 + 2 ; 

1 -f tan^ A _ sin^ A . cosec ^ — ctrfljj. 

1 + cot2 A "" cos2 a' cot ^ + tan ^ 

1 — tan A 1 — cot ^ 

= secJ + tanu4; sec*^ ~ 8ec«^ = tan*^ 4^iaW^ 



sec^ — tan^ 
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Solve the following equations ; 

16. 2 sin ^ = 2 — cos 6. 18. tan ^ + cot ^ = 2. 

17. tan ^ + 3 cot ^ = 4. 18. 6 sec2 ^ - 13 sec ^ + 6 = 0. 
19. 8sin2^-10sin^ + 3 = 0. 20. sin ^ + 2 cos ^ = 2.2. 

19. Summary. In this chapter important additions have been 
made to the knowledge concerning angles that one gained in 
geometry. A process of measuring angles has been introduced. 
The close connection between angles and the ratios of lines has 
been emphasized. It has been shown that each (acute) angle 
has, associated with it, a definite set of six numbers, called 
trigonometric ratios ; and it has been seen that the sets of num- 
bers are different for different angles. It has also been shown 
that the seven quantities (namely, the angle and the six numbers) 
are so related, that, if one of the seven be given, then the remaining 
six can be determined, 

A few applications to the measurement of lines and angles have 
been made in some of the preceding articles. The next two chap- 
ters are taken up with a formal treatment of such applications. 
It should be stated, however, that any one who understands the 
contents of this chapter is in possession of all the principles which 
will be used in the next two chapters, and can proceed directly to 
the solution of the problems given there. The student is recom- 
mended to attack some of the exercises in Chapters III., IV., 
before reading the explanations given in the text. Attention may 
again be given to the first part of Art. 14. 

N*B« Questions and exercises suitable for practice and review on the sub' 
ject-matter of Chapter II. will be found at pages 182, 183. 



:ch 






CHAPTER 111. 

SOLUTION OF RIGHT-ANGLED TRIANGLES. 

Before the solution of right-angled triangles is entered upon, a 
few remarks will be made on the solution of triangles in general 
Some of the ideas expressed in Arts. 20-24 are applicable to prao- 
tical problems throughout the book. 

20. Solution of a triangle. Every triangle has three sides and 
three angles. These six quantities are called the parts or elements 
of a triangle. Sometimes one or several of the parts of a triangle 
are known ; for instance, the three sides, two angles and a side, 
two sides, one side, three angles, and so on. In such cases the 
questions arise: Can the remaining parts be found or deter- 
mined ? and, if so, by what method shall this be done ? The pro- 
cess of deducing the unknown parts of a triangle from the known, 
is called solving the triangle, or, the solution of the triangle. This 
Chapter and Chapter VII. are concerned with showing, in detail, 
methods of solving triangles. There are two methods which can 
be used to find (only approximately, in general) the unknown 
parts of a triangle when some of its parts are given. These 

methods are: 

(a) The graphical method; 

(&) The method of computation. 

21. The gfraphical method. This method consists in drawing a 
triangle which has angles equal to the given angles, and sides 
proportional to, and thus representing the given sides, and ihiBH 
measuring the remaining parts directly from the drawing. 

For example, a trianj^le has two sides whose lengths are 10 ft, 5 ft., and 
the included angle is 28° 30' ; the third side and the other angles are required. 

The graphical solution is as follows: Construct a triangle QJPB having 
two sides, P§, PB, representing 10 ft., 6 ft., respectively, on acme ooDi 

88 
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venient scale, and with their included angle, QPB, equal to 28° 30', as 
shown in Fig. 14. Measure the angles PBQ, PQB with the protractor; 
measure the side BQ and, by reference to 
the scale, find the length represented by BQ, 
[The results thus obtained may be compared 
with those obtainable by the method of com- 
putation explained in Arts. 64, 57. The latter 
results are B = 128° 26' 46'', ' Q = 23° 3' 14", 
^§ = 6.002.] 

The conditions necessary and sufficient for constructing a tri- 
angle, and the methods of drawing triangles that satisfy given con- 
ditions, are shown in plane geometry and in geometrical drawing. 
It is obvious that the graphical method can be employed only when 
the values of the parts given are consistent with one another, and 
when the parts given are sufficient in number to determine a definite 
triangle. For instance, suppose that one is asked to find the 
remaining parts of a triangle one of whose sides is 10 inches 
long. In this case as many unequal triangles as one please, can 
be constructed, all of which will satisfy the given condition. 
Again, a given side and a given angle are insufficient data on 
which to proceed to find the remaining parts of a triangle, for 
there is an infinite number of unequal triangles which can have 
parts equal to the given parts. So also the method fails if three 
angles be given ; for an infinite number of unequal triangles can 
be drawn whose angles are equal to the given angles. Again, let 
it be required to find the angles of a triangle whose sides are 
10 feet, 40 feet, 60 feet. Such a triangle is impossible, since the 
length of one side (60 feet) is greater than the sum of the lengths 
of the other two. One more instance : let two given angles be 85° 
and 105® and the included side be 40 inches ; this triangle is im- 
possible, since the sum of the two given angles is greater than 
two right angles. 

22. The method of computation. This method is applicable in 
precisely the same cases in which the preceding method can be 
employed ; namely, in the cases in which the parts given are con- 
sistent with one another, and afford conditions sufficient to enable 
one to construct a definite triangle. This will be fully apparent 
later, when the various cases will be treated in detail. One of 
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the principal purposes of this book is to show the different 
methods of computation applicable to various sets of given condir 
tions. One of the principal objects of a student who is taking a 
first course in trigonometry should be to acquire facility and, dbom 
all, accuracy in using these methods of computation. 

23. Comparison between the graphical method and the method of 
computation. The experience gained in some of the exercises in 
the preceding chapter has probably shown the student that he can 
attain much greater accuracy by using the method of computation 
than by using the graphical method. The accuracy of the results 
obtained by the latter method depends upon the carefulness and 
skill with which the figures are drawn and measured; in the 
other method, accuracy depends upon the care and patience em- 
ployed* in performing arithmetical work. While the results 
attainable by the graphical method, even in the case of skilled 
persons with excellent drawing instruments, are not as accurate 
as the results attainable by the other method, yet they are often 
accurate enough for practical purposes. When the computations 
required are long and complicated, the graphical method is much 
the more rapid of the two. 

There are several reasons why it is advisable for the learner to 
use the graphical method, as well as the method of computation, 
in solving prpblems in this course. The first reason is that the 
former method will serve as a check upon the latter. With at- 
dinary care the graphical method very quickly gives a fair 
approximation to the result. This result will sometimes show 
that there is an error in the result obtained by computation. A 
little error in arithmetic may yield a quantity which is ten times 
too great or too small ; but this can be detected at once if the 
other method has also been used.* A second reason for using the 
graphical method is that this method incidentally ptwidea traiik' 
ing in neat, careful, and accurate drawing; this training will not 
only be a benefit in itself, but will be of very great advantage in 
other studies, and especially in the applied sciences. A third 

* The results can also be tested by methods of computation, which will lie 
shown in due course 
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reason is tliat the pupil will gain some knowledge and experience 
of a method that is nsed in other subjects, for instance, in physics 
and in mechanics, and that is extensively employed by engineers 
in solving problems in which the computations required by the 
other method may be overwhelmingly cumbrous. 

24. General directions for solving problems. A third method of 
approximating to the magnitude of lines and angles may be men- 
tioned here, for it has often to be employed in practical life. In 
this method the student may suppose that he possesses neither 
measuring instruments, drawing materials, nor mathematical 
tables, and thereupon he may give an off-hand estimate concerning 
the magnitudes required. This method also serves as a check, by 
showing when great arithmetical blunders are committed. The 
pupil is advised to use all three methods in working each practical 
problem in this course, and to do so in the following order : 

(1) Make an off-hand estimate as to what the magnitude required 
may be, and write this estimate down; 

(2) Solve the problem by the graphical method; 

(3) Solve the problem by the slower but more accurate and reliable 
method of computation. There may be some interest found in 
comparing the results obtained by these three methods. The 
exercise in judging linear and angular magnitudes afforded by 
the first method, the practice in neat and careful drawing neces- 
sary in the second, and the training in accurate computation 
given by the third, will each afford some benefit to the 
learner. 

25. Solution of right-angled triangles. Let ABC be a right- 
angled triangle, C being the right angle.. In ^b 
what follows, a, 5, c, denote the lengths of the 
sides opposite to the angles A, B, 0, respectively. 
The sides and angles of ABO are connected by 
the following relations: 

(1)^ + 5 = 90^51 
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(3), (4) 8m^ = -=:C08J5j 
c 

(5), (6) cos ^ = ^ = sin J5 ; 

(Definitions (3), Art 12) 
(7), (8) tan^ = ^=cotJ5; 



(9), (10) cot ^ = ?= tan J5. 
a 

Note. To these may be added : sec -4 = - = cosec B, cosec -4 = - = sec 5. 

b a 

These relations, however, are not needed, and are rarely used in solYing 
triangles, for they are equivalent to (3)-(6), and few tables give secants and 
cosecants. See Art. 18, Note 2. 

Equation (1) shows that no other element of the triangle can 
be derived from the two acute angles only. Each of the remain- 
. ing equations, (2)-(10), involves three elements of the triangle^ , 
and at least two of these elements are sides. Hence, in order 
that a right-angled triangle be solvable, two elements must be 
known in addition to the right angle, and one of these must be a 
side. If any two of the elements involved in equations (2)-(10) 
are known, then a third element of the triangle can be found 
therefrom. Hence the following general rule can be used in 
solving right-angled triangles: 

Wheyi in addition to the right angle, any two aides, or one of the 
axiute angles and any one of the sides, of a righfrangled triangle an 
known, and another element is required, write the equation involvitig 
the required element and two of the known elements, and solve the 
equation for the required element. 

For example, suppose that a, c are known, and that A, B^b 
are required. In this case, 

sin^ = ^, B = 90-A, 6^=V?^=^. 



The quantities A, B, h can be found from these equations. If 
an error has been made in finding A, then B will also be wrong. 
Hence it is advisable to check the values found by seeing whether 
they satisfy relations differing from those already employed. 
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For example, check formtUaa which may be used in this case 
are: 

- = tan B. - = cos A, 
a c 

26. Checks upon the accuracy of the computation. As already 
pointed out, large errors can be detected by means of the off-hand 
estimate and by the use of the graphical method. The calculated 
results in any example can be checked or tested by employing rela-' 
tions which have not been used in computing the results, and 
examining whether the newly found values satisfy these relations. 
An instance has been given in the preceding article. The student 
is advised not to look up the answers until after he has tested his 
results in this way. Verification by means of check formulas is 
necessary in cases in which the answers are not given. The test- 
ing of the results also affords practice in the use of formulas and 
in computation. When a check formula is satisfied it is highly 
probable, but not absolutely certain, that the calculated results 
are correct. 

27. Cases in the solution of right-angled triangles. All the 
possible sets of two elements that (jan be made from the three 
sides and the two acute angles of a right-angled triangle are the 
following : 

(1) The two sides about the right angle. 

(2) The hypotenuse and one of the sides about the right angle. 

(3) The hypotenuse and an acute angle. 

(4) One of the sides about the right angle, and an acute angle. 

(5) The two acuie angles. (This case has already been 
referred to.) 

Some examples of these cases are solved. The general method 
of procedure^ after making an off-hand estimate and finding an 
approximate solution by the graphical method, is as follows : 

First : Write all the relations (or formulas) which are to be used 
in solving the problem. 

Second : Write the check formulas. 

Third: In making the computations arrange the work as neatly 
as possible. 
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This last is important, because, by attention to this rule, the 
work is presented clearly, and mistakes are less likely to occur. 
The computations may be made either with or without the help 
of logarithms. The calculations can generally be made more 
easily and quickly by using logarithms. 

NoTB 1. Relations (3), (4), Art. 26, may be written: a = C8in^ 
a = c cos B. These relations may be thus expressed : 

A side of a right-angled triangle is equal to the product of the hypotenuse 
and the cosine of the angle adjacent to the side. 

A side of a right-angled triangle is equal to the product of the hypotenuse • 
and the sine of the angle opposite to the side. 

Note 2. Relations (7), (8), Art. 25, may be written: a = &tanil, 
a = h cot B, These relations may be thus expressed : 

A side of a right-angled triangle is equal to the product of the other side 
and the tangent of the angle opposite to the first side. 

A side of a right-angled triangle is equal to the product of the other 8i4e 
and the cotangent of the angle adjacent to the first side. 

EXAMPLES. 

i. In the triangle ABC, right-angled at C, a = 42 ft, 6 = 66 ft. Rnd 
B ' the hypotenuse and the acute angles. 

I. Computation without logarithms. [Fonr-plaoe 

tables. ] 

tan^ = ^ = ^=.7600. .-. ^ = ar62'.2. 

b 66 
B = 90-A. /. JB = 6ff» 7'.8. 

Fig. 10. c = Vc^'^F^ = v^764 + 8136. .-. c^TOIt. 

Check : a = ccoaB = 70x cos 63° 7'.8 = 70 x .6000 = 42 ft^ 

II. Computation with logarithms. 
Given: a = 42 ft. To find:* A- 

6 = 66 ft. B = 

c = 

Formulas : tan A = -' (1) 

T, Lo . ,«x Checks: tanJB = -. 

B = 90°-A. (2) a 

r- « m d» = C»-6» 

s"S^* ^^ =(c + W(c-BJt. 




* This is to be filled after the values of the unknown quantities haye J^p 
found. It is advisable to indicate the given parts and the unknown |iiiti 
clearly. 
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Logarithmic formulas : log tan ^ = log a — log 5. 
[See Note 6] , log c = log a — log sin A 

log a = 1.623^6 log a = 1.62326 

log b = J.74819 log sin A = f .77816 - 10 

.-. log tan ^ = 9.87606 - 10 .-. log c = 1.84610 

.-. ^ = 36° 62' 12" .-. c = 70 

.-. jB=63° 7' 48" 

The work can be more compactly arranged, as follows : 

Checks : 
log a = 1 .62326 log ta.nB = 10. 12494 - 10 

log 6 = 1. 74819 .: B = 63° V 48" 



.-. log tan ^ = 9.87606 - 10 c+6 = 126 

.-. ^ = 36° 62' 12" c-6= 14 

. •. B = 63° 7' 48" log (c + 6) = 2. 10037 

log sin A = 9.77816 - 10 log (c - 6) = 1.14613 

.•.logc= 1.84610 . ioga^=l2mO 

•'• ^-"^^ .-. loga = 1.62326 

NoTB 1. The latter f onn is preferable when all the parts of a triangle are 
required. 

NoTB 2. If there is difficulty in calculating log a — log sin A in the second 
form, write log sin A on the edge of a piece of paper and place it immediately 
beneath log a. 

NoTB 3. The formula tanP = - can be used instead of (2). A check 

then IB A + B = 90°. Instead of (3), one of the following formulas can be 

used, viz. 

^ ft /.-_«_ /. ft 
c = , c = , c = -• 

smjB cos^ cos^ 
There is often a choice of formulas that can be used in a solution. 

NoTB 4. In every example it is advisable to make a complete skeleton 
scheme of the solution, before using the tables and proceeding with the 
actual computation. In the last exercise, for instance, such a skeleton 
scheme can be seen on erasing all the numerical quantities in the equations 
that follow the logarithmic formulas. 

NoTB 6. Time will be saved if all the logarithms that can be found at one 
place in the tables, be written at one time. Thus, for example, in the 
poceceding exercise find log sin A immediately after A has been found. 
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Note 6. The logarithmic formulas can be written on a glance at the 
formulas such as (1), (2), (3). The writing of the logarithmic formulas 
may be dispensed with when the student has become familiar with calcu- 
lation by logarithms. A glance at the original formulas will show how the 
logarithms are to be combined in the computation. 



2. In a triangle ABC right angled at C, c = 60 ft., 6 = 60 ft. ; find side 
a and the acute angles. 
B 




I. Computation without logarithms. 

.-.^ = 33° 33'. 76. 



cos^ =- = — = . 8333. 



6 -' 60 Ft. Q 

Fig. 17. 



c 60 

B = 90°- A. .-. jB = 66° 26'.26. 

a = c sin ^ = 60 X .6628 = 33.17 ft. 
Check: a = 6tan^ = 60 x .6636 = 83.17. 



11. Computation with logarithms. 

Given : c = 60 ft. 

6 = 60 ft. 



Formulas : cos -4 = — 
c 



B = QO°-A. 
a = c sin ^. 



To find : A = 
jB = 
a= ' 

Checks: a2=c«-6«=(c+6)(c-6). 
a = b tan A 



Logarithmic formulas : 
(If necessary.) 



log cos -4 = log 6 — log c. 
log a = log c -f log sin A. 



log& = 1.69897 (1) 

logc = 1.77816 (2) 



log cos ^ = 9.92082 -10 


(3) 


= (l)-(2) 




.•.^ = 33^^33' 27" 




.-. J5 = 66'' 26' 33" 




log sin ^ = 9.74265 -10 


(4) 


.-.log a = 1.62070 


(6) 


= (2) + (4) 




.-.a = 33.16 





log tan ^ = 9.82173 -10 (6) 
.-.log a =1.52070 (7) 

= (l)-f(6) 

c + 6 = 110 
c-6= 10 
log (c + 6) =2.04189 
log(c-6)=l 
.-. log a2 = 3.04189 
.-.log a = 1.62070 



Note. There is a slight difference between the results obtained "by the 
two methods. This is due to the fact that the calculations have been made 
with a four-place table in one case, and with a five-place table in the otber. 
A four-place table will give an angle correctly to within one minvie^ a -five- 
place table will give it correctly to within six seconds, and sometimm, to 
within a second. 

Ex. Make the computation I. with a five-place table. 
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8. In a triangle right angled at C, the hypotenuse is 250 ft., and angle A 
is 67° 30'. Solve the triangle. ^ B 

I. Computation loithout loganthms, 
5 = 90° - ^ = 90° - 67° 30' = 22° 30'. 
a = c sin ^ = 260 X sin 67° 30' = 250 x .9239 = 230.98. 
6 = c cos ^ = 250 X cos 67° 30' = 250 x .3827 = 95.68. 
Checks: a^ = c^ - 62^ or a = & tan A. 

II. Computation with logarithms. • 



Given : 



Formulas : 



c = 250 ft. 
^ = 67° 80'. 

jB=:90°- A 

a = c sin A 
6 = c cos A 



To find ; 



Checks : 




= (<r+6)(c-e>). 



Logarithmic formulas : log a = log c + log sin A. 
log 6 = log c + log cos A, 

.-. JB = 22° 30' c + 6 = 345.67 

log c = 2.39794 c - 6 = 154.33 

log sin A = 9.96562 - 10 log (c + 6) = 2.53866 

log cos A = 9.58284 - 10 log (c - 6) = 2.18846 
.-. log a = 2.36356 .-. log «« = 4.72711 

.-. log 6 = 1.98078 /. log a = 2.36356 

.-. a = 230.97 
.-.6= 96.67 

4. In a triangle ABC right angled at (7, 6 = 300 ft. and ^ = 37° 20'. 
Solve the triangle. 

I. Computation without logarithms, 

B= 90 - ^ = 90° - 87°30' = 52° 40'. 
h 300 



c = - 



-=377.3. 



cos .4 .7951 
a = 6 tan ^ = 300 X .7627 = 228.8. 
Checks : a^ = c^ — h% a = c sin A. 
IL Computation with logarithms. 



/- 




Given: 
Formulas : 



^ = 37° 20'. 
6 = 300 ft 

B = 90°-A 

GOSA 

a^b tan A, 



To find : 



Checks : 



B- 

c = 

a = 



a^ = c^- 62 

= (c + 6)(c-6). 
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.•.5=52° 40' 
log 6 = 2.47712 
log cos A = 9.90043 - 10 
log tan ^ = 9.88236 -10 
/. log c = 2.57669 
A log a = 2.36948 
/. c = 377.3 
/. a = 228.8 



c + 6 = 677.3 

c-6= 77.8 

log (c + 6) = 2.83078 

log (c- 6)= 1.88818 

.-. log a2 = 4.71896 

/. log a = 2.36948 



N.B. Check all results in the following examples. The given elements 
belong to a triangle ABC which is right angled at (7. 

From the given elements solve the following triangles : 



5. c = 18.7, a = 16.98. 

7. c = 2934, ^ = 31° 14' 12". 

9. a = 58.5, 6 = 100.6. 

11. c=324, ^ = 48° 17'. 

18. c = 17l6, ^ = 37° 20' 30". 

16. 6 = 3741, ^ = 27° 46' 20". 



6. a = 194.5, b = 288.6. 

8. a = 36.5, jB = 68°52'. 

10. c = 45.96, a = 1.095. 

12. 6 = 260, A = 6V19'. 

14. a = 2314, 6 = 1768. 

16. c = 50.13, a = 24.62. 



Solve Exs. 17-24 by two methods, viz. : (1) with logarithms.; 

(2) without logarithms. 

jB = 62°40'. 18. c=9, a = 6. 

6 = 7.6. 20. c = 15, ^ = 39° 40'. 

jB=71°20'. 22. c = 12, a=a 

jB = 42°30'. 24. a = 8, 6=12. 



17. a = 40, 

19. a = 4.5, 

21. c = 12, 

28. 6 = 15, 



N.B. Questions and exercises suitable for practice and review on Hu 
subject-matter of Chapter III, will be found at page 183. 
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CHAPTER IV. 



APPLICATIONS INVOLVING THE SOLUTION OF 
RIGHT-ANGLED TRIANGLES. 

Some practical applications of trigonometry will now be given. 
It is not necessary that all the problems be solved, or all the 
articles be considered, before Chapter V. is taken up. 

28. Projection of a straight line upon another straight line. If 
from a point P a perpendicular PO be drawn to the straight line 
ST, then is called the projection of the point P upon the 
line ST. If perpendiculars be drawn from two points A, B, to 




Fig. 20. 

a line LB, and intersect LB in M, N, respectively, then JOT is 
called the projection of AB upon LB, 

Let I be the length of AB, and let a be the angle at which the 
two lines AB, LB are inclined to each other. Through A draw 
AD parallel to LB. Then 

Projectton = MN= AD = AB cos DAB = I cos a. 

That is, the projection of one straight line upon another straight 
line is equal to the product of the length of the first line and the 
cosine of the angle of inclination of the two lines. 

Note. The prbjection discussed here, is orthogonal (i.e. perpendicular) 
projection. If a pair of parallel lines AMi, BNi, not perpendicular to ii?, 
be drawn through 4, jB, then MiNi is an oblique projection of AB on LB. 
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EXAMPLES. 

In working these examples use logarithms or not, as appears most con- 
venient. Check the results. 

1. A ladder 28 ft. long is leaning against the side of a house, and makes 
an angle 27° with the wall. Find its projections upon the wall and upon the 
ground. 

2. What is the projection of a line 87 in. long upon a line inclined to it at 
an angle 47° 30' ? 

8. What are the projections : (a) of a line 10 in. long upon a line inclined 
22° 30' to it? (6) of a line 27 ft. 6 in. long upon a line inclined 37° to it^ 
(c) of a line 43 ft. 7 in. long upon a line inclined 67° 20' to it ? (d) of a line 
34 ft. 4 in. long upon a line inclined 56° 47' to it ? 

29. Measurement of heights and distances; There are various 
instruments used for measuring angles. The sextant can be used 
for measuring the angle between the two lines drawn from the 
observer's eye to each of two distant objects. Horizontal and 
vertical angles can be measured with a theodolite or engineer's 
transit. When great accuracy is not required, vertical angles can 
be measured by means of a quadrant 

AVhen an object. is above the observer's eye, the angle between 
the line from the eye to the object, and the horizontal line 
through the eye and in the same vertical plane as the first line^ 
is called the angle of eleyation of the object, or simply the elevation 
of the object. AVhen the object is below the observer's eye, this 
angle is called the angle of depression of the object, or simply tito 
depression of the object. 





Fig. 21. 

Note. In ordinary work engineers get angular measurements exaotto 
within one minute, and in the best ordinary work to half a minute, b 
very particular work, like geodetic survey, they can get measorementa «md 
to five seconds. For ordinary engineering work five-place tables aie fBfr 
erally used ; four-place tables are used in some kinds of work. See AxL 11? 
Note 1, Art 27, Ex. 2, Note. 
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30. Problems requiring a knowledge of the points of the Mariner's 
Compass. The circle in the Mariner's Compass is divided into 32 
equal parts, each part being thus equal to 360° -s- 32, i.e. 11:|^®. 
The points of division are named as indicated on the figure. 




Fig. 05. 

It will be observed that the points are named with reference to 
the points North, South, East, and West, which are called the 
cardinal points. Direction is indicated in a variety of ways. 
For instance, suppose C were the centre of the circle ; then the 
point P in the figure is said to bear E.N.E. from C, or, from C the 
bearing of P is E.N.E. Similarly, bears W.S.W. from P, or, 
the bearing of C from P is W.S.W. The point E.N.E. is 2 points 
North of East, and 6 points East of North. Accordingly, the 
phrases E. 22J® N., N. 67^** E., are sometimes used instead of 
E.KE. 

EXAMPLES. 

1. Two ships leave the same dock at 8 a.m. 

. in directions S.W. by S., and S.E. by E. at 

rates of $ and 0} mi. an hour respectively. 

Find their distance apart, and the bearing of 

one from fi|B other at 10 a.m. and at noon. 

S. From a li^^thouse L two ships A and B 
are observed in a direction N.E. and N. 20° W. 
respectiTely. At the same time A beai-s S.E. 
from J?. If i^ is 6 ml, what is XB? 
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31. Mensuration. Let ABC be any triangle, and let the lengths 
of the sides opposite the angle A,B,Che denoted by a, 6, c, respec- 
tively. From any vertex C draw CD at right angles to the opposite 




side AB. It has been shown in arithmetic and geometry, that the 
area of a triangle is equal to one-half the product of the lengths 
of any side and the perpendicular drawn to it from the opposite 
vertex. [In (1) A is acute, in (2) A is obtuse.] 

area ABC (Fig. l) = iAB'DC; 

= iAB'AC8mA; 
= ibc sin A, 

area ABC (Fig. 2) = iAB'I)C; 

= iAB.ACsmCADi 

= ibc sin (180 -A). 

It will be seen in Art. 45, that sin (180 — -4) = sin A. Hence, 
the area of a triangle is equal to one-half the product of any two side* 
and the sine of their cojitained angle. 



EXAMPLES. 

1, Find the area of the triangle in which two sides are 31 ft and 23 ft. 
and their contained angle 07° 30'. 

area = §L><J5 x sin 07° 30' = 31 X 23 x .92388 ^ ggg 37 ^ 

2 2 

2. Find area of triangle having sides 126 ft. , 80 ft. , contained angle 28® 86^, 

8. Find area of triangle having sides 126 ft., 80 ft., contained angle 161° 25*." 
[Draw figures carefully for Exs. 2, 3.] 

4. Find area of parallelogram two of whose adjacent sides are 243, 316 yd., 
and their included angle 35° 40'. 



\ 
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5. Find area of parallelogram two of whose adjacent sides are 14, 16 ft, 
and included angle 76°. 

6. Find area of triangle having sides 40 ft., 46 ft., with an included angle 
28° 67 '18". 

7. Write two other formulas for area ABO, similar to that derived above. 
Also, derive them. 

32. Solution of isosceles triangles. In an isosceles triangle, the 
perpendicular let fall from the vertex to the base bisects the base 
and bisects the vertical angle. An isosceles triangle can often be 
solved on dividing it into two equal right-angled triangles. 

EXAMPLES. 

1. The base of an isosceles triangle is 24 in. long, and the vertical angle is 
48^ ; find the other angles and sides, the perpendicular from the vertex and the 
area. Only the steps in the solution will be indicated. 

Let ABC be an isosceles triangle having base AB = 24 aF 

in., angle C = 48°. Draw CD at right angles to base ; / i\ 

then CD bisects the angle ACB and base AB, Hence, > 

in the right-angled triangle ADC, AD = J AB = 12, / 

ACD = i ACB = 24°. Hence, angle A, sides AC, I 

DC, and the area, can be found. / / 

2. In an isosceles triangle each of the equal sides is "^h— -w- 
363 ft., and each of the equal angles is 76°. Find the j^ ^^ 
base, perpendicular on base, and the area. 

3. In an isosceles triangle each of the equal sides is 241 ft., and their 
included angle is 96°. Find the base, angles at the base, height, and area. 

4. In an isosceles triangle the base is 66 ft., and each of the other sides is 
90 ft. Find the angles, height, and area. 

6. In an isosceles triangle the base is 40 ft., height is 30 ft. Find sides, 
angles, area. 

6. In an isosceles triangle the height is 60 ft., one of equal sides is 80 ft. 
Find base, angles, area. 

7. In an isosceles triangle the height is 40 ft., each of equal angles is 63°. 
Find sides and area. 

5. In an isosceles-triangle the height is 63 ft., vertical angle is 76°. Find 
sides and area. 

33. Related regular polygons and circles. The knowledge of 
trigonometry thus far attained, is of service in solving many 
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problems in which circles and regular polygons are concerned. 
Some of those problems are: 

(a) (iivoAi the length of the side of a regular polygon of a ^ven 
iniiulier of sides, to find its area; also, to find the radii of the 
insr^rilx^l and (drcum scribing circles of the polygon ; 

(h) To find the lengths of the sides of regular polygons of a 
given number of sides which are inscribed in, and circumscribed 
about, a circle of given radius. 





Fm. 29. 

For oxiimple, let AB (Fig. 29) be a side, equal to 2a, of a regu-, 
lar polygon of n sides, and let (' be the centre of the inscribed 
eirelo. I>raw CA, CB, and draw VD at right angles to AB. Then 
1) is the middle point of AB. 

Bv geometry, angle ACT) = J ACB = \ .?^^W^ 
Also, by geometry, 

Tanglo DAC = \ (^-^W = (^^«>°-] 

lleuee. in the triangle AIK\ the side ^ID and the angles are 
known; therefore CIK the radius of the circle inscribed in the 
jv^lvtron, ean be found. On making similar constructioiis, the 
solution oi the other pnAilems referred to above will be apparent 
The perjvndieular from the centre of the circle to a side of the 
inserilvd polygon is called the aixnhem of the polygon. 

EXAMPLES. 

1. Tho siih^ of .1 n iT.ilar he]M;\iron is 14 ft. : find the radii of the inseifted 
ar..^ . -r. ;;r.>^'r.b:r.i: o:r. ^ > : :i's \ r.na ihv aiffownce lietween the areas al tlM 
hc'':;\jr.^Ti .-i:.^i :V.t iy.s.-iVni cir.^.i . a^^ii ihe liifftwnce between the azea d 
ibo hi'ptaf o:; a::i xlio area of the eiavuinscribing dicle^ 
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2. The side of a regular pentagon is 24 ft. Find quantities as in Ex. !• 

3. The side of a regular octagon is 24 ft. Find quantities as in Ex. 1, 

4. The radius of a circle is 24 ft. Find the lengths of the sides and apo- 
thems of the inscribed regular triangle, quadrilateral, pentagon, hexagon, 
heptagon, and octagon. Compare the area of the circle and the areas of 
these regular polygons ; also compare the perimeters of the polygons and 
the circumference of the circle. 

5. For the same circle as in Ex. 4, find the lengths of the sides of the • 
circumscribing regular figures named in Ex. 4. Compare their areas and 
perimeters with the area and circumference of the circle. 

6. If a be the side of a regular polygon of n sides, show that i?, the 

180° 
radius of the circumscribing circle, is equal to J a cosec ; and that r, the 

1QQ0 W 

radius of the circle inscribed, is equal to J a cot . 

n 

'tf^ T. If r be the radius of a circle, show that the side of the regular inscribed 

180° 
polygon of n sides is 2 r sin ; and that the side of the regular circum- 

1QQ0 W 

scribing polygon is 2 r tan — —, 
n 

8. If a be the side of a regular polygon of n sides, B the radius of the cir- 
cumscribing circle, and r the radius of the circle inscribed, show that area of 

polygon = \ na^ cot — = J nB^ sin 5?5! = nr^ tan i??!. 
n n n 

34. Solution of oblique triangles. Since an oblique triangle can 
be divided into right-angled triangles by dra\ving a perpendicular 
from a vertex to the opposite side, it may be expected that know- 
ledge concerning the solution of right-angled triangles will be of 
service in solving oblique triangles. This expectation will not be 
disappointed. An examination, which it is advisable for the stu- 
dent to make before proceeding fa"rther, will show that all the sets 
of data from which a definite triangle can be drawn are those 
indicated in (l)-(4) below. TJie ability to make the following geo- 
metrical constructions is presupposed : 

(.1) To draw a triangle on being given two of its angles and a side oppo- 
site to one of thepai ; 

(2) To draw a triangle on being given two of its sides and an angle oppo- 
site to one of them ; 

(3) 'To draw a triangle on being given two of its sides and their included 
• angle ; 

' (4) To draw a triangle on being given its three sides. 



r" 
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In what follows, only the steps in the solutions will be indi- 
cated. The examples that are worked may be saved, so that the 
amount of labor required by the method of solution shown here 
can be compared with the amount required by another method 
which will be described later. 

There are four cases in the solution of oblique triangles ; these 
cases correspond to the four problems of construction stated above. 

Case I. Given two angles and a side apposite to one of them. 




In ABO let A, B, a be known. Angle C and sides 5, c are re« 
quired. From C draw CD at right angles to AB or AB produced. 

In triangle CBD, angle CBD and side CB are known. .•. BD 
and DC can be found. 

Then, in triangle ACD^ side DC and angle A are known. 
,\ AC and AD can be found. 

Side AB = AD-BD when B is obtuse, and -4J5 = AD + DB 
when B is acute. 

Angle C= 180° -(^ + JB). 

Another method of solution is given in Art, 56. 

EXAMPLES. 
1. Ex. 1, Art. 56. 2. Ex. 2, Art 65. 

3. Ex. 2, Art. 60. 4. Other Ezs. in Arts. 65, 60. 

Case II. Given two sides and an angle opposite to one of them, 

N.B. The first part of the text in Art. 56 should be read at this time. 

Let (Fig. 30) AC, BC, angle A be known. [In a certain case, 
as shown in Art. 5(S, two triangles can be drawn which satisfy 
the given conditions.] From C draw CD at right angles to JJ 
or AB produced. 
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In ACD, AC and A are known. .•. AD, DC, angle ACD, can 
be found. 

Then, in BCD, BC and CD are known. .-. BD, angle DBC, 
can be found. 

In one figure, AB = AD- BD, angle ABC = 180° - CBD. 

In other figure, AB = AD + DB, In both figures, 

angle ACB = 180° - (CAB + ABC). 
Another method of solution is given in Art. 66. 

EXAMPLES. 
1, Ex. 1, Art. 66. 2. Ex. 2, Art. 56. 

8, Ex. 1, Art. 60. 4. Other Exs. in Arts. 56, 60. 

Case III. Given two sides and their included anfjle. 

In ABC let 6, c, A be known. Side a, B, C are required. 
From C draw CD at right angles to AB o^c AB produced. 

In ACDy AC and angle A are known. .•. CD and AD can be 
found. 

Then, in triangle CDB, CD is now kno^vn, and BD=AD—AB 
OT AB- AD. .'. Angle CBD can be found. Angle ABC = 180° 
— CBD in figure on the left. Angle ACB = 180° - (^ + 5). 

Another method of solution is given in Art, 57. 

EXAMPLES. 

1. Ex. 1, Art. 57. 2. Ex. 2, Art. 67. 8. Ex. 1, Art. 61. 

4, Other Exs. in Arts. 67, 61. 5. Ex. m Art. 21. 

Case IV. Given the three sides. 

In ABC let a, b, c be known. The angles A, B, C are required. 
From any vertex C draw CD at right angles to AB or AB pro- 
duced, 

CD' = V-AD'', (1) 

also, CD^= a" - DB' = a? - (c- ADy. 

••. V"- AD" = a" - (c - ADy: 

...AD = ^-tpZ^. (2) 
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Also, DB = AD — c (one figure), or c — AD (other figfure). 
Hence, in ACD^ AC, AD are known. .•. A can be found. 
Also, in CDBy CB, DB are known. .•. B can be found. 

O = 180°-(^ + J5). 

Another method ofsoltUion is given in Art. 58. 

EXAMPLES. 

1, Ex. 1, Art. 58. 2. Ex. 2, Art 68. 

8. Ex. 1, Art. 62. 4. OUier Exs. in Arts. 68, 02. 

5. Solve some of the problems in Art. 63 by means of right-angled 
triangles. 

34 ff. The area of a triangle in terms of the sides. (See Fig. 30.) 
From (1), (2), Case IV., Art. 34, 

cry ^12 /y + c'-aV _ 4c^y-(y + c«-aV 
\ 2c J 4c« 

_, r2c6 + y + c'-a'1C2c6-(y + c'-a')1 

_ [(h + c)«- anca* - (& - c)n 

4c2 

_ (g + ft + c)(-~ g 4- & + c)(a - ft + c)(a + ft — c^ 
^ 4c» 

Let g4-ft4-c = 2«; 

then 2(s— a) = g + ft4-c — 2a = — g + ft + 6. 

Similarly, 2(s — ft)=a — ft4-c;2(5— c) = o + ft — a 



Then 02) = - Vs(s - a)(5 - ft)(a - c). 

c 

.-. Area ^J5(7 = ^ ^J5 • CD = Vs(s - g)(s - ft)(a - o).* 

Ex. Find the areas of the triangles in Exs. Case IV., Art 34. Cheelr^ 
results by finding the areas by the method of Art. 31. 
, — _ — . ■ ■■ 

* This is sometimes known as Hero''8 Formula for the area of a^triui|^ 
It was discovered by Hero (or Heron) of Alexandria, who lived 
125 B.C., and placed engineering and land surveying on a scientific 1 
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34 6. Distance and dip of the visible liorizon. 

I«et G be the centre of the earth, and let the radius be denoted by r. 

Let P be a point above the earth^s surface, and let 
its height PL be denoted by h. 

Join P, G ; draw PB from P to any point in the 
visible horizon ; draw the horizontal line PH in the 
same plane with PC^ PB, Then angle HPB is called 
the dip of the horizon. By geometry, 

angle PBa = 90°. 

P^ = PC*-GB^ = (r + *)« - r« = 2 r;i + hK 

Since h^ ia very small compared with 2 rh, 

PB = V2 rh approximately. 

Take r = 8960 mL, and let h be measured in feet, 
of P in miles. 

.-. PB =^2 X 3960 X -A^ 

Hence, the distance of the horizon in miles is approximately equal to 
the square root of one and one-half times the height in feet. 




Fio. 30a. 



h 



Then ^= height 



mi. = Vj~S mi. 



\\- '■ 



EXAMPLES. 

1. A man whose eye is 6 ft. from the ground is standing on the sea- 
shore. How far distant is his horizon ? 



Distance = Vj x 6 mi = 3 mL 

2. Find the greatest distance at which the lamp of a lighthouse can be 
seen, the light being 80 ft above the sea level. 

8. Find the height of the lamp of a lighthouse above the sea level when 
it begins to be seen at a distance of 12 mL 

4. From the top of a cliff, 40 ft above the sea level, the top of a steamer's 
funnel which is Imown to be 30 ft above the water is just visible. What 
is the distance of the steamer ? 

^^ Find the distance and dip of the horizon at the top of a mountain 
3000 ft. high? 

6. Find the distance and dip of the horizon at the top of a mountain 
2i mi. high. 

34 e. Examples in the measurement of land. In order to find 
the area of a piece of ground, a surveyor measures distances and 
angles aofficient to provide data for the computation. An account 
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of his method of doing this, and of his arrangement of the data 
and the results in a simple, clear, and convenient form, belongs 
to special works on surveying. This article merely gives some 
examples which can be solved without any knowledge of profes- 
sional details. The various rules"Ior finding the area, of a triangle 
and a trapezoid, are supposed to be known. In solving these 
problems, the student should make the plotting or mapping an 
important feature of his work. 

The Gunter's chain is generally used in measuring land. It is 
4 rods or 66 feet in length, and is divided into 100 links. 

An acre = 10 square chains =4 roods =160 square rods or poles. 
The points of the compass have been explained in Art. 30. 



EXAMPLES. 

1. A surveyor starting from a point A runs S. 70° E. 20 chains, thence 
N. 10° W. 20 chains, thence N. 70° W. 10 chains, thence S. 20° W. 17.32 chains 
to the place of beginning. What is the area of 
the field which he has gone around ? 

Make a plot or map of the field, namely, 
ABCD. Here, AB represents 20 chains, and 
the bearing of B from ^ is S. 70° E. BC repre- 
sents 20 chains, and the bearing O from B is 
N. 10° W., and so on. Through the most west- 
erly point of the field draw a north-ajid-south 
line. This line is called the meHdian: In the 
M ^-s.^^^ J \ i case of each line measured, find the distance that 

one end of the line is east or west from the other 
end. This easting or westing is called the dqpar* 
tiire of the line. Also find the distance that one 
end of the line is north or south of the other end. 
This northing or southing is called the latitude 
of the linp. For example, in Fig. 30 &, the de- 
partures of AB, BC, CD, DA, are B^B, BL, CH, DDi, respectively ; the 
latituaes of the boundary lines are ABi, B\C\, C\Di, DiA, respectively. 
It should be observed (Art. 36) that the algebraic sum of the departures of 
the boundary lines is zero, and so also is the algebraic sum of their latitades. 
The following formulas are easily deduced : 

Departure of a line = length of line x sine of the bearing ; 
Latitude of a line = length of line x cosine of the bearing. 

By means of the departures, the ineridian distance of a point (i,e, itl 
distance from the north-and>south Hue) can be found. Thus the meridian 



A 




Fig. 30b. 



35.] SUMMARY. 68 

distance of C is CiG, and CiC= DiD + HC, Hence in Fig. 30 6, ABi, BiB, 
BiCu CiC, CiDi, DiD can be computed. Now 

area ABCD = trapezoid DiDCCi + trapezoid CiCBBi — triangle ADDi 

— triangle ABBi. 

The areas in the second member can be computed ; it will be found that 
area ABCD = 26 acres. 

Note. Sometimes the bearing and length of one of the lines enclosing the 
area is also required. These can be computed by means of the latitudes and 
departures of the given lines. The formulation of a simple rule for doing 
this is left as an exercise to the student. 

2. In Ex. 1, deduce the length and bearing of DA from the lengths and 
bearings of AB, BC, CD, 

3. A surveyor starts from A and runs 4 chains S. 46° E. to J5, thence 6 
chains E. to O, thence 6 chains N. 40° E. to D. Find the distance and bear- 
ing of A from D ; also, the area of the field ABCD. Verify the results 
by going around the field in the reverse direction, and calculating the length 
and bearing of BA from the lengths and directions of AD^ DC^ CB, 

4. A surveyor starts from one corner of a pentagonal field, and runs 
N. 26° E. 433 ft., thence N. 76° 66' E. 191 ft., thence S. 6° 41' W. 639 ft., 
thence S. 26° W. 40 ft., thence N. 66° W. 320 ft. Find the area of the field. 
Deduce the length and -direction of one of the sides from the lengths and 
directions of the other four. 

5. From a station within a hexagonal field the distances of each of its 
comers were measured, and also their bearings ; required its plan and area, 
the distances in chains and the bearings of the corners being as foUows : 7.08 
N.E., 9.67 N. JE., 7.83 N.W. by W., 8.26 S.W. by S., 4.06 S.S.E. 7°E., 
5.89E. byS.3J<»E. 

35. Summary. Chapter II. was concerned with defining and 
investigating certain ratios inseparably connected with (acute) 
angles, and attention was directed to the tables of these ratios 
and their logarithms. In Chap. III. it was shown how these 
definitions and tables can be used in finding parts of a right- 
angled triangle when certain parts are known. In Chap. IV. 
the knowledge gained in Chap. III. was employed in the solu- 
tion of some of the many problems in which right-angled triangles 
appear. In* Art. 34 it has been seen that this knowledge can 
serve for the solution of oblique triangles. It follows, then, that 
it can serve for the solution of problems in which oblique tri- 
angles appear^ and, accordingly, for the solution of aU problems 
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involving the meastirement of straight lines only. Consequently, 
the student is now able, without any additional knowledge of 
trigonometry, to solve the numerical problems in Chaps. VIL, 
VIII. It is thus apparent that even a slight acquaintance with 
the ratios defined in Chap. II. has greatly increased the learner's 
ability to solve useful practical problems. 

Oblique triangles can sometimes be solved in a more elegant 
manner than that pointed out in Art. 34. In order to show this, 
further consideration of angles and the trigonometric ratios is 
necessary. Consequently, in Chap. V. some important additions 
are made to the idea of a straight line and the idea of an angle; 
the trigonoTiietric ratios are defined in a more general way, namely, 
for all angles, instead of for acute angles only, and the prindpd 
relations of these ratios are deduced. Chapter VI. treats of tM 
ratios of two angles in combination. While it is necessary to con- 
sider these matters before proceeding to the solution of oblique 
triangles given in Chap. VII., it should be said that the know- 
ledge that will be gained in Chaps. V., VI., VII., is necessary and 
important for other purposes besides the solution of triangles. 
In fact, the latter is one of the least important of the results 
obtained in these chapters. 

N.B. Questions and exercises suitable for practice and review on the sub' 
ject-matter of Chap. IV, will be found at page 184. 



CMAPtEJi v. 

TRiQONOMETIilC Ratios of angles iW QfeNfeELA.!. 

36. Directed lines. Let MN be a line unliniitfed in Ifength iri 
the directions of both M and N, Suppose that a point starts at 
P and moves along this line for some given distance. In ordet 
to mark where the point stops, it is necessary to know, not only 
this distance, but also the direction in which the point has moved 
from P. This direction may be indicated in various ways ; by 
saying, for instance, that the point moves toward the right from 
P, or toward the left from P; that the point moves toward N, or 
toward M\ that the point moves in the direction of JV, or in the 
direction ofM\ and so on. Mathematicians, engineers, and others 

F P B CD 

■ ■ I I 1 

M N 

Fig. 31. 

have agreed to use a particular method (and this practically comes 
to the adoption of a particular rule) for indicating the two oppo- 
site directions in which a point can move along a line, or in which 
distances along a line can be measured. This convention, or rule 
which has been adopted for the sake of convenience, is as follows : 

Distances measured along a line, or along parallel lines, in one 
direction shaU be called positive distances, and shall he denoted by 
the sign +; distances measured in the opposite direction shall be 
called negative distances, and shall be denoted by the sign — . 

The convenience of this custom, fashion, or rule, will become 
apparent in the examples that follow.* In Pig. 31 let distances 

* Advances in mathematics have often depended upon the introduction of 
a good custom which has at last been universally adopted and made a rule. 
Thus, for example, the custom of using exponents to show the power to 
which a quantity is raised, which was first introduced in the first half of the 
sixteenth century, and made gradual progress until its final establishment in 
the latter half of the seventeenth century, has been of great service in aiding 
the advances of alf^ebra. 
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measured in the direction of Nhe tsken positively ; then distances 
measured in the direction of M will be taken negatively. Oa 
directed lines the direction in which a line is measured, or in 
which a point moves on a line, is indicated by tJie order of thi 
letters naming the line. Thus, for example, if a point moves from 
B to C, the distance passed over is read BO. In this reading, the 
starting point is indicated by the first letter B, and the stopping 
point, by the last letter C. After the same fashion, CB means the 
distiuice from C to B. If, for instance, there are 3 units of length 
between B and C, then J50 = + 3, CB = — 3. 

EXAMPLES. 

1. Suppose a point (Fig. 81) moves from P to JB, thence to (7, thenoe to 
/>, thence to F. Let the number of units of length between P and B, B and 
Cf C and 2>. F and Z>, be 2, 3, 2, 10, respectively. The point starts at P and 
stops at F ; hence the distance from the starting point to the stopping point 
is PF. In this case the point's trip from P to P is made in several steps u 
indicated above. That is, on properly indicatmg the lines passed over, 

PF=zPB+ BC-{-CD-\- DF 

= 2 + 8 + 2-10 {;.' FD--^- 10, then DF^^ 10.] 
= -8. 

This shows tliat the Anal position of the moving x>oint is three nnits to the 
left of P. This example also shows one great convenience of the rule oj 
signs in measurement, namely, that by attending to this role and to thi 
pn^per naming of the lines i^assed over by a knoviug point, one immediatdi 
obtains the result of the successive movements. ^ 

NoTK. In the following examples, in lines that lie east and west, let 
moasuriMuentd toward the east be taken positively ; in lines that lie north 
and south, let measurements towani the north be taken positively. 

S. A man travellhig on an east and west line goes east 20 mi., then east 
10 mi., then west 18 mi., then east :^0 mi. What is his final distance 
fnnu the starting point? [Draw a ligure. and indicate the snccessive tripe 
by lettei^] 

S. A man travelling on an east and west line goes west 20 mL, then east 
10 mi., thou oast *Jr> mi., (hen etu^t ;>i^ mi., then west 45 mL Do as in Bz. 1 

4. .\ man travelling on a north and south line goes north 100 roL, then 
sinith (Vi) n\i., thou south 110 mi., thou north 200 mL, then north 16 mL| 
Uion south 247 mL IK^ :is in Kx. 2. 
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37. Trigonometric definition of an angle. Angles unlimited in 
magnitude. Positive and negative angles. In books on plane 
geometry a plane angle is defined in various ways, namely, as the 
inclination of two lines to one another, which meet together, but 
are not in the same direction; or, as the figure formed by two 
straight lines drawn from the same point; or, as the amount of 
divergence of two lines which meet in a point, or would meet if 
produced; or, as the opening between two straight lines which 
meet ; or, as the difference in direction of two lines which meet ; 
and so on. In th'ese definitions an angle is always regarded as 
less than two right angles. A definition according to which 
angles are less restricted, is adopted in trigonometry. 

Trigonometric definition of an angle. The angle between two 
lines which intersect is the amount of turning which a line 
revolving about their point of intersection makes, when it begins 
its revolution at the position of one of the two lines and stops in 
the position of the other line. Thus, for example, the 'angle 
between OX and OQ is the amount of 
turning which is made by a line OP 
revolving about when OP starts re- 
volving from the position QX and stops 
its revolution at the position OQ, The 
line OX at which the revolution begins, 
is called the Initial line; the line OQ at 
which the revolution ends, is called the 
terminal line ; when the turning line OP 
has reached the terminal position OQ, 
OP is said to have described the angle 
XOQ. 

Let TOTi be at right angles to XiOX. When OP has revolved 
until it lies in the position F, it has described a right angle, or 
90® ; when it has revolved until it lies in the position OXi, it has 
described two right angles, or 180° (this is usually termed "a 
straight angle " or " a flat angle ^') ; when OP keeps on turning 
until it is in the position OFi, it has described three right angles, 
or 270°; when OP has again reached the position OX, that is, 
when it has made one complete revolution, it has described four 
right angles, or 360°. 
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Angles unlimited in magnitude. Now OP may start revolving 
from OX, make one complete revolution, continue to revolve, 
and then cease revolving when it has again reached the position 
OQ. This is indicated in Fig. 33. Or, 
OP may make two complete revolutions 
before it comes to rest in the position 0Q\ 
or, it may make three revolutions, or four, 
or as many as one please, before ceasing 
its revolution at the position OQ. An an- 
gle of 360° is described each time that OP 
makes a complete revolution, and OP can make as many revolu- 
tions as one please. According to the trigonometric definition 
of an angle, therefore, angles are unlimited in magnitude. 

Moreover, when this definition of an angle is adopted, the same 
figure can represent an infinite number of different angles* Any two 
of these angles differ from each other by a 
whol6 number of complete revolutions. For 
instance, Fig 34 may represent 60°, 360°+60° 
or 420°, 2 . 360° + 60° or 780°, 3 • 360° + 60^ 
or 1140°, ..., ?i . 360° + 60°, in which n denotes 
any whole number. Ayiy tivo of these angles 
differ by a m ultiple of 360°. Angles which have 
the same initial and terminal lines may be 
called coterminal angles. 

Positive and negative angles. The revolving line OP (Fig. 32) 
may revolve about O in the same direction as that in which the 
hands of a watch revolve, or it may revolve in the opposite direc- 
tion. The following convention (see Art. 36) has been adopted 
for tjie sake of distinguishing these two opposite directions : 

When the turning line revolves in a counter-clockwise dfreetion, 
the angles described are said to be positive, and are given the pius 
sign: when the turning line revolves in a clockwise direetloiiy the 
angles described are said to be negatiTe, and are given the wninus sign. 
Thus, for example, Fig. 34 represents the angles 4- 60% — 300°; 
f urthor, this figure represents the angles 60° ± n • 360®, in which n 
denotes any whole number. The angle —300° is included in 
those angles, ftn*, on putting —1 fcr n. there is obtained 60*— 360° 
t.c. — 300°. (Xogative angles are also unlimited in magnitade.) 
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As in the case of lines, ike sign of an angle can he denoted by the 
order of the letters used in naming the angle. Thus XOQ denotes 
the angle formed by revolving OX toward OQ, and QOX denotes 
the angle formed by revolving OQ toward OX. Accordingly, 
QOX = -XOQ, 

Quadrants, In Fig. 32, XOYy TOX^ XiOY^ YiOX, are 
called the first, second, third, and fourth quadrants, respectively. 
When the turning line ceases its revolution at some position be- 
tween OX and OT, the angle described is said to be an angle in 
the first quadrant; when the final position of the turning line is 
between OF and OX^ the angle described is said to be in the sec- 
ond quadrant; and so on for the third and fourth quadrants. 

For example, the angles 30°, - 346°, 396°, 725° are all in the first quad- 
rant ; the angles — 60°, 340°, 710° are all in the fourth quadrant ; the angle 
— 225° is in the second quadrant, and the angle 225° is in the third quadrant. 

Note. While all acute angles are in the first quadrant, not all angles 
which are in the first quadrant are acute. 

EXAMPLES. 

Note. When it is necessary, the number of revolutions and their direction 
may be indicated on the figure in the manner shown in Fig. 34. 

Lay off the following angles with the protractor: In the case of each 
angle name the least positive angle that has the same terminal line. Name 
the quadrants in which the angles are situated. ' In the case of each angle 
name the four smallest positive angles that have the same terminal line. 

1. 137°, 785°, 321°, 930°, 840°, 1060°, 1720°, 543°, 3667°. 

2. - 240°, - 337°, - 967°, - 830°, - 750°, - 1050°, - 7283°. 

8. _ 47° + 230° + 37°, 420° - 470° + 210° - 150°, 230° - 47° + 37°, 230° 
+ 37° - 47°. 

38. Snpplement and complement of an angle. The supplement of 
an angle is that angle which must be added to it in order to make 
two right angles^ or 180°; the complement of an angle is that 
angle which must be added to it in order to make one right 
angle, or 90^ Thus, if A be any angle, then 

supplement of angle A = 180® — Ay 

complement of angle A = 90® •- ^ 
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EXAMPLES. 

1. What are the complements and supplements of 40®, 227®, — 4SP f 

complement of 40®= 90®- 40®= 50®; 

supplement of 40® = 180®- 40® =140®. 

complement of 227® = 90® - 227® = - 137® ; 

supplementof 227® = 180® - 227® = - 47®. 

complement of - 40® = 90® - (- 40®) = 130® ; 

supplement of - 40® = 180® - (- 40®) = 220®. 

2. By means of a figure verify the results obtained in Ex. 1. 

3. What are the complements of - 230°, 150°, - 40°, 340°, 75®, 83®, 12®, 
- 295®, - 324°, 200°, 240°, - 110°, - 167°? 

4. What are the supplements of the angles in Ex. 8 ? 
6. Verify the results in (3), (4), by drawing figures. 

39. The convention of signs on a plane. Articles 36, 37 contain 
statements of the conventions adopted regarding the algebraic 

signs to be given to distances measured 
on parallel straight lines, and to 
angles described by the revolution of 
a turning line. A figure, such as Figs. 
32, 35, will be frequently used in the 
articles that follow. In this figure, 
OX is the initial line, the turning 
line revolves about 0, and !FOI^is 
at right angles to XiOX. The fol- 
lowing convention lias been adopted re- 
garding the lines which will be vsed: 

Horizontal lines measured in the direction of A" are taken positively ; 
Horizontal lines measured in the direction of Xi are taken negatively | ■ 
Vertical lines measured upward are taken positively ; 
Vertical lines measured downward are taken negatively. 

The distance of points, such as P^ Pg, Pg, P4, from XiX, is 
always measured /ro7?i XiX towdrd the points. 

Any turning line (or oblique line) as OP is measured positively I 
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from toward the eiid of the turning line which lies in the 
direction of X from when the turning line coincides with the 
initial line. Thus a distance + 3 on OP will terminate at T, dis- 
tant 3 units from 0, and a distance — 3 on OP will terminate at 
Tj, distant 3 units from 0, but in the direction opposite to the 
former. This is sometimes briefly expressed in the words: the 
turning line carries its positive direction with it in its revolution. 



40. General definition of the trigonometric ratios. The remarks 
in this article apply to each of the four figures below. In each 
figure, is the point about which the angle is described, OX is 
the initial line, and OP is the terminal line. The first figure 
represents any angle in the first quadrant; the second figure 
represents any angle in the second quadrant ; the third figure, any 
ajigle in the third quadrant; and the fourth figure, any angle in 
the fourth quadrant. In each figure the angle will be called A. 



-Ti M 



M 




M X 
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Let P be any jKjint in OP, the terminal line of any angle A. 
From P draw PM at right angles to the initial line OX, or to the 
initial line produced in the negative direction. In each figure, 
OM is the distance measured along X^OX from the point to 
the foot of the perpendicular MP, and MP is the distance from 
XiOX to the point P. Following are the definitions of the trigo- 
nometric ratios ; these definitions apply to the angles represented 
in Fig. 36, and, accordingly, to all angles whatsoever. [Particular 
attention should he paid to the order of the letters used in naming 
the lines, for this order indicates the direction in which the line if 
meoisured. See Art. 36.] 
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MP 

The ratio -— is called the sirie of the angle A, 

The ratio — — ■ is called the cosine of the angle JL 

The ratio —— - is called the tangent of the angle A, 
OM 

"• The ratio -— — is called the cotangent of the angle A» 
MP 

OP 
The ratio •-— - is called the secant of the angle A. 
OM 

OP 

The ratio --— is called the cosecant of the angle A» 



These dej&nitions may be briefly stated : 

*.^=^. u.^=^ ^^,^. 

•»^-W- ~'^=^ "-^"^ 



m 



Inspection will show that the definitions of the trigonomeixic 
ratios for acute angles given in Art. 12, are in accordance with 
these general definitions. 

N.B. The projection definitions of the trigonometric ratios are given in 
Note B, Appendix. 

41. The algebraic signs of the trigonometric ratios far angles 
in the different quadrants. Figures 36 show that if the angle A 
is in the first, second, third, fourth quadrants, then the algebraic 
sign of MP is +, +; —y — > respectively, and the algebraic sign 
of OM is +, — , — , +, respectively. As stated in Art 39, 
OP is always taken positively. Hence, on paying regard to the 
algebraic signs of OM, MP, OP, in the several quadrants, it will 
be seen that the ratios of the angles in these quadrants are posi- 
tive or negative, as indicated in the following table : 
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QuADBiorr. 


I. 


II. 


III. 


IV. 


Sine 


+ 


+ 


^ 


.. 


Cosine 


+ 


— 


— 


+ 


Tangent . • • • 


+ 


— 


+ 


— 


Cotangent .... 


+ 


— 


+ 


— 


Secant 


+ 


— 


— 


+ 


Cosecant • • • • 


+ 


+ 


— 


— 



EXAMPLES. 

The student is advised to preserve his work on these examples. If he 
regards his results attentively, he will probably discover some useful facts, 
and be able to deduce some useful theorems, concerning angles in general 
Any preceding results, such as those in Art. 15, may be used as an aid in 
solving these exercises. 

1. Find the ratios of 946®. ?lJ^ -^ ^ ^ 

946® = 2 X 360*^ + 226®. 



Fig. 87. 




These are indicated 



.*. OPj the terminal line of angle 045®, has the 
position shown in Fig. 37. For this position of 
the terminal line, 03f and MP ate both negative. 
As shown in Art. 15, the lines OM, MP, OP, 
in this figure are respectively proportional to 1, 1, V2. 
on the figure toUh their proper algebraic signs. It is immediately apparent 
that 

sin946®= — i-, cos946® = -— , tan946® = +l, cot946® = +l, 
v^ • >/2 

sec946® = -V2, cosec 946® = - v^. 

2. Construct, and find the ratios of, 420®, 780®, 1140®. 

8. Construct, and find the ratios of, 120®, 480®, 240®, 600®, - 60®, 300®, 
060°, -720®. 

4. Construct, and find the ratios of, 160®, 410®, 210®, -160®, 330®, -390®. 

6. Construct, and find the ratios of, 46®, 766®, 136®, - 225®, 225®, 686®, 
- 406®, 1086®. 

6. Construct, and find the ratios of, - 754®, 487®, - 245®. 

7. Compare the ratios of 90® - 30®, 90® - 60®, 90® - 45®, 90® - 136®, 
90° - 240®, 90® - 800®, with the ratios of 30®, 60®, 46®, 135®, 240®, 300®, 
respectively. 
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8. Compare the ratios of 90^ + 30°, 90<> + 6(y», 90° + 46% 90° + 135^ 
90° + 240°, 90° + 300°, with the ratios of 30°, 60°, 46°, 136°, 240°, 300°, 
respectively. 

9. Compare the ratios of 180° - 30°, 180° - 60°, 180° - 46°, 180° - 136^ 
180° - 240°, 180° - 300°, with the ratios of 30°, 60°, 46°, 136°, 240°, 800°, 
respectively. So, also, the ratios of — 30°, — 60°, — 46°, etc. 

10. Are any general relations indicated by the results of Exs. 7, 8, 9^ 
If so, state these relations. Try to prove them. 

42. To represent the angles geometrically when the ratios are 
given. In constructing the angles in this article it is necessary 
to bear in mind that, according to the definitions given in Art. 40: 

When MP is positive, it can be drawn in the first and second quadrants; 
When MF is negative , it 6an be drawn in the third and fourth quadrants; 
When OM is positive, it is to be drawn in the direction OX; 
When OM is negative, it is to be drawn in the direction OXi ; 
and OF is to be taken positively. 



EXAMPLES. 



1. Represent by a figure the angles which have sines equal to f . Calcu- 
late their other ratios. Let A denote an angle whose sine is |; i.e. let 

sin A = i. But sin A = — (Art. 40). Hence, MF : OP = 8 : 4 ; and if 



OF = 4, then MF = 3. Now, MF can be dr^wn positively in both the first 
and second quadrants. Hence the problem amounts to finding a point in 
the first quadrant and a point in the second quadrant, each at a distance 4 

from O and a distance 3 from XiOX. The 
result is indicated in Fig. 38. Tlie student 
can make the construction for himself. 
The angles having sines equal to f , accord- 
ingly, include all the angles which have OP 
for a terminal line, and all the angles which 
have OFi for a terminal line. By Art 87 
each of these two sets of angles consists of 
an infinite number of angles, any two of 
which differ from one another by a whole 
number, positive or negative, of complete 
revolutions. A general algebraic expression which includes all these aoglefl^ 
is deduced in Art. 85. 
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Figure 38 shows that for angles having OP for a terminal lin^, cosine is 

■\/7 3 

•^— , tangent is -^, etc. ; and that for angles having OPi for a terminal line, 

4 _ V7 

-/Y q 

cosine is , tangent is , etc. Since the given sine is positive, it is 

apparent that the angles required, must be in the first and second quadrants. 
(See Art. 41.) 

2. Represent by a figure all the angles which have tangents equal to 
— }. Let A denote an angle whose tangent is — } ; i.e. let tan J. = — J. 

fThis may be written, ±-? or — .1 . But tan ^ = ^^ (Art. 40). Hence, 
L -4+4j OM ^ ^ 

if JlfP=3, then Oitf=-4, and if JfP = -3, then Oxl/ = 4. When JJfP is 

positive and 0M\& negative, OP can lie p^ 

only in the second quadrant. When • i >^ 

MP is negative and OM is positive, 3| >w 

OP can lie only in the fourth quadrant. ! ^ >s^ M-^ 

Figure 39 represents the angles. The x If ' -4 ' O^J "T"* 1 "x 

student can make the construction for >. "^ « 

himself. Thus, the angles whose tan- X^ + 

gents are equal to — f , consist of the ^^-^i 

set of angles, infinite in number, which ^^^' ^« 

have OP for a terminal line, and the set of angles, infinite in number, which 

have 0P\ for a terminal line. 

3. Calculate the other ratios of the angles in Ex. 2. 

4. Represent geometrically all the angles whose cosine is J. Calculate 
their other ratios. 

5. So, also, when the cosine is — }. 

6. So, also, when the tangent is J. [Note. - = i— = -^^ | 

L 3 +3 — 8 J 

7. So, also, when the sine is — f . 

8. So, also, when the secant is f . 

9. So, also, when the secant is — |. 

10. So, also, when the cosecant is — 2 ; J. 

N.B. The student is now strongly recommended to delay the reading of 
the next article until after he has reviewed the properties stated in Art. 13, 
and, if possible, determined what are the correct corresponding statements for 
angles in general, 

43. Connection between angles and the trigonometric ratios. For 
the same terminal position of the revolving line OP each of the 

ratios, •— — , etc., in (1) Art. 40, is always the same, no matter 
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where the point P is taken on the revolving line. Thus, for 
example, let any other point Pj (Fig. 40 a) be taken on the ter- 




X^ M Ml O X X^M^M O X 

Fig. 40a. Fio. 40to. 

minal line, and let PxMi be drawn perpendicular to XiOX. Then 
— — = ^ \ That is, the sine of any angle whose terminal line 

is OP, has a fixed definite value. The same can be shown for 
the other ratios. Hence, as already shown in Art. 13 for angles 
between 0° and 90^ 

(1) To each angle there corresponds but one value of each trtgono- 
metric ratio. 

Now let OP revolve a little from OP into the position OPi 
(Fig. 40 b). For convenience keep OPi equal to OP, Draw 
PiMi at right angles to XiOX. Then, 

the sine of the angle whose terminal line is OP = =-, 

OP 

and the sine of the angle whose terminal line is OPi = ^ ^ « 

OPi 

Since MiPi is not equal to MP, it follows that these two sines 
are unequal. Hence, the sine of an angle changes when the angle 
changes. The same can be shown for the other ratios. Hence, 

(2) The ratios of an angle change when the angle changes. 

The variation in the ratios as the angle increases, is discussed in Art. 77. 

Ex. 1. In the above, OPi is taken equal to OP. Why does this not affect 
the generality of the deduction ? 

Ex. 2. Trace the changes in the trigonometric ratios as the turning line 
revolves from 0° to 360°. Compare your results with those of Art. 15 C, and 
those given in the table at the end of Art. 77. 

It has been shown in Art. 37 that an infinite number of angles 
have the same terminal line. It follows that in each of the 
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figures in Art. 40, -— is the sine of an infinite number of angles. 

The same is true in the case of the other ratios. Moreover, the 
geometrical solutions in Art. 42 show that there are two sets of 
angles corresponiding to each given ratio, and that each set is infinite 
in number, and has a particular terminal line. Hence, 

(3) To each value of a trigonometric ratio there corresponds an 
infinite number of angles. 

Note. The student will see, by turning to Arts. 84-87, that all angles 
which have the same sine, can be given in a simple formula, and that the 
same fact is true in the case of each of the other ratios. The deduction of 
these formulas, while easily possible at this place, is postponed in order to 
permit the early completion of the solution of triangles. 

44. Relations between the trigonometric ratios of an angle. The 
relations between the trigonometric ratios of an acute angle were 
set forth in Art. 18. It will now be shown that these relations 
also hold for the ratios of any angle, 

A. Inspection of the definitions (1), Art. 40, shows the reciprocal 
relations, namely : 

sin A cosec A = l; cos .1 see wl = 1 ; tan ^ cot ^ = 1. (1) 

B. In each of the figures in Art. 40, 

MP OM 

OP OP 

C. In each of the figures in Art. 40, 



MP'-^OM'^OP'. 

On dividing both members of this equation by OP^, OM^, ilfP*, 
in turn, and following the same process as that adopted in Art. 18, 
it results that 

sin^-4 + C08*^ = l; 8ec^^ = l+tan^^; cosec^ ^ = 1 + cot^ ^. (3) 

From the first of relations (3) it follows that 
cos -4 = ± Vl - sin^ A. 
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This shows that, corresponding to a given sine, there are tm 
cosines which are numerically equal, and opposite in algebraic 
sign. Ex. 1, Art. 42, illustrates this. This is also manifest in 
the table of signs in Art. 41. As indicated in this table, the sine 
is positive in the first and second quadrants, and then the cosine 
is positive and negative, respectively ; the sine is negative in the 
third and fourth quadrants, and then the cosine is negative and 
positive, respectively. The signs of the remaining ratios corre- 
sponding to a given sine will be apparent on a short geometrical 
inspection, or by a glance at this table of signs. When any single 
ratio is given, there is an ambiguity as to the signs of some of the 
other ratios. Thus, to take another instance, it follows from 
the second of (3) that 



tan A = ± Vsec^ A — 1. 

The secant of A is positive in the first and fourth quadrants, 
and then the tangent is positive and negative respectively; the 
secant of A is negative in the second and third quadrants, and 
then the tangent is negative and positive respectively. The 
double sign which appears in these relations was referred to in 
the examples. Art. 18. The student is advised to review and 
work the examples, for angles in general, in Art. 18. 



EXAMPLES. 

1. Given that sin ^ = | ; find the other ratios of A by means' of the 

relations shown in this article. 

[In Ex. 1, Art. 42, this problem is solved geometrically; here it will be 
solved algebraically. 2 



• cosA = ±Vl ^sin'^A = —^ — ; sec -4 = - — , 

4 cos^ j_^ 

cosec^=-i-=4 t^„^^sin^ = .3__ cot ^ = -JL. == ±^1 
sin^ 3 cos^ j.vT tan^ 8 

Since the given sine is positive, the corresponding angles are in the first 
and second quadrants. Hence the double values of the calculated ratios are 
paired as follows : 
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sin^ cos^ tan^ cot^ sec^ cosecil 
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Find the other ratios algebraically^ and verify the results geometrically^ 
when : 

2. .cos^ = — f. 8. tan^ = f. 4. sec -4 = 4. 5. co8ec^ = — 6. 

6. sin -4 = — \. 7. cos J. = ^. 8. tan ^ = — 8. 9. cot ^ = J. 

Find the other ratios algebraically, and verify the results geometrically, 
when angle A satisfies the following pairs of conditions : 

10. sin ^ = J and tan A = — i— 11. ' tan ^ = \/3 and sec J. = — 2. 

V3 

12. cos ^ = — j and sin ^ = + -^^ 18. sin ^ = — J and tan -4 = f . 

3 

Give a geometrical solution of the following trigonometric equations : 
14. sin A = \, 15. cos ^ = — f . 16. tan ^ = 4. 17. sec ^ = 5. 

Name the four least angles, and also the four least positive angles, that 
satisfy the equations : 

18. sin^=— . 19. tan^=\/3. 20. cos^= — L. 21. cot^=-V3. 

45. Ratios of 90^ - A, 180° - ^, 90° + ^, - ^, compared with 
the ratios of -4, A being any angle. The student may have 
suspected, from Exs. 7-10, Art. 41, that there is a close connec- 
tion between the ratios of an angle A on the one hand, and the 
ratios of the angle — A and of angles differing from A and — A 
by multiples of 90**, on the other. He may have discovered 
already what the connection is. This connection, which is set 
forth in this article, is interesting in the study of angles, and 
has an important bearing on the construction of trigonometric 
tables, and on the solution of triangles. 

In each figure in this article OP is the terminal line of the 
angle A, and OPi is the terminal line of the related angle which 
is under consideration ; for the purpose of easy comparison, OPi 
is always taken equal to 0P\ MP, MiPi, are the perpendiculars 
drawn from the initial line to P, Pi, respectively. The deductions 
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made in the simplest case^ namely^ when ^ is an angle in the first 
quadrant, are true for all angles. The student is advised to con- 
sider only the simplest casrf, when first he considers the subject of 
this article, and then to draw the figures and make the deduc- 
tions for himself, in the cases in which angle -4 is in the second, 
third, and fourth quadrants, respectively. 

Note. A compound angle, 90° — A, for instance, can be described by 
revolving the turning line forward through 90**, and then backward 
through an angle equal to ^; or, these steps may be taken in a revene 
order, namely, by revolving the turning line backward through an angle 
equal to A, and then forward through 90°. Similarly, for the compoand 
angles 90° + ^, 180° ± A, etc. 

For the sake of clearness of construction, it is better not to take the 
terminal line of A nearly midway between XiOXand YiOT. 

A. Ratios of 90° - A. Describe the angles A^ 90° — A. Let OP, 
OPi, be the terminal lines of A, 90° — A, respectively. In Figi 




O M^ M X 
Fig. 41a. 



Fig. 41b. 



Fig. 410. 



41 a, 41 by 41 c, 41 d, A is an angle in the first, second, third, and 
fourth quadrants, respectively. 

Take OPi equal to OP, and draw MP, M^Pi, at right angles to 
the initial line. In the triangles M^OPi, MOP, (in each figure) the 
angles at M^, M, are right angles, angle M^OPi = angle OPJf,and 
OPi = OP. Hence these two triangles are equal, and 

Jfi = MP, M,Pi = DM. 

The figures also show that, for A in each quadrant^ OJfi, Jff 
have the same algebraic sign, and JfiPi, OM have the same BigiL 
Hence, for all angles A, 

sin (90» - ^) = :^' = ^= cos ^ J 

^ ^ OPi OP * 

oos(90''-A)=^ = ^=smAi 
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cot(90»-^) = ^^ = ^=tan^; 

cosec(90'-^) = |^; = ^=secA 

Hence, the ratio of any angle is the same as the co-ratio of its 
zomplement. Compare with Art. 16. The relations for tangent, 
secant, cotangent, cosecant, can also be deduced from those of 
sine and cosine by means of Art. 44 (1), (2). Thus, for example, 

^ ^ cos (90^-^) sm^ 

B. Ratios of 180° - A. Describe the angles A, ISO** — A. Let 
OP, OPi be the terminal lines of A and 180° — A respectively. 
In Figs. 42 a, 426, 42 c, 42 d, A is an angle in the first, second, 
third, fourth quadrants, respectively. Take OPi equal to OP, and 
draw MP, M^Pi, at right angles to the initial line. In the two 
triangles OMiP^ OMPy in each figure, the angles at Mi, M, are 




Fia.42a. 



right angles, angle M^OPi = angle MOP, OPi= OP. Hence, 
OMi= DM, and MiPi=z MP, In each figure, OMi, OM have oppo- 
site algebraic signs, and MiPy MP, have the same sign. Hence, 
Cor all angles Ai, 

•8in(180»-J[) = ^»=^=sin^; 
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So also, tan (180** - ^) = - tan ^; cot (180** - ^) = - cot^; 
sec (180° — -4) = — sec ^ ; cosec (180'' — -4) = cosec A 

The last four relations can be deduced by means of the figures, 
or by means of relations (1), (2), Art. 44. Hence, any ratio oj 
an angle is equal in magnitude to the same ratio of its supplement; 
the sines of supplemejitary angles have the sam£ algebraic sign, and 
so have the cosecants; the other ratios of supplementary angles Jiave 
opposite signs, 

C. Ratios of 90° + A. Describe the angles A, 90° + A. Let 
OP, OPi, be the terminal lines of A, 90° + A, respectively. In 
Figs. 43 a, b, c, d, ^ is an angle in the first, second, third, fourth 
quadrants, respectively. Take OPi = OP, and draw MP, MiP^, 
at right angles to the initial line. In the two triangles, OMiP], 
OMP, (in each figure) the angles at Jfi, M, are right angles^ 



Fio. 43a. FiQ.43b. Fio. 48c. Fia.48(L 

angle JfjOPi = angle 0PM, OPi = OP. Hence, JfiPi=03f, 
and OMi = MP, In each figure MiPi, OM, have the same alge- 
braic signs, and OM^, MP, have opposite signs. Hence, for all 
angles A, 

sin(90° + ^) = ^ = ^ = cos^; 

cos(90° + ^) = |^^ = -^ = -smA 

So also, tan (90° + ^) = - cot ^ ; cot (90° + ^) = - tan -4; 
sec (90° + ^) = — cosec A ; cosec (90° + -4) = sec -4. 

These four relations can be deduced from the figures, or by 

means of (1), (2), Art. 44. 

D, Ratios of - A. Describe the angles A, — A. Let OP, 
OPi, be the terminal lines of A, — A, respectively. In Figs. 44 a, 
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b, c, d, A is in the first, second, third, fourth quadrants, respec- 
tively. Take OPj = OP, and draw PM, PiMi, at right angles 
to the initial line. In the two triangles, OM^P^, OMP, (in each 
figure) the angles at Jlfj, M, are right, angle M^OP^ = angle MOP, 




Fig. i4a. 



Fio. i4b. 



Fia.44<3. 



OP, = OP. Hence, M^P, = MP, 0M= OM^. In each figure, 
OM^, OM, have the same sign, and JfiPi, MP, have opposite 
signs. Hence, for all angles A, 

sin(-^)— ^--—--sin^, 



cos 



(-^) = gf = ^=COSA 

^ ^ OPi OP 



So also, tan (—A) = — tan ^ ; cot (— .4) = — cot -4; 

sec (— A) = sec ^ ; cosec (— ^) = — cosec A. 

The last four relations can be deduced from the figures, or by 
means of (1), (2), Art. 44 

Ex. 1. Show that sin (180^ + ^) = - sin A, 

cos (180^ + ^) = - cos ^, tan (180° + ^) = tan ^, etc., 
when A denotes an angle in any one of the four quadrants. 

Ex. 2. Deduce the relations between each of the following 
angles and angle A, viz. 270° - A, 270° + A, 360° - A, 360° + A 
w • 360° ±Afn being any whole number. 

By means of the relations shown in this article, the ratios of any 
angle can be ea^ressed in terms of the ratios of an angle between 
0° and 46**. Thus, for example, 
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Bin 700° = sm(360*' + 340°) = sin 340° = sin(- 20°) = - sin 20*'; 

tan 976° = tan (2 . 360° -f- 266°) = tan 256° = tan (180° + 75°) 

= tan 76° = cot 16°; 

oosec (- 1160°) = - cosec 1160° = - cosec (3 • 360° + 80°) 

= - cosec 80° = - sec 10°. 

.-. sin 700° = - .34202 ; tan 976° = 3.7321 ; 

cosec (1160°) = - sec 10° = ^=i- = -=-|- = - 1.016. 
^ ^ cos 10° .98481 

This property, and the property that the ratio of an angle is 
the co-ratio of its complement, account for the arrangement and 
extent of the trigonometric tables. 

EXAMPLES. 

1. Express the ratios of the angles in Exs. 1-7, Art. 41, in terms of ntioB 
of angles between 0° and 45°. Also find the ratios. 

2. Do likewise for the angles in Exs. 1, 3, Art. 88. Also find the ratios. 
8. Do likewise for the angles in Exs. 1, 2, 3, Art. 87. Also find the latioe. 

N.B. Questions and exercises suitable for practice and reoiew on tht 
subject-matter of Chap. V, will be found at page 186. 



CHAPTER VI. 

TRIGONOMETRIC RATIOS OF THE SUM AND 
DIFFERENCE OF TWO ANGLES. 

N.B. Another way of making the derivations shown in Arts, 46-48 fa 
given in Note B of the Appendix. The method of projection^ as it is called^ 
used in Note" B, is preferred by many, 

46. Derivation of the sine and cosine of the sum of two angles 
when each of the angles is less than a right angle. In this article 
and the following one, careful regard must be paid to the direo 
tions in which lines and angles are measured, and to the order of 
the letters used in measuring them. See Arts. 36, 37, 40. 

To deduce sin {A + B) and cos (^ + B). Let A and B be tw<s 
angles each of which is less than a right angle. Let the turning 
line revolve from the initial line OX, and about describe the 





HON 
Fig. 45b. 



angle XOL equal to A, and then revolve forward from the posi- 
tion OL and describe the angle LOT equal to B, Thus, angle 
XOT=^ A + B. [In Fig. 45 a, ^ -|- 5 is less than 90° ; in Fig. 46 6, 
J. H- B is greater than 90°.] Take any point P on OT, the ter- 
minal line of the angle {A -f- B), and draw PQ at right angles to 
OL, the terminal line of the angle A. From P, Q, draw PM, QiV, 
at right angles to the initial line; and through Q draw VQE 
parallel to OX and intersecting MP in 1{. 

85 
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= ^^ — + - — op^' (^elinitions, Art 40.) 

Now, by definitions in Art. 40, and by Art 46, 

^^=cosQOP=cos-B; ^^= sin QOP= sinB; 

sin VQP = sin (180° - PQR) = sin PQB 
= cos RQO = cos XOQ = cos A 
.*. 8iii(^ + B) = 8in^cosB + G08^8inB. 0) 

OP OP'^OP 

^ OQ cos A QP cos FQP 
OP OP 

(Definitions, Art 40.) 

Now, by definitions in Art. 40, and by Art 46, 






OP ' OP 

cosFQP=cos (180*'-PQ^) = -cosPQ2?= -8ini2QO== —Bin A 
.*. €08 (^ + jB) = cos ^ COS B - sin ^ sin J9» (3) 

EXAMPLES. 

1. Sin 75° = sin (30° + 45°) = sin 30° cos 46° + cos 80° Bin 46P 

_1 1 V8 1 ^ l+yg 
2 V2 ^ V2 2>/2 

2. Find cos 75° by putting 30° + 4o° for 75° and using formnla (2). 
8. Deduce the sine and cosine of 15° from the results in Eza. 1» 9. 



A 



47.] 



SIN Ca—b) and cos (^-B). 
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4. Find sin 90°, cos 90°, by putting 90° = 30° + 60°. Also by putting 
90° = 45° + 45°. Also by putting 90° = 75° + 15°. 

6. Find sin 120°, cos 120°, by putting 120° = 60° + 60° ; 120° = 90° + 30° ; 
120° = 75° + 45°. 

6. Find sin 150°, cos 150°, by putting 150° = 75° + 75° ; 150° = 90° + 80°. 

7. Find sin 135°, cos 135°, by putting 135° = 75° + 60° ; 135° = 90° + 48°. 

8. Given sin x = i, sin ^ = }, x and y botli in the first quadrant ; find 
8in (x + y), cos (x + y). 

47. Derivation of the sine and cosine of the difference of two angles 
when each of the angles is less than a right angle. The construction 
and derivation are very similar to that made in the preceding 
article. 

To deduce sin (A - B) and cos {A- B)^ Let A and B be two 
angles each of which is less than a right angle, and let A be the 
greater. Let the turning line revolve from the initial line OX, 




and about describe the angle XOL equal to A, and then revolve 
backward from the position OL and describe the angle LOT equal 
to - B, Then angle XOTt^A-B. Take any point F on OT, 
the terminal line of the angle (A — B), and draw PQ at right 
angles to OLj the terminal line of the angle A, From P, Q, draw 
.PJf, QN, at right angles to the initial line ; and through P draw 
i?PF parallel to OX and intersecting NQ in R. 

^ ^ QP f\u nr> njy 



__ OQ sin A 
OP 



OP 

PQ sin VPQ 
OP 



OP OP 



(Definitions, Art. 40.) 



88 PLANE TRIGONOMETRY. [Ch. VL 

Now, by definitions in Art. 40, and by Art. 45, 

■^ = cos QOP = cos (- B) = cos B\ 

Bin VPQ = sin (180° - QPB) = sin QPB = cos BQP = cos A 

.*. sin (^ - jB) = sin ^ cos jB - cos ^ sin B. (3) • 

^ ^ OP OP OP OP 

^ OQ cos A PQ cos FPQ 

OP OP ' (Definitions, Aft. 40.) 

Now, by definitions in Art. 40, and by Art. 45, 

— ^ = cos B, and — — ^ = — sin B, as shown above ; 
OP OP ' 

cos FPQ= cos (180**- QP/e) = -cos QPR= - sin i2QP= -sin ^ 

/. cos (ui - B) = cos ^ cos B -H sin ^ sin jB. (4) 

If B is greater than A, then the formula, 

sin (B — A) = sin B cos -4 — cos B sin ^ 
can be deduced as above. Since 

sin (A — B) = — sin (B — A), 
then sin (^ — B) = sin ^1 cos B — cos ^ sin B. 

7i? ts shown in Art, 48 f Aa^ the formulas (1), (2), (3), (4), are true 
for all values of A and B. These formulas are called the addition 
and subtraction fonnulas or theorems in trigonometry. They are 
of such great importance, and so many thorems can be deduced 
by means of them, that they are called the fundamental for- 
mulas of trigonometry.* They should be memorized. 

Note. Arts. 48, 49, may be omitted, if deemed advisable, until after the 
solution of triangles is completed. Art. 48 can also be shown geometricaUjf, 

* Adrian Komanus (1561-1625), professor of mathematics and medidne 
at the University of Louvain, was the first to prove the formula fof 
sin(^ + B)' The formulas for cos(^ ± B) and sin(i4 — B) wore given \ss 
Pitiscus (1561-1618), a German mathematician and astronomer, in his 1^ 
onometry published in 1596. 
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EXAMPLES. 

1. Derive sin 15°, cos IS**, on putting 60° - 46° for 16°. 

2. Derive sin 16°, cos 15°, on putting 46° - 80° for iry°, 

8. Find sin (x — y), cos (x — y) in the cases in Ex. 8, Art. 46. 

48. Proof of addition and subtraction formulas for all values of A 
and B. These formulas have been proved in Arts. 46, 47; for 
values of A and B which are less than a right angle. In Art. 
45 it has been shown that for any angle, say X, 

cosX'=8in(W + X), siiiX = -cos(90'' + X). 

Hence, cos-4 = sin(W + ^), sin-4=- co8(90''+il), 

<ioa{A+B)=sm(9(f+A+B)f sin(^+-B)=-cos(90°H-^+-B). 

The substitution of these values for cos A, sin A, cos (A + B), 
sin {A + B), in (1), Art. 46, gives 

— cos (90*'+-4h-^= -cos (90°+^) cos B+sin (90°+^) sin B; 



.-. cos(90''+ui+^=cos(90°+-4)cos-B-sin(90°+^)sin-B. (1) 
The substitution of the same values in (2), Art. 46, gives 



sin (90'' + ui + ^ = sin (90°+ A) cos 5 + cos (90° + A) sin B. (2) 

Hence, formulas (1), (2), Art. 46, are true when one of the 
angles is increased by a right angle. In a similar way, these 
formulas can be shown to remain true when one of the angles in 
(1), (2), of this article is increased by a right angle. It is thus 
evident that the formulas are true, no matter how many right 
angles are added to either one or both of the angles. It can 
easily be shown that sm^=cos(-4— 90°), cos^=— sin(^— 90°). 
Then, in the same way as that just employed, it can be shown 
that the formulas (1), (2), Art. 46, hold when either one or both 
of the angles is diminished by integral multiples of 90°. Hence, 
formulas (1), (2), Art. 46, are true for angles in any quadrant, 
that is, for all angles. In a similar way, formulas (3), (4), 
Axt. 47| can be shown to be universally true. 
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49. Each ftmdamental formula contains the others. From ah; 
one of the four fundamental formulas^ the remaining three can 
be derived. Thus for example : 

In (1) Art. 46, change A into 90° - ^; then 

sin (90° - ui + -B) = sin (90° - -4) cos B + cos (90** — -4) sin J5. 
From this, 



sin(90°— ui — -B), Le. cos(^ — J3)=cos-4cosjB + 8in-4 8inJBL 

In (1) Art 46, change B into (— ^ ; then 

8in(J. — 5)= sin A cos (— B) + cos-4 sin(— B) 
« =sin J.COSB — cosuisinB. 

In (1) Art. 46, change A into (90° + A) ; then 

sin (90° + ^ + B)= sin(90° + ^)cos 5 H- cos(90° + -4)8in A 

whence, cos (-4 + 5)= cos -4 cos 5 — sin -4 sin jB. 

Ex. 1. From formula (2), Art. 46, derive the other three fundamental 
formulas. 

Ex. 2. So also, from formula (3), Art. 47. 
Ex. 8. So also, from formula (4), Art. 47. 

50. Ratio of an angle in terms of the ratios of its half angle. 

In this article and Arts. 51, 62, a few deductions will be made 
from the addition and subtraction formulas, which have been 
shown to be true for all angles. These deductions are neoessaiy 
for the explanations concerning triangles, as well as useful for 
other purposes. More ample opportunity will be afforded later 
for working exercises involving the use of these formulas. The 
fundamental formulas may be brought together: 

sin(^ + B)= sin ^ cosB + e^A sInB. (1) 

sin M ~ B) = sin ^ cos jB- cos ui sill B. (2) 

C08(^ + B) = cos ^ cos B - sin ^ sinB. ^ 

cos(^ - B) = cos ^ cos B + sin ^ sinB. (4|[ 
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Let B = A', then, from (1), 

sin (A + A)= sin ^ cos -4 + cos -4 sin -4 j 

that is, ..\ sin2A = 2»lnAcosA. (6) 

Similarly, from (3), ^cos 2 A = co8«/t - sin* ^. (6) 

Since cos'-4 + sin*-4 = 1, it follows that 

eoB2^ = l-2sln*^. (7) 

and ea8 2^ = 2co8*ui-l. (8) 

In formulas (l)-(8), A, B, denote any angles whatsoever. 
These formulas occur so often, and are so useful, that it is well 
to translate them into words. Thus, 

sine sum of any two angles = sin j^?\s^ • cosine second 

+ cosine Jirst • sine second 
sine difference of any two angles = sine^r^*^ • cosine second 

— cosine Jirst • sine second 
cosine sum of any two angles = cosine j^r«f • cosine second 

— sine j^rs^ • sine second 
cosine difference of any two angles = cosine j^rs^ • cosine second 

+ sine^rsf • sine second 

Since A is one-half of 2-4, formulas (5)-(8) can be translated 
as follows : 

sine any angle = 2 sine half-angle • cosine half-angle^ 

cosine any angle =5 (cosine ^oZZ-aw^/fe)^ — (sine half-angley, 
= 1 — 2 (sine half-angle)\ 
s= 2 (cosine half-angley — 1. 

EXAMPLES. 
1. Find COB 22JI'' from cos 45^ 

2 cos* 22i° = 1 + cos 45*» by (8) ; 

V V2/ 2 V2 2 X 1.4142 
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8. Express cos 4 x in t^rms of sin x and co8 x, 

cos 4 a = 2 C0822 X - j = 2(2 cos^x - l)^ - 1 = 8 C06*x - 8 coei^x + 1 
8. Deduce sin 30°, coslso®, from cos 60°. 

4. Deduce sin 75°, cos 76°, from cos 150°. [Logarithms may be helpful.] 
6. Deduce sin 22 J°, from cos 45° 

6. Deduce sin 15°, cos 15°, from cos 80°. 

7. Express cos 6 x, sin 6 x, in terms of ratios of Ss. 

8. Express cos 3 x, sin 8 x, in terms of ratios of ) x. 

9. Express sin } x, cos | x, in terms of ratios of foe. 

10. Express cos x, sin 6 x, in terms of ratios of 12 x, 

11. Express cos 8 x, sin 8 x, in terms of ratios of 6 x, 

12. Express sin } x, cos } x, in terms of ratios of ) x. 

18. Show that sin (n + 1)^ + sin (n — 1)^ = 2 sin n^ cos ul, and 
cos (n + 1)^ + cos (n — 1)^ = 2 cos n^ cos^ ; and 
hence, express sin 2 J., cos 2 ^, in terms of sin A^ cos A, 

51. Tangents of the sum, and difference of two anglest and of 
twice an angle. Let A, B, be any two angles. It is reqnued 
to find tan {A + B) and tan (A — B). 

tan (A-\-B^ = sin (A'\-B) __ sin ^ cos jB + cos A sin B 
cos (A + B) cos -4 cos 5 — sin -4 sin jB 

On dividing each term of the numerator and the denoxninatoi 
of the second member by cos A cos B, there is obtained 

tan(^ + B) = ^^/ + fa°^ > (1) 

1-tanuitanB 

In the same way it can be shown that 

tan(^-B) = ,<^°/-;y^ > (2) 

^1 + tan^tanB 

Formula (2) can also be deduced from (1) by ohang^g B into 

If 5 = -4, then (1) becomes 

tan2^= g<»°/ . (3) 

l-taii«^ 
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CHAPTER VII. 

SOLUTION OF TRIANGLES IN GENERAL. 

53. Cases for solution. In Art. 34 oblique triangles were solved 
by means of right-angled triangles. In this chapter some rela- 
tions of the sides and angles of any triangle (whether right-angled 
or oblique) will be derived ; methods of solution will be shown, 
which are applicable to the solution of both right-angled and 
oblique triangles, and which are independent of the special aid 
that can be afforded by right-angled triangles. In Art. 54 the 
chief relations between the sides and angles of a triangle will be 
deduced. These relations constitute the foundation for the re- 
mainder of the chapter. In Arts. 65-58 solutions of triangles 
are obtained without the use of logarithms ; in Arts. 60-62 loga- 
rithms are employed in finding the solutions. 

In order that a triangle may be constructed, three elements, one 
of which must be a side, are required. Hence, there are four 
cases for construction and solution, namely, when the given parts 
are as follows : 

L *One side and two angles. 

XL Two sides and the angle opposite to one of fhem. 

> UL Two sides and fheir included angle. 

I* TV. Tbree sides. 

Before proceeding, the student should test his ability to con- 
struct a triangle readily in each of these cases. 

In the discussions that follow, the triangle is denoted by ABC, 
the angles by -4, 5, (7, and the lengths of their opposite sides by 
a> b, c, respectively.* 

*The formulas are greatly simplified by the adoption of this notation, 
which was flxst introduced by LeonhjijiW^lSr J1W7^17«3). 
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54. Fundamental relations between the sides and angles of i 
triangle. The law of sines. The law of cosines. 

I. The law of shies. From C in the triangle ABC draw CD at 
right angles to opposite side AB, and meeting AB or AB produced 
in D. (In Fig. 47 a J5 is acute, in Fig. 47 6 J5 is obtuse, and in 



C 






A D BV A "^ b" DV A ^ BD V 

Fig. 47a. Fig. 47b. ^^^' *7c. 



Fig. 47 c jB is a right angle.) Produce AB to F. In what f oUowa^ 
AB is taken as the positive direction. 

In GD^, 2>C=&sinA 

In CDB (Figs. 47 a, &), DC^a sin VBC (Definition, Art 40.) 

= a sin jB. 
[•.• sin VBC = sin (180° - FBO), Art 46, = sin GBA\ 

In Fig. 47 c, 2>C7 = jBC7 = a = a sin J5. 

(••• 5 = 90^ and 8iii90**«l) 

Therefore, in all three triangles, 

asinJ3= 6sin-4. 
a h 



Hence, 



sin A sin B 



Similarly, on drawing a line from B at right angles to^dit 
can be shown that 

g __ c 
sin A sin O* 

Hence, in any triangle ABC, 

a _ h __ c 



sin A sin B sin C 



(1) 



M.] 



LAW OF SINES. 
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In words : T7ie sides of any triangle are propoHional to the sines 
of the opposite angles. 

Each of the fractions in (1) gives the length of the diameter of 
the circle described about ABC, Let (Fig. 48) be the centre and 
R the radius of the circle described about ABC. Draw OD at 
right angles to any one of the sides, say AB, Draw AG, Then 
AD = \c, AOD = C, by geometry. In triangle ADD, 



AD=zAO sin AOD ; i.e. ^c = i2 sin O. 



.2U = 



siiiC 



(2) 



Ex. 1. Explain why the circumscribing circle of a triangle depends only 
upon one side and its opposite angit. 

Ex. 2. Derive the law of sines by drawing a perpendicular from A to BG, 



Ex. 8. Derive 2 jB = - 



&mA 



,2i? = 



sini^ 



, by means of figures. 



II. The law of cosines. An expression for the length of the 
side of a triangle in terms of the cosine of the opposite angle 
and the lengths of the other two sides, will now be deduced. 
The angle A is acute in Fig. 49 a, obtuse in Fig. 49 b, right in 
Fig. 49 c. From C draw CD at right angles to AB. The direc- 
tion AB is taken as positive. 





In FIrs. 49 a, 49 b, 
In Fig. 49 a, 
in Fig. 49 &, 



bc' = dc^ + db'. 

DB = AB-AD; 
DB=DA-\-AB^ 



AD -f- AB. 



Hence, in both figures, BC^ = 5Zf + (AB - ADf 



: W + Ajf + AJ^ -2AB. AD. 



^"^^^^^^ 
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In Fig. 49 a, AD=^ AC cos BAC\ 

in Fig. 49 6, AD=^ AC cos BAC (Art 40). 

Also, D^ + A^^A(P. 

Hence, in both figures, BG^ = AG^ + Aff — 2 ul(7 • ^UB cos J} 
thatis, a2 = 62 + ^»26cco8ui. ^ 

This formula also holds for Fig. 49 c; for there, 

cos ^ = cos 90^ = 0. 

Similar formulas for 6, c, can be derived in like manner, op can 
be obtained from (3) by symmetry : 

62 = c* + a«-2cacosjB, c»= a« + 6«-2a6cosa (S*) 

These formulas can be expressed in words : In any triangle^ the 
square of any side is equal to the sum of the squares of the other two 
sides minus twice the product of these two sides multiplied by thi 
cosine of their included angle. 

Note. In Fig. 49 a, A is acutd and cos A is positive ; in Fig. 49 5, ^ is 
obtuse and cosu4 is negative. Hence formula (8) shows that in Fig. 490, 
a^ is less than b^ + c^, and that in Fig. 49 b, a^ is greater than &> + e^. In 
Fig. 49 c, a2 = 62 + cK 

Eolation (3) may be expressed as follows: 

and similarly for cos B, cos C. 

Ex. Derive the formulas for 6' and for <A 

Each of the relations (1), (3), (3'), involves four of the six de. ^ 
ments of a triangle. If any three of the elements in any one 
of these relations are known, then the fourth element can be 
found by solving the equation. Inspection shows that relafcLons 
(1) are serviceable in the solution of Cases I., II,, Art 63, and 
that relations (3), (3'), are serviceable in the solution of Gases IIL, 
IV., Art. 53. The student is advised to try to work some of the 
examples in Arts. 55-58 before reading the text of the articles. 
(See Arts. 20-24, 34.) 
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54 a. Substitution of sines for sides, and of sides for sines. . 

Since — — = = . ^ . the sines of the opposite angles can be sub- 
sin^ sin 5 sinC 

atituted for the sides of triangles, and vice versa, when they are involved 

homogeneously in the numerator and denominator of a fraction, or in both 

members of an equation. 

Thus, on putting .^ ^ = . = .^^ = ag, it follows that a = X8inA, 
siaA sin 5 sin (7 
& = aj sin B, c = 05 sin C, 

Then, for example. -^ = , '^"'°^. ^ = . "^"^ „ 
6 + c XBinB-\-x8inC sm B + sm (7 



EXAMPLES. 

1. Show that in any triangle 5L±i = cosK^-B) ^ 

c sm i (7 

g + 6 _ sin^ -f sin .B _ 2 sin ^(^ + B) cos ^(^ - .B) _ cos i(A — S) 
Bin (7 2smJC7cosJ(7 sin J (7 * 

for Bfai }(-4 + B)= cos J (7, since \{A + B)-\-\C = ^\ 

2. Derive two other relations shnilar to that in Ex. 1. 

8. Show that 

8ag + 26« _ 3sin«^-f2sin«P _ 8sin«^ + 2sm«B _ 3sln2^ + 28in«P 
ahc "" a sin B sin (7 6 sin ^ sin (7 csin^lsinB 

55. Case I. Given one side and two angles. In triangle ABC^ 
suppose that A, By a 2iXQ known ; it is required to find 0, 6, c 
In this case (see Fig. 47 a, Art. 54)^ 

(7= 180^ -(-4 + 5); 



^ -, whence 6=-r^ • sinJ5; 



sinjB sin^ sin^ 

-r~7 = -T^f whence c = .^ , • sin C. 
smC sin-4 sin J. 

Checks: a':?= 6^ + c" — 26ccos A . = ,^ . the result in 
■' ^ sinJ3 smO 

Ex. 1, Art.' 54 a. Other checks will be discovered later. 
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EXAMPLES. 
1. Solve the tariangle PQB, given : PQ = 12 in., 

P=76^ 

J? = 180^ -(P+ §)= 18(y> -(40° + 76°) = 65^ 

PB ^ PQ 
sin Q sin B 

sin§, 



Solution: JB = 
PJB = 



sinP sin£ 



sinJB 



^«=S-'^'' 



12 



sin 66° 

.0063 
= 13.24 X 
= 8.61 in. 



sin 40°, 



12 



.6428, 
. 6428, 



sin 66° 
12 



.8in76<» 



X9650, 



.0063 
= 13.24 X 0660, 
= 12.8 in. 

2. In ABOy A = 60°, B = 76°, c = 60 in. Solve the triangle. 

8. In ABC, A = 131° 35', B = 30°, 6 = 6J ft. Find a. 

4. In ABO, B = 70° 30', G = 78° 10', a = 102. Solve the triangle. 

6. Jn ABC, B = 08° 22', C = 41° 1', a = 6.42. Solve the triangle. 

56. Case II. Given two sides and an angle opposite to one oi 
them. In the triangle ABC let a, b, A be known, and C, B, ch 
required. The triangle will first be constructed with the givei 





h 




c 


/ 




/A\ 




/ 


a 




/ 


/o. 


,... 



Fig. 51. 




L Bl-^^ A D 
Fio. 6S. 



Fia. 53. 
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elements. At any point A of & straight line LM, unlimited in 
length, make angle MAC equal to angle A, and cut off ^O equal 
to 6. About O as a centre, and with a radius equal to a, describe 
a circle. This circle will either : 

(1) Kot reach to LM, as in Fig. 50. 

(2) Just reach to LM, thus having LM for a tangent, as in 
Fig. 51. 

(3) Intersect LM in two points, as in Figs. 52, 53. 

Each of these possible cases must be considered. In each 
figure, from C draw CD at right angles to AM-, then CD = h sin A. 

In case (1), Fig. 50, CB < CD, and there is no triangle which 
can have the given elements. Hence, the triangle is impossible 
when a<.b sin A. 

In case (2), Fig. 51, CB = CD, Hence, the triangle which has 
elements equal to the given elements is right-angled when a = b sin A. 

In- case (3), Figs. 52, 53, GB>CD] that is, a>b sin^. If 
a> b, then the "points jB, Bi, m which the circle- intersects LM, 
are on opposite sides of A, as in Fig. 52, and there is one triangle 
which has three elements equal to the given elements, namely, ABC 
If a < b, then the points of intersection B, Bi, are on the same 
side of A, as in Fig. 53, and there are two triangles which have 
elements equal to the given elements, namely, ABC, ABiC. For, in 
ABC, angle BAC=A, AC=^ b, BC=a ; in AB^C, angle BiAC=A, 
AC = b, BiC = a. Both triangles must be solved. In this case. 
Fig. 53, the given angle is opposite to the smaller of the two 
given sides. Hence, there may be two solutions when the given 
angle is opposite to the smaller of the two given sides. The words 
''may be'' are used, for in cases (1), (2), the given angle is 
opposite to the smaller of the two given sides. Case II. is some- 
times called the ambigaons ease in the solution of triangles. 

The ambiguity in Cojse XL is also apparent in the trigonometric 
solution. The angle B is found by means of the relation, 

sinJB sin^ • t> & • ^ /hn 

— ; — = ; or, sinjB = -sinA (1) 

b a .Ob ^ 

The angle B is thus determined from its sine. Kow there is 
always an ambiguity when an angle of a triangle is determined 
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from its sine alone, for sin a? = sin (180® — a?). Figure 53-ahow8 
the two angles which have the same sine, namely, ABOj ABiC. 
In Fig. 52, the given condition, namely, that b<a, shows that 
B<A'y accordingly, only the acute angle corresponding to sin B 
can be taken. If, in equation (1), bain A > a, then sin J5 > 1, 
and, accordingly, B is impossible and there is no solution. If, in 
equation (1), & sin ^1 = a, then sin 5 = 1, and B = 90°. The con- . 
sideration of the trigonometric equation (1) leads, therefore, to 
the same results as the preceding geometrical investigation. 

Checks: -4 + jB+ (7=180°, and, as in Case I. Other checks 
will be found later. 

EXAMPLES. 
1. Solve the triangle STV, given : ST = 16, VT = 12, /S^ = 62**. • 
sin V _ 8\nS . 
ST ~~ Vt' 

16 12 12 

••. sin F= 15 X .066668 = .98602. 
.-. F = 80° 4' 20", or 180° - 80° 4' 20", i.e. 99° 66< 40". 

Both values of V must be taken, since the given angle 
is opposite to the smaller of the given sides. The two triangles correspond- 
ing to the two values of Fare STV, STVi, Fig. 64, in which. 

/S FT = 80° 4' 20", /S Fi r = 99° 66' 40". 




In STVi 




In STV 


angle STVi = 180° -(/§' + SViT) 


angle STV=z 180° - (^ + SVT) 


= 28° 4' 20", 


= 47° 56' 40". 


SVi __ViT. 
BiuSTVi sinS' 


SV VT . 
sin^TF 8m S* 


.47069 .78801 


.74230 


.-. SVi = 7.17. 


.-. i8'F= 11.8. 


The solutions are : 




Fi = 99° 66' 40" ' 




F=80° 4' 20" 


r=28° 4' 20" 


■ 1 


r= 47° 66' 40" . 


SVi = 7.17 




SV= 11.3 



In the ambiguous case, care must be taken that the calculated sides and 
angles are combined properly. 
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S. Solve ABC, given : a = 29 ft, 6 = 34 ft., A = SO° 20'. 

S. Solve ABC when a = 30 ft., 6 = 24 ft., B = 66°. 

4. Solve ABC when a = 30 in., 6 = 24 in., A = 66^ 

5. Solve ABC when a = 16 ft., 6 = 8 ft., B = 23° 26'. 

57. Case III. Given two sides and their included angle. In the. 
triangle ABO, a, b, C are known, and it is required to find A, 
B, c In this case, c can be determined from the 
relation c* = a* + 6* — 2a6cos (7, Art. 54; angle 
A can be determined from the relation 

8in-4 sinC 

= > 

a c 

angle B can be determined from the relation 

A + B+C=lS0%OTfTom^^ = ^^ 

c 

Checks: a'= &* + (? — 26ccosui, 6' = a' + c* — 2ac cos ^, the 
result in Ex. 1, Art. 54 a ; other checks will be found later. 

EXAMPLES. 

1. In triangle PQB, p = 8 ft., r = 10 ft., Q = 47°. Find q, P, B. 

g3=j)« + r«-2i>rco8Q 

= 64+100-2x8xl0x .6820 = 64.88. ^ 

.-. g=^.408. 

sin P= ^!i*5J2 = ^ X .7314 ^ ^g^g . p ^ ggo jq/. 

q . 7.408 ^ 

sin lJ = *l^J2 = 122L:I§li = . 9873. .-. i? = 80°60'. 
q 7.408 

9. Solve .4SC, given : a = 84 ft., 6 = 24 ft., C = 69° 17'. 

S. Solve ABC, given : a = 33 ft., c = 30 ft., B = 36° 26'. 

4. Solve iJ^r, given : r = 30ft., « = 54 ft., r=46°. 

5. Solve PQB, given : j) = 10 in., g = 16 in., B = 97° 64'. 

58. Case IV. Three sides given. If the sides a, b, c are known 
in the triangle ABC, then the angles A, B, C can be found by 
means of the relations (3), Art. 54. 

Checks: Relations (1), Art. 54: ^ + jB + = 180**. Other 
checks will be shown later. 
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EXAMPLES. 
1. In ABC, a = 4, 6 = 7, c = 10 ; find ^, B, O. 




co8^ = ^'^ + ^^-^' = ^^ + ^^-^^ = ^ = .9600. .-. ^ = 18912'. 
2 6c 2 X 7 X 10 140 

co8i? = ^'+^'-^'=^QQ + ^^-^^ = gI = .8375. .'.B=:S^Vm 

2ca 2 X 10 X 4 80 

a2+ ;,2 _ c2 ^ 16 + 49 - lOO^ngS^ ^^^^^ /. C= 128«40'62".■ 
2 x4 x 7 66 

Anglo G is in the second quadrant since its cofiiQe 
is negative. 

C/iecA;;18°12'+33°7'30"+128°40'52"=180°0'22". 
The discrepancy is due to the fact that four-place 
tables were used in the computation. Had five-place 
tables been used, the discrepancy would have been leas. 

2. In PQR, p= 9, g = 24, r = 27. Find P, Q, B. 

8. In RST, r = 21, s = 24, t = 27. Find JB, S, T, 

4. In ABC, a = 12, 6 = 20, c = 28. Find A, B, O. 

6. In ABC, a = 80, 6 = 26, c = 74. Find A, B, O. 

6. Solve Ex. 1, using five-place tables. 

59. The aid of logarithms in the solution of triangles. It was 

pointed out in Art. 6 that an expression is adapted for logaritlimic I 
computation when, and only when, it is decomposed into factors, i 
In Cases I., II., Arts. 55, 56, the expressions used in solving tlie 
triangle can be computed with. the help of logarithms. On the 
other hand, the side opposite to the given angle in Case III., 
Art. 57, and the angles in Case IV.,- Art. 58, are found by evalu- 
ating expressions which are not adapted to the use of logarithms. 
Other relations between the sides and angles of a triangle will be 
found in Arts. 61, 62. By these relations the computations in 
Cases III., IV., can be made both without and with logarithms. 
These relations are useful not merely for purposes of comptttoMon; 
they are important in themselves, and valuable because many im- 
portant x)roperties of triangles can be deduced from them. 

The explanations given in Arts. 55-57 are presupposed in Arts. 
60-62. The general directions to be observed in working the 
problems are as follows: 
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1. Write down all the formulaa which will he used in the compu- 
tation. 

2. Express these formulas in the logarithmic form, 

[As soon as the student perceives that this step does not afford 
any additional assistance, it may be omitted. See Art. 27, Ex. 1, 
IsTote 6.] 

3. Make a skeleton schema, and arrange the arithmetical work 
-TiecUly and clearly. 

The skeleton schemes in the worked examples that follow, are 
apparent when the numbers are omitted.* 

Checks: The various formulas can serve as checks on the re- 
sults of one another. The relations derived in Exs. 1, 2, Art. 
54 a, are also useful as checks. 

60. The use of logarithms in Cases I., II. An example worked 
out, will give sufficient explanation. 

EXAMPLES. 

1. In ABG^ given : a = 447, To find : B = (Write the results here.) 
b = 670, = 

^ = 47° 35'. c = 

Since a < 6, there may be two solutions. Construc- 
tion shows there are two solutions. 



Formulas : 



Bin ABC =- sin A •. 
a 



zainABiC. 



ACB=lSO''-{A+ABC). ACBi=lSO''-(A+ABiC). 




AB = 



sin J. 



sin ACB. 



ABi = 



a 



sin A 



sinACBi. 



log sin ABC = log 6 + log sin ^ — log a = log sin ABiG; 
log AB = log a + log sin ACB — log sin A ; 
log ABi = log a + log sin A CBi — log sin A. 



♦ Cologarithms are not used in the solutions in the text. In extensive 
computations the use of cologarithms is favoured by many computers ; but it 
seems best for beginners in trigonometry first to become accustomed to the 
obvious and direct method of working with logarithms. 
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log a = 2.66031 

log 6 =2.76042 

log8in^ = 9.86821 -10 

.-. log sin 5 = 9.97832 - 10 

/. ABC = 72° 2' 46" and ABiC = lOV 67' 15" 

.-. ACB = 60° 22' 16" .-. ACBi = 24° 27' 46" 

log sin ACB = 9.93914 - 10 log sin ACBi = 9.61710 - 10 

.-. log AB = 2.72124 .-. log ABi = 2.39920 

.\ AB = 626.3 .-. ABi = 260.7 

In obtaining log -4^, for instance, logsin^C-B may be written on the 
margin of a slip of paper, placed under log a, the addition made, log sin i 
placed beneath, and the subtraction made. 

Solve the triangle ABC^ when the following elements are given : 

2. A = 63° 48', B = 49° 26', a = 826 ft. 

3. B = 128° 3' 49", C = 33° 34' 47", a = 240 ft. 

4. A = 78° 30', h = 137 ft., a = 66 ft. 

5. a = 276.48, h = 360.66, 5 = 60° 0' 82". 

6. c = 690, a = 464, A = 37° 20'. 

7. a = 690, 6 = 1390, A = 21° 14' 26". 

61. Relation between the sum and difference of any two sidee of a 
triangle. The Law of Tangents. Use of logarithms in Case m. 
lu any triangle ABC, for any two sides, say a, b, 

^ ^^^ ^ [By equation (1), Art 54.] 



b sin B 

a — b _ sm A — QJn B 
a + b sin ^ + sin J5 



[By composition and division.] 



^2cos»(^-f-^)sin|(^^^)^ [Art.52,Formula3(6),(6).] 
2sin^(^ + 5)cos|(-4-5) •■ ' v 7>v ;j 



^_5 tan^U-B) 



<* + ^ tanJ(^ + B) 



[Art. 44, A, B.] a) 



That is, the difference of any two sides of a triangle is to their 
sum as the tangent of half the difference of their opposite an^ is 



81.] 



LAW OF TANGENTS, CASE III. 
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This is sometimes called the 



G 



to the tangent of half their sum. 
law of tangrents. 

Now ^+jB=180^-(7, and, consequently, ^(^+jB) = 90''-^, 

C 
Hence, tan^(J.-f-jB)=cot— , and, accordingly, relation (1) may 

be written 

(2) 



* a + h * 



Formulas for 6, c, and c, a, similar to the formulas for a, h in 
(1), (2), can be derived in the same way as (1), (2), have been 
derived. These formulas can also be written down immediately, 
on noticing the symmetry in formulas (1), (2). 

Ex. Write the formulas for sides 6, c and c, a. Derive these 
formulas. 

Case III. In a triangle ABOy a, 5, C, are known, and c, jB, A, 
are required. Here, ^ ( J. + jB) = 90"* — | C ; also, \{A — B) can be 
found by (2). Hence, A and B can be found ; for 

^ = ^(^ + 5) + i(^-^),and5 = ^(^ + 5)-i(^-^. 

The side c can then be found by (1), Art. 54. (In using (1), (2), 
write the greater side and the greater angle first, in order that 
the difference may be positive.) Formulas (1), (2), can also be 
used as a check in the cases discussed in the preceding articles. 
Other checks will be shown in the next article. 



EXAMPLES. 
1. In triangle AJBO^ Given : b = 472, Find : 

c = 324, 
A = 78<> 40'. 

Formulas: tan}(S- (7) = ^-:^cotJA 
+ c 



a =a 



csin^ 



« = 



6 sin J. . 
sinB ' 



sin C 




A 0-384 B 

Fia. 69. 



Cfhecks : ^ + B + C = 180°, formulas in preceding articles, and formulas 
shown in Uie next article. 
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logtan}(B - (7)= log(6 - c) + logcoti^ - log(6 + c), 

log a = log 6 + log sin ii — log sin B ; or = log c + log sin J. 
— log sin C 

6 = 472 log(6~c)= 2.17026 log6 = 2.673»4 

c = 324 log(6 + c)= 2.90091 log sin u4 = 9.99145 - 10 

^ = 78° 40' log cot i^= 10.08647-10 log sin B = 9.95228 -10 

6 - c = 148 /. log tan J(5- C) = 9.35682-10 .-. log a = 2.71316 
6 + c = 796 . •. i(5- C) = 12° 47' 1" . •. a = 616.6 

i^ = 39°20' i(5+O)=50°40' 

.-. B = 63°27'l" 
.'. C= 37° 52' 59" 

Check : ^ + B + (7 = 78° 40' + 63° 27' 1" •+ 37° 52' 69" = 18(y>. 

Note. Formulas (1), (2), are adapted to logarithmic computation; but 
the computations can be made without the aid of logarithms. 

2. Solve ABC, given 6 = 362, a = 266, C = 73°. 

3. Solve PQR, given p = 91.7, q = 31.2, R = 33° V 9". 

4. Solve ABC, given a = 960, b = 720, C = 25° 40'. 

6. Solve ABC, given b = 9.081, c = 3.6545, A = 68° 14' 24". 
6. Solve Exs. 1, 5, Art. 57, using the formulas of this article, without 
logarithms. 

62. Trigonometric ratios of the half angles of a triangle. Use of 
logarithms in Case IV. In any triangle ABO, 

cosA = ^'+f-< [Art. 64 (4).] 

Now 1 — cos-4 = 2sin' J--4, 

and 1 + cos-^ = 2 cos* ^A . [Art. 60 (7), (8).] 

Also.l-cos^=l-^^V-^^ = ^^^^-(t^ + ^-^ • 
' 2bc 2bc 

2bc 2bc 

2bc ; 

... 2Bm^A = (2^^±±4^2^±^^:^ (1) 

^ 2 be ^ • 
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Also,l + co8^-l + ^-lil^ = 2^£±&^Il^ 
2 be 2 be 

2bc ' 
... 2oos^A=.(^±±±4^±^^^. (2) 

Let a + b-}-c^2s', 

fchen 2(« — c) = (a4-64-c) — 2c = a + 6 — a 

Similarly 2 (« — 6) = a — 6 + c, 

2 (s -- a) = — a +b + c. 

The substitution of these values in (1) and (2) gives 

I 

* 26c ^ 26c 

.-. 8ln4^ = <*-»X*-<'), (3) 

Since tan^^^ = sin'^-4 -j- cos*^u4, it follows that 

tan«|^ = (^-^)C^-^) . (6) 



KoTB. By geometry, b + c>a. Hence, — a4.& + c>0, and, accord- 
ingly, 8 — a is positive. Similarly, s — &, s — c, are also positive. Therefore, 
the quantities under the radical signs are positive. The positive sign must 
be given to the radical, for A is less than 180°, and consequently J A lies 
between 0"" and 90^. 



/ 
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Similar formulas hold for ^ B and \ C. They can be deduced 
in the same manner as those for ^ A; or, they can be written 
immediately, from the symmetry apparent in the formulas (3)-(5). 
The student is advised to derive the similar formulas for \ B, 
\ 0, viz. : 

sinH^ = ^""'^^^"~^^ cos^B^'JS^^. (3') 

^ ac ^ ^ an ^ ^ ' 

smHC = ^'"^\^'"^> - cosH(7 = iii:^. (4)- 

ah ^ ah 

^ 8(8 -h) ' 

(6') 

^ »(»-c) 

Formula (5) can be given a more symmetrical form ; for, on 
multiplying and dividing its second member by (» — a), 



8 {8 — ay 



whence tan| 4 =-J-^/i^^KZE5i^Iil («) 



(7) 



then • tan|-4 = — 2^ — • (8) 

Similarly, taniB = — ^, tan J (7 = -^^ (g*) 

When all the sides are known, the angles can be found by 
means of formulas (3)-(5') or, by (7)-(5'). When aU the angles 
are required, the tangent formulas are better, since fewer loga- 
rithms are required than in (3), (4), (3'), (4'). It will be shown in 
Art. 69 that r i8 the radius of the circle inscribed in the triangle. 
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EXAMPLES. 

1. In triangle u4BC, a = 25.17, 6 = 34.06, c = 22.17. Find 
A, B, C. 
Formulas : 



.=-y/iiZ«E 



8 — 6)(g— c 




tani-4 = — ^; tan JB = — ^; taniC = — ^« ^ c-jan^ 
8 — a 8 — « — c „^ 

Fig. 60. 
logr = }[log {8 - a)+ log (« - 6)+ log (« - c)- log«]. 

log tan Jul = logr - log(« - a); log tan J J5 = logr - log(« - 6); 

log tan J C = logr — log(« — c). 

A-\-B+C = lSO°. 



Check : 

a = 25.17 
6 = 34.06 
c = 22.17 

2« = 81.40^ 

8 = 40. 70' 

s - a = 15.53 

8-b= 6.64 

«-c = 18.53 

Check: 



log« = 1.60959 
log («- a) =1.19117 
log(«-6) = 0.822J7 
log («-c) = 1.26788 

.-. logr2 = 1.67163 
.-. logr = 0.1 



logtanJ^= 9.64465-10 
i^ = 23°48'28" 

log tan J 5 = 10.01365 - 10 
J5 = 45°54' 

logtaniO= 9.56794-10 
J C = 20° 17' 35" 



.-. ^ = 47°36'66", 5 = 91° 48', (7 = 40° 35' 10" 

^ + 5 + C=180°0'6". 
2. Solve ABC, given a = 260, b = 280, c = 300. 
8. Solve ABC when a = 26.19, 6 = 28.31, c = 46.92. 
4. Solve PQBj giyenp = 650, q = 736, r = 914. 
6. Solve BST, given r = 1152, « = 2016, t = 2592. 
6. Solve Exs. 1, 4, Art. 58, using formulas (3)-(8'), without logarithms. 

63. Problems in heights and distances. Some problems in 
heights and distances have been solved in Art. 29 by the aid of 
right-angled triangles. Additional problems of the sarle kind 
will now be given, in the solution of which oblique-angled tri- 
angles may be used. It is advisable to draw the figures neatly 
and accurately^ The graphical method should also be employed. 

EXAMPLES. 

1. Another solution of Ex. 2, Art. 29. 

In the triangle ABP (Fig. 23), AB = 100 ft., BAP =S0°, PBA = 180° 
— 45° = 135°. Hence the triangle can be solved, and BP can be found. 
When ^P shall have been found, then in the trianpjle CBP, BPis known and 
BP = 46° ; 1101106 CP can be found. The computation is left to the student. 
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2. Another solution of Ex. 3, Art. 29. In the triangle CBP (Fig. 24), 
JSP = 30 ft. , J50P = 40° 20' - 38° 20^ = 2°, PBC=WP^LCB = 128** W, 
Hence CBP can be solved and the length of CB can be found. When CB 
shall have been found, then, in the triangle LCB^ angle C= 38°20', CB is 
knovm, and hence LB can be found. The computation is left to the student 

3. Find the distance between two objects that are invisible from each other 
on account of a wood, their distances from a station at which they are visible 
being 441 and 504 yd., and the angle at the station subtended by the distance 
of the objects being 65° 40'. 

4. The distance of a station from two objects situated at opposite sides of 
a hill are 1128 and 936 yd., and the angle subtended at the station by their 
distance, is 64° 28'. What is their distance ? 

5. Find the distance between a tree and a house on opposite sides of a 
river, a base of 330 yd. being measured from the tree to another station, and 
the angles at the tree and the station formed by the base line and lines in the 
direction of the house being 73° 16' and 68° 2', respectively. Also find the 
distance between the station and the house. 

6. Find the height of a tower on the opposite side of a river, when a 
horizontal line in the same level with the base and In the same vertical plane 
with the top is measured and found to be 170 ft., and the angles of elevation 
of the top of the tower at the extremities of the line are 82° and 58°, the 
height of the observer's eye being 5 ft. 

7. Find the height of a tower on top of a hill, when a horizontal base line 
on a level with the foot of the hill and in the same vertical plane with the 
top of the tower is measured and found to be 460 ft. ; and at the end of the 
line nearer the hill the angles of elevation of the top and foot of the tower 
are 36° 24', 24° 36', and at the other end the angle of elevation of the top of 
the tower is 16° 40'. 

8. A church is at the top of a straight street having an inclination of 
14° 10' to the horizon ; a straight line 100 ft. in length is measured along the 
street in the direction of the church ; at the extremities of this line the angles 
of elevation of the top of the steeple are 40° 30', 58° 20'. Fhid the height of 
the steeple. 

9. The distance between the houses C, 2>, on the right bank of a river 
and invisible from each other, is required. A straight line AB^ 800 yd. long, 
is measured on the left bank of the river, and angular measurements are 
taken as follows : ^J?C=53°30', C52)=46°16', C.4D=37°, D^1B=68°20', 
What is the length CD ? 

10. A tower CD, C being the base, stands in a horizontal plane ; a hori- 
zontal line AB on the same level with the base is measured and found to be 
468 ft.; the horizontal angles P^ (7, ABC, are equal to 125° 40', 12° 85', 
respectively, and the vertical angles CAD, CBD, are equal to 38° 20', 11° 60', 
respectively. Find the height of the tower and its distances from A and JB. 
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11. A base line AB 860 ft. long is measured along the straight bank of a 
river; C is an object on the opposite bank; the angles BAG, ABC^ are 
observed to be 63° 40', 37° 15', respectively. Find the breadth of the river. 

12. A tower subtends an angle a at a point on the same level as the foot 
of the tower and, at a secrtnd point, h feet above the first, the depression of 
the foot of the tower is )3. Show that the height of the tower is h tan a cot )3. 

18. The elevation of a steeple at a place due south of it is 45°, and at 
another place due west of it the elevation is 15°. If the distance between 
the two places be a, prove that the height of the steeple is a( V3— 1) -h2 VS. 

14. The elevation of the summit of a hill from a station ^ is a ; after 
walking c feet toward the summit up a slope inclined at an angle )3 to the 
horizon the elevation is 7. Show that the height of the hill above A is 
c sin o sin (7 — /3) cosec (7 — o) ft 

64. Summary. The preceding discussions on the solution of 
triangles have shown that a triangle may be solved in the 
following ways: 

I. By the graphical method. [Arts. 10, 14, 21-24.] 

II. If the triangle is right-angled, it can be solved, either with 
or without logarithms, by the methods shown in Arts. 25-27. 

III. If the triangle is oblique, it can be divided into right- 
angled triangles, each of which can be solved by either of the 
methods II. [Art. 34.] 

IV. The triangle, whether right-angled or oblique, can be solved 
without using logarithms, by means of formulas (1), (3), Art. 54 ; 
(1) or (2), Art. 61 ; (3>-(8), Art. 62. 

V. The triangle, whether right-angled or oblique, can be solved 
with the use of logarithms, by means of formulas (1), Art. 54; 
(1) or (2), Art. 61 ; (3H8), Art. 62. 

Checks : Any formula not employed in the computation can be 
employed as a check 5 that is, as a test for the correctness of the 
result. 

Two things are necessary on the part of one who wishes to do 
well in the solution of triangles : 

(1) The formulas referred to above should be clearly under- 
stood and readily derived. 

(2) The arithmetical work required should be done accurately. 

N«B* Questions and exercises suitable for practice and review on the 
sulject-matter of this chapter will be found at pages 189-193. 



CHAPTER VIII. 

SIDE AND AREA OF A TRIANGLE. CIRCLES CON- 
NECTED WITH A TRIANGLE. 

65. Length of a side of a triangle in terms of the adjacent sides 
and the adjacent angles. In this proof, regard is paid to the con- 
ventions about signs, described in Arts. 36, 37. Let ABC be any 
triangle. From A draw AD perpendicular to 7iO, or BC pro- 
duced. The positive direction of BC is in the direction of F. 
[At the first reading, only Fig. 61 a may be regarded.] 
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Fig. 61b. 






Fio.(na 



But 



BC=BD^DG, 
= -CD + BD, 

= -CA cos VCA + BA cos VBA, [Art 40.] 
VCA = 180° - ACB. 
cos VCA = cos(180° - ACB) = - cos ACB. [Art 46.] 
.-. BC = CA cos ACB + BA cos CBA\ 

a = & cos C + o cos ^. (1) 

Therefore, in any triantjle each side is equal to the sum of the 
products of each of the other sides by the cosine of the angle which it 
makes ivith the first side. 

When C is a right angle, (1) reduces to a = c cos B. 

ExA3iPL£. Write the corresponding formulas for b and c Derive Uiew 



i.e 



formulas. 
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AREA OF A TRIANGLE. 
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66. Area of a triangle. Suppose that the area of a triangle 
ABC is required. Let the length of the perpendicular DC from 





G to AB, or AB produced, be denoted by p, and let the area be 
denoted by S. The following cases may occur : 

I. One side and the perpendicular on it from the opposite angle 
knoion, say (c, p). 

S = \cp. [By geometry.] (1) 

II. Ttjoo sidesand their included angle known, say, b, c, A. (See 
Figs. 62 a, 62 b.) 

5 = i cp = ic . -4(7 sin BAC. [Art. 40.] 

. •. 8=^\bcsinA. [Compare Art. 31.] (2) 

III. Three sides known. 

/S = i5csin J. = ^6c-2sin^J.cos^-4, [Art. 60.] 



^Ic^^^^MHy^^^. [Art. 62.] 

.% S = V«(« - a)(« - 6)(« - c). (3) 

That is, <^ area of a triangle is equal to the square root of the 
product of half the sum of the sides by the three factors formed by 
subtracting each side in turn from this half sum. See Art. 34 a 
for another derivation of this formula. 

IV. One side and the angles knoiun, say, a, A, B, C. 

asinB 



S^^^absmC. 



Now 6 = - 



sinJ. 



cf la' sin C sin B 

>*• o = — : • 

2 sin^l 



(4) 



ExAKFLB. Write and also derive the simllax f oim\)\^ m 'b ^sA ^ 
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EXAMPLES. 
1. find the areas of the triangles in Exs. 1-5, Art. 61. 
Sl Find the areas of the triangles in Exs. 1-5, Art. 62. 
8. Eind the areas of the triangles in Exs. 2, 8, Art. 60. 

67. Arel of a quadrilateral in terms of its diagonals and their 
angle of intersection. 

Area AB(7Z>=axea JLDO -f area ABC. ^ 

Area .4i>0=area ALD + area CLD 




=iAL'LD sin ALD 

A B 

+i CL . LD sin CLD [Art. 66 (2).] pw. 63. 

=i(AL+LC)DL sin ALD, (since sinCLD^sinALD) 

=i AC •DL sin ALD. 

Similarly, 

9i.ve2i ABC = ^ AC ' BL sin BLC=i AC 'BL sin ALD. 

.'. area ABCD = ^ AC(DL+LB) sin DLA=i AC • BD sin DLA. 

.*. area of a quadrilateral is equal to one-half the. product of 
the two diagonals and the sine of their angle of intersection. 

EXAMPLES. 

1. Find the area of a quadrilateral whose diagonals are 108, 240 ft. long, 
and inclined to each other at an angle 67° 40'. Find the sides and angles 
of a parallelogram having these diagonals. 

2. So also when the diagonals are 860, 570 ft. long, and their inclination 
is 39° 47'. 

8. The diagonals of a parallelogram are 847 and 264 ft., and Its area 
is 40,437 sq. ft. Find its sides and angles. 

4. Solve an isosceles trapezoid, knowing the parallel sides a =682. 7 metres, 
c = 1242.6 metres, and the non-parallel equal sides b = d = 986.4 metres. 
Find the angles, the area, the lengths and angle of inclination of the 
diagonals. 
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68. The circumscribing circle. Let the radius of the circle 
described about a triangle ABC be denoted by B, It has been 
shown (see equation (2), Art. 54) that 

■D _ <g _ h _. C /i \ 

2 Sin ui 2 sin ^ 2 Sin C* ^ ^ 

That is, the radius of the circumscribing circle of any triangle is 
equal to half the quotient of any side by the sine of the opposite 
angle. 



From (2), Art. m, sinu4=— • 
first of equations (1), gives ^ 



Substitution of this in the 



^8 

69. The inscribed circle. Let the 
radius of the circle inscribed in a tri- 
angle ABC be denoted by r. Join 
the centre O and the points of contact 
L, Jf, N, By geometry, the angles 
at L, Jf, N are right angles. Draw 

OA, OB, oa 

Area BOC + area CO A 

-f area AOB = area ABC 



y(B 




t.e. 



^ar-\-\br + \cr = •\/s{a — a)(8 — &)(« — c), or S. 
.•.i(a + b + c)r=:S, 
sr = S. 



..# 



- «) (8 — b) (8 — c) 



S 

■ • 

8 



(3) 



That is, th£ length of the radius of the inscribed circle of a triangle 
is equal to the number of units in its area divided by half the sum 
of the lengths of its sides. See reference in Art. 62. 

Note. Formula (8), Art. 62, can be readily derived from Fig, 64. By 
geometry, AN=MA, BL = NB, CM=LC. 



tan}^ = tan 2?^0=^. 
^ AN 



Now 

But NO = r, and 

AN=z(^AN+BL+ CM)-(BL + LC) = S''a. 

r 



tan J ^ = 



8 — a 
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70. The escribed circles. An escribed circle of a triangle is 
a circle that touches one of the sides 
of the triangle and the other two sides 
produced. 

Let r. denote the radius of the 
escribed circle touching the side BC 
opposite to the angle A. Join the 
centre Q and the points of contact 
Ly My N, By geometry, the angles 
at L, My N 2iTQ right angles. Draw 

QAy QBy qa 

Area ABQ + area CAQ — area BCQ = area AlBC. 




4- 



ra = - 









8-a 


= 


s 


re 


S 
« — c 



Similarly, 



Other interesting relations between the sides, angles, and related 
circles, of a triangle, are indicated in the exercises in the latter part 
of the book, 

EXAMPLES. 

1. Find the radii of the circumscribed, inscribed, and escribed circles of 

some of the triangles in Arts. '55^8. 

2. Find the radii of these related , circles of some of the triangles in 
Exs. 1-3, Art. 66. 

Jf.B. Questions and exercises /suitable for practice and review on tkt 
subject-matter of this Chapter wilr be found at pages 193, 194. 



CHAPTER IX. 

RADIAN MEASURE. 

71. The radian defined. The system of measuring angles with 
a degree as the unit angle, was described in Art. 11. Since the time 
of the Babylonians this system has been the common practical 
method employed. Another method of measuring angles was 
introduced early in the last century. This method is used to 
some extent in practical work, and is universally used in the 
higher branches of mathematics. It is employed, on account of 




Fig. 66. 

its great convenience, in the larger and more important part of 
what is now called trigonometry, namely, the part which is not 
concerned with the measurement of lines and angles, but which 
pursues investigation of the properties of the quantities that, so 
far in this book, have been called the trigonometric ratios. A 
very little knowledge of the trigonometric ratios is sufficient for 
the solution of triangles. The more detailed and extended study 
of angles and their six related numbers, constitutes part of what 
is sometimes called Higher Trigonometry, but, more generally. 
Analytical Trigonometry, This subject is a large one, and has close 
connections with many other branches of modern mathematics. 

121 
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The system of angular measurement now to be described, is 
sometimes referred to as the theoretical system of measurement 
In this system the unit an^le is the angle which at the centre of a 
circle subtends an arc equal in lengrth to the radius*. This unit 
angle is called a radian. Thus, if a circle with any radius be de- 
scribed about as a centre, and an arc AB he taken equal in 
length to the radius, then the angle AOB is a radian. 



72. The value of a radian. In order that a quantity may be 
used as a unit of measurement, it must have a fixed value ; that ^ 
is, using the customary mathematical phrase, it must be a cqnstxxA 
quantity. The proof that a radian has a fixed value, or is a coft-. 
stant quantity, depends upon two geometrical facts, viz. : 

(a) In the same circle two angles at the centre are in the same 
ratio as their intercepted arcs. 

(6) The ratio of. a circumference of a circle to its diameter is 
the same for all circles. [See Art. 9 (6).] 

For the proof of (a), reference may be made to any plane geome* 
try; for instance, to Euclid VI., 33.* The proof of (6) is not con- 
tained in all geometries ; for instance, Euclid does not give itf 
Accordingly, an outline of such a proof and the calculation of fl- 
are given in Note C of the Appendix. This note should now he 
studied by those whose course in plane geometry has not included 



* The truth of theorem (a) can easily, by an inductive method, be made 
evident to students who have not proved the theorem in plane geometry. 
Thus, on taking angles which are twice, three times, four times, one-half, on^ 
third, etc., of a given angle, it can be seen that their respective arcs bear the 
same relations to one another. 

t Euclid lived about 323-283 b.c. Archimedes (287 ?-212 b.c), the 
greatest mathematician of antiquity, measured the length of the circle and • 
the area contained by it, and also measured the surface of the sphere. He 
showed that the ratio of the circle to its diameter lies between -^ and y. 
In 1794 a French mathematician, Adrian Marie Legendre (1752-1833), pub- 
lished his Elements of Geometry^ in which the works of Euclid and Archi- 
medes on elementary geometry are blended together. The elementary text- 
books now in use on the continent ot Europe and in the United States, are 
written mainly on Legendrean lines ; the geometrical text-books generally . 
studied throughout the British Empire, are editions of Euclid's JEPIementf. 
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the measurejpent of the circle. The^ems (a) and (6) are assumed 
in what follows. 

4 rig^A^ angles circumference of circle 

^ =2^=f. tBy(5).] 

.-. the radian = — x 4 right angles = - X right angle. (1) 

Since all lifht angles are equals and since each radian is a fixed 

i 2 . 

f ractic^i, namely, -, of a right angle, it follows that all radians 

IT 

Ure equal. It will be remembered that the unit in the common 
practical system is one-ninetieth of a right angle. 

From (1), 

Aradiaii = i^ (2) 

180^ = 57** 17' 44".81 approximately * 



3.14159 
= 206265" approximately. 

Ex. With a i>rotractor lay off an angle approximately equal to a radian. 
Compare it 'vith angle 60°. An angle 60°, at centre of a circle,. is subtended 
by a chord equal in length to the radius ; a radian is subtended by an arc 
equal in length to the radius. 

73. The radian measure of an angle. Measure of a circular arc. 
The radian measure of an angle is the ratio of the angle to a radian. 
[See Art. 8.] For instance, if an angle A is twice a radian, then 
its radian measure is 2 ; if an angle B is two-thirds of a radian, 
then its radian measure is f . This is expressed thus : 

A^2 radians = 2^; B = | radians = I'. (3) 

Here, r is used as the symbol for radians just as * is used as 
the symbol for degrees in 23°. In general discussions the radian 

* The value of the radian has been calculated by J. W. L. Glaisher to 41 
places of decimals of a second. [JProc. Lond, Math. Soc, Vol. IV. (1871-73), 
pp. 808-312.] 
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measure of an angle is often expressed by Greek letters ; thus, 
the angles a, p, $, <^, etc., Contain a, p, 0, <l>, etc., radians. In 
these cases the symbol r is usually omitted, but it is always 
understood that the radian is the unit of measurement. 

K the circular arc subtended by an angle is equal in length to 
twice the radius, then the radian measure of the angle is obviously 
two; if the arc is one-half the length of the radius, then the angle 
contains half a radian. The radian measure of an angle may k 
given a second definition, which depends on Theorem (a). Art 72. 
Let AOP, Fig. 66, be any angle, and AOB be a radian. Describe 
a circle with any radius OA, equal to r, about the Vertex U ' 
a centre. Let arc AB be equal to the radius, and draw OB, Thea 
angle AOB is a radian, by the definition in Art. 71. 

Now. angle ^OP ^arc^ [Th. (a), Art. 72.] (4) 

radian AOB arc AB ^ ^ -" -■ ^ ' 

angle J. OP _ arc^P ^ 

the radian the radius ^ 

That is, the number of radians in an angle, or the radian measnn 
of an angle, is the answer to the question : liow many times does any 
circular arc subtended by it, contain the radius? Thus, for example, 
the radian measures of the angles which subtend circular arcs 
equal in length to 2, 3, 1.5, .825 radii are 2, 3, 1.6, .826, respec- 
tively. 

The circular arc subtended by 360** = 2irr; 

o _*, 

hence, radian measure of 360® = = 2ir. 

r 

and radian measure of 180° = ir. (6) 

This shows that an angle 27r radians is described each time 
that the revolving line makes a complete revolution. Relation 
(6), namely, 

180° = IT radians, (7) 

connects the two systems of angular measurement. By means 
of (7), an angle expressed in the one system can be expressed 
in the other. The word radians is usually omitted from (7), but 
is always understood. Eelation (7) may also be deduced directly 
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from (1). Just as angles are considered as unlimited in mag- 
nitude, so arcs are considered as unlimited in length. 

Note 1. The term circular measure is often used for radian measure, 
and c is used as the symbol for radians. Thus (3) is written -4 = 2",^ = |«. 

Ex. 1. Express 30° in radian measure. 
Since 180<' = T, 1° = ^; 

30° = ^ir = ^. Also, 30° = ^ = ^-^^^f ^ '" = .5235»-.... 
6 6 6 

The term radians and the symbol for radian is usually omitted from the 
second members of these equations, but is always understood to be there. 

Ex. 2. Express 45°, 60°, 135°, 210°, 300°, 330°, 270^ 225°, - 75°, 63°, 27°, 
— 33°, — 150°, in radian measure, (a) as fractions of t, (6) numerically, on 
putting IT = y. 

Ex. 3. Express the angle ^ t in degrees. 
Here, " A' " means " i% x Y radians.^^ 
Since t = 180°, ^t = ^ x 180° = 162^ 

Ex. 4. Express the angles J, J, y, J, ^, }ir, Jt, 10 r, 4ir, 3ir, 

2 3 4^^ 

6 IT, f T, f T, in degrees, and their complements and supplements, in radians. 
Ex. 5. Express the angles — } ir, — 5 t, — J t, — JJ '»'» — 25 t, in degrees. 
Ex. 6. Express 2^ (2 radians) in degrees. 
Since «• = 180<>, 

.-. 2^ = 2 X — = 114° 35' 29.6" approximately. 
Ex. 7. Express ^, 4^, 3^, ^, ^, 5^, 10^, j^, m degrees. 

Measure of an arc. Since, by (5), 

subtended circular arc ^ ^^^^^^ ^^ ^^^.^^^ .^ ^1^^ ^^^^ 
radms 
then length of are = radius x number of radians in the angle. 

If a denote the length of any arc AF, r the radius, the radian 
measure of angle AOP, then 

a = r9. " (8) 
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In words : The length of any circnlar are is equal to the prodnet «( I 
the radius and the radian measure of its subtended central angle. Eoi I 

example, the arc of 360° = 2 tt radii, arc of 180° = ir radii, etc 1 
These arcs are usually referred to as the arcs 2 try tt, etc.; but] 
it is always understood that the radius is the unit of medsurejnenL \ 
The symbol ir, which always denotes the incommensurable num- 1 
ber 3.14159 •••, can thus be used in three connections in trigo- 
nometry: 

(1) With other numbers, as a number simply. 

(2) With reference to angles; in which case it denotes an angle 
containing tt radians, i.e, 3.14159 ••• radians. 

(3) With reference to arcs; in which case it denotes an aic 
containing 3.14159 radii. This is an arc subtended by a central 
angle of tt radians. 

The expression 180° =7r does not mean 180° = 3.14169 — ; 
it means 180° = 3.14159 radians. 

The expression " arU^^ " does not mean arc 3.1416 ; it means 
"arc of 3.1416 radii^ lu any particular instance, the context 
will show to what rr refers, whether to angle or arc. 

It is evident from the second definition of radian measure that, 
like the trigonometric ratios, the radian measure of an angle is also 
a ratio of one line to another^ namely, the ratio of the subtended 
circular arc to its radius. 

Note 2. If the radius be taken as unit length, then, by (8) or (6), ihe 
number of units of length in the arc is the same as the number of radiant 
in the angle. 

EXAMPLES. 

8. What is the radian measure of the angle which at the centre of a 
circle of radius 1} yd. subtends an arc of 8 in.? Also express the angle 
in degrees. 

Let d denote the radian measure of the angle. Then 



Since 



e 


__ arc, 
"rad' 


8 in. 
1.5 yd. 

= 180°, 

180 


_ 8 . 
64" 


_ 4 
"27 



••• (Ay = A X A X 180° = 8** 29' approximately. 
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9. Give the trigonometric ratios of 

E E •! £ 
6* 4' 3' 2* 



^» 7» 1' ?» '^^ **■' -*'» -i'» -*'• 



10. Find the numerical values of (a) sin* ^ + cos* }t + tan* ^, 

6 3 

(6) 38infTC0sJ^Ttan-2fir, (c) 2sin Y^rcos^irtan^T. 

11. Find the number of radians (a) as fractions of t, (6) numerically 
(on putting t = -y), in each interior and exterior angle of the following regu- 
lar polygons: pentagon, hexagon, heptagon, octagon, decagon, dodecagon, 
quindecagon. 

12. Find the number of radians and the number of degrees in the follow- 
ing angles subtended at the centres of circles : (1) arc 10 in., radius 3.5 in.; 
(2) arc \ ft, radius 2 ft.; (3) arc 1 mi., radius 7920 mi.; (4) arc 250 mi., 
radius 8000 mi.; (5) arc 10 yd., radius 10 mi.; (6) arc ^jJjy mi., radius 10 ft. 

13. What are the radii when an arc 10 in. in length subtends central 
angles containing 1, 2, 4, 6, 8, 12, 15, 20, }, ^, f , f , radians respectively ? 

14. What are the radii when an arc 10 in. hi length subtends central 
angles containing 1°, 2°, 3°, 16°, 28^, 120°, 30', 20', 10', 10", 20", 45", re- 
spectively ? 

15. In a circle whose radius is 10 in. , what are the lengths of the arcs 
subtended by central angles containing 1, 4, 7, 8, 12, .5, .375, .125, radians 
respectively ? 

16. In the curcle in Ex. 15, what are the lengths of the arcs subtended by 
central angles oontammg 2°, 25°, 48°, 135°, 250°, 30', 45', 30", 50", respecr 
tively? 

17. What are the areas of the circular sectors in Exs. 13, 16 ? [See Note 
C, 5.] 

N*B* Questions and exercises suitable for practice and review on the 
subject-matter of this Chapter will be found at pages 194, 195. 



CHAPTER X. 

ANGLES AND TRIGONOMETRIC FUNCTIONS. 

74. Chapters II., V., contain little more about the trigonometric I 
ratios than is needed in the solution of triangles. In this and 
the following chapters a further study of these ratios is made. 
Although the results of this study are not applicable to such 
ordinary practical uses as the measurement of triangles, heights, 
and distances, yet they are very interesting in themselves, and 
help to give a better and fuller understanding of the connection 
between angles and trigonometric ratios. These results are also 
useful in further mathematical work, and in the study of various 
branches of mechanical and physical science. In reading Chap- 
ters X., XI., acquaintance will be made, or renewed, with some 
important general ideas of mathematics. 

75. Function. Trigonometric functions. If a number is so re- 
lated to one or more other numbers, that its values depend upon 
their values, then it is a function of these other numbers. Thus 
the circumference of a circle is a function of its radius ; the area 
of a rectangle is a function of its base and height ; the area of a 
triangle is a function of its three sides. 

Note. The values of such expressions as 2 a; — 6, »2 _ 4 x + 7, logioX, 2«, 
depend upon the values given to x. These expressions are, accordingly, 
functions of x. A function of x is usually denoted by one of the symlx^ 
/(x), F{x), 0(x), etc., which are read "the /-function of x," "the F-tax^ 
tion of X," **the P^i-f unction of x," etc. 

The trigonometric ratios of an angle depend upon the value 
(i,e. magnitude) of the angle. On this account the trigonometric 
ratios are very often called the trigonometric functions. They are 
also frequently called the circular functions. 

The trigonometric (or circular) functions include not only the 

128 



74-76.J ALGEBRAICAL NOTE. 129 

six functions previously discussed, namely, sine, cosine^ tangentj 
cotangentf secant, cosecant, but also three others, vizc : 

Tersed sine of J. = 1 — cos A, written yers A, 
coTorsed sine of -4 = 1 — sin A, written corers A, 
snrersed sine of -4 = 1 + cos A, written Buyers A. 

The versed sine is used not unf requently ; the latter two are 
rarely used. 

EXAMPLES. 

Find the remaining eight trigonometric functions when : 
1. sin -4 = .3. S. cos ^ = .4. 3. tan^ = — 3. 4. cot 4 = .7. 

5. sec u4 = — 3. 6. cosec A = .8. 7. vers A = 1.5. 8. vers A = .5. 



9. Show that ^^^SJg -^ - "f^' ^ = tan A 
1 — vers A 

10. Show that cos $ vers ^ (1 + sec 0) = sin^ 0. 

76. Algebraical note. 

It will be usefol to have an idea of the meaning of the word limit as used 
in mathematics. In the geometrical series 

the sum of 2 terms is IJ, of 3 terms is 1}, of 4 terms is 1 J, of 5 terms is 1^. 
The sum of the series varies with the immber of terms taken ; and the greater 
the number of terms taken, the more nearly does their sum approach 2. It 
is stated in arithmetic and algebra that the sum of an infinitely great num- 
ber of terms of this series is 1 -7-(l — J), i.e. 2. This simply means that, by 
making the number of terms as great as one please, the sum can be made 
to approach as nearly as one please to 2 ; or, in other words, the greater the 
number of terms taken, the more nearly does their sum approach the value 2. 
This idea is expressed in mathematics in slightly different language : "The 
limit of the sum of this series is 2." In geometry (see Note C) it is shown 
that if a regular polygon be inscribed in a circle, the length of the perimeter 
of the polygon approaches nearer and nearer to the length of the circle as the 
number of the sides of the polygon is increased ; also the area of the polygon 
approaches nearer and nearer to the area of the circle. The length of the 
circle is said to be the limit of the length of the perimeter of the inscribed 
polygon, and the area of the circle is said to be the limit of the area of the 
polygon, as the number of its sides is indeianitely increased. 

Definition. If a varying quantity approaches nearer and nearer to a fixed 
quantity (or given constant), so that the difference between the two qu.an.ti. 
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ties may become, and remain, as small as one please, then the fixed qoantity'l ^ 
is called the limit of the varying quantity. lin 

The following algebraic principles are required in some of the articles that l^^: 
follow : 

(a) If the numerator of a fraction is finite, and its absolute value either l|^ 
remains constant or increases while the denominator decreases, then the 

absolute value of the fraction increases. Thus, if in -^ a either remains 

X 

<*onstant or increases while x decreases, then _ increases ; e.g, 

X 

— , — » -^, -1 liave values 10 a, 100 o, 1000a, .... 

TS ToIF TodJi 

It is also evident that the smaller x becomes, the larger does - become; 

X 

and that - approaches an exceedingly great value when x approaches zero. 

X 

In other words, when the number x approaches the value zero as its limit, then 
the number - approaches an inconceivably great value as its limit In 

X 

mathematics numbers of the latter kind are each denoted by the w^ord infinity 
and by the symbol oo ; that is, the symbol oo denotes any number which is 
greater than any number that can be assigned. The principle just stated, 
may be briefly expressed: 

If X = 0, then - = co i 
' X 

in which the symbol = indicates the following reading : If x approaches zero 
as a limit, then - approaches infinity as a limit. The same idea is also ex- 
pressed thus: ^ .. - • . . 

Limit a . 

x = X 

i.e. the limit of -, when x is zero, is infinity. 

X 

(6) It is also evident that as x increases, - decreases (a remahiing 

-ii ■ 
finite) ; and that when x approaches an infinitely great value, - approaches 

zero. That is, if 

X, ^ . /^ Limit o> A 

x = oo, then - = 0; or, ^^^- = 0. 

(c) If X approaches zero, then - approaches zero, so long as a does not 
approach zero ; that is, . 

Limit 2; _ ^ 
x = Oa"" 



77.] 



CHANGES IN TRIGONOMETRIC FUNCTIONS. 



131 



77. Changes in the trigonometric functions as the angle increases 
from 0° to 360°. For convenience the revolving line will be kept 
constant in length in the following explanations. The student 
should try to deduce the changes in the functions for himself, 
especially after reading about the changes in the sine. 

Change in sin ^ as ^ inereases from 0° to 860^ 

If OP be any position of the revolving line, then 

MP 



sin XOP^ 



OP 




Now OP is kept the same in length, say length a, as XOP in- 
creases from 0® to 360®. Hence, in order to trace changes in the 
sine as the angle changes, it is necessary to consider only the 
changes in MP. Let the angle be denoted by A, 

When A = 0, OP cohicides with OB, and MP = 0. .-. sin 0° = - = 0. 
As OP revolves from OX to F, MP increases in length and is positive. 
When A = 90°, OP coincides with OC, and MP = a. /. sin 90° = - = 1. 
B^ence, as the angle A increases from 0° to 90°^ its sine increases from 
Otol. 

As OP revolves from OF to OXi, MP decreases in length and is positive. 

When A = 180°, OP coincides with OBi , and MP =0. .-. sin 180° = - = 0. 

Hence, as the angle A mcreases from 00° to 180°, its sine decreases from 
1 too. 

As OP revolves from OXi to Fi, MP increases in length and is negative j 
i.e. MP really decreases. 
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When A = 270°, OP coincides with 0(7i, MP = a and is negative. 

.•. sin 270° = ^^ = -!. 
a 

Hence, as the angle A increases from 180° to 270°, its sine decreases from 
to - 1. 

As OP revolves from OYx to OX, MP decreases in length and is negative ; 
I.e. MP really increases. 

When A = 360°, OP coincides with 05, and MP = 0. .«. sin 360° = - = 0. 

Hence, as the angle A increases from 270° to 360°, its sine increases from 
- 1 to 0. 

If OP continues to revolve, then the sine again undergoes the 
same changes in the same order, and does so during each suc- 
cessive revolution. 

Change in cos ^ as ^ increases from 0° to 860°. 

OM ' 

In Fig. 67, cos XOP = -—. Hence, in order to trace the 

changes in the cosine as the angle changes, it is necessary to 
consider only the changes in OM, since OP is kept at a constant 
length a. 

When A = 0°, OP coincides with OB, and OM=i a. .•. cos 0° = - = 1. 

a 
As OP revolves from OX to OY, OM decreases in length and is positive. 

When A = 90°, OP coincides with 00, and 0M= 0. .-. cos 90° = 5 = o. 

a 
Hence, as the angle A increases from 0° to 90°, its cosine decreases from 

ItoO. 

As OP revolves from OF to OXi, O-Sf increases in length and is negative, 
i.e. OJf really decreases. 

When A = 180°, OP coincides with 05i, OM = a, and is negative. 

.-. cos 180° =^^ = -1. 
a 

Hence, as the an^le increases from 90° to 180°, its cosine decreases from 
to - 1. 

On proceeding in the same manner, the student will discover that : 
As A increases from 180° to 270°, cos^ increases from — 1 to ; 
As A increases from 270° to 360°, cos A increases from to 1. 

If OP continues to revolve, then the cosine again undergoes the 
same changes in the sf>"f\e order, and does so during each succes- 
sive revolutior 
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Change in tan^ as A increases from 0° to 860^» 

MP 

In Pig. 67, tan XOP= ^7--. Hence, in order to trace the 

OM 

changes in the tangent as the angle changes, it is necessary to 
consider the changes in MP and OM, 

When A = 0°, OP coincides with OB, ilfP=0, OM=a. .-. tan ^ = 5= 0. 

a 
As OP revolves from OX to OF, MP increases and OM decreases, and 
both are positive ; hence, tan A increases. 

When A = 90°, OP coincides with OC, MP = a, OM = 0. 

.-. tan90° = ^ = ao. 

As OP revolves from OF to OXi, MP decreases and is positive, OM in- 
creases in length and is negative ; hence, tan A decreases in magnitude and 
is negative ; i.e. tan -4 really increases. [When OP passes at OF from the 
first quadrant into the second, the value of the tangent changes from + co to 
— ao, for 03f changes its sign from + to — .] 

When A = 180°, OP coincides with OBu MP = 0, OM^- a. 

.-. tanl80°= — = 0. 
— a 

Hence, as A increases from 00° to 180° tan A increases from — 00 to 0. 
On proceeding in the same manner the student will discover that : 
As A increases from 180° to 270°, tan A increases from to + 00 ; 
'As A increases from 270° to 360°, tan -4 increases from — 00 to 0. 

If OP continues to revolve, then the tangent again undergoes 
the same changes in the same order, and does so during each 
successive revolution. 

In the same way as above, the student can trace the changes in 
sec A, cosec A, cot A, as A increases from 0° to 360°. The changes 
in these functions can also be deduced from the results obtained 
for sin A, cos A, tan A, and the relations 

sec A = J, cosec A = -: — -, cot J. = - 



cos A sin A tan A 

The results are collected in the following table : * 

♦ This method of indicating the changes in the trigonometric functions 
is that given in Loney's Plane Trigonometry , p. 67. 
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In the second quadrant the 
sine decreases from 1 to 


r 

In the first quadrant the 
sine increases from 


to 


1 


cosine decreases from 


to 


-1 


cosine decreases from 


1 to 





tangent increases from 
cotangent decreases from 
secant increaaes from 


—CO to 

to - 
—CO to 




-co 

-1 


tangent increases from 
cotangent decreases from 
secant increases from 


to 

00 to 

1 to 


QO 



GO 


cosecant increases from 


1 to 


CO 


cosecant decreases from 


00 to 


1 


In the third quadrant the 
sine . decreases from to 


-1 




In the fourth quadrant the 
sine Increases from —1 to 


A. 




cosine increases from 


-1 to 





cosine increases from 


to 


1 


tangent increases from 
cotangent decreases from 
secant decreases from 


to 

CO to 

-1 to 


00 



— 00 


tangent increases from 
cotangent decreases from 
secant decreases from 


-00 to 
to 
00 to 




-co 

1 


cosecant increases from 


—CO to 


-1 


cosecant decreases from 


-1 to 


-co 



Note. It should be observed that the algebraic sign of each function 
changes when the function passes through either of the values zero and 
infinity, 

Ex. Trace the changes in the versed sine as the angle changes from 0® to 
360°. 

78. Periodicity of the trigonometric functions. It has been seen 
in Arts. 40-44 that all angles coterminal with XOP have the same 
ratios. That is, the same ratios as XOP has, 
are obtained each time that the revolving line 
returns to the position OP, no matter how many 
complete revolutions in the positive or negative 
X o X direction it may make in the meantime. In the 

Fig. 68. last article it was pointed out that the sine, for 

instance, always goes through all its cJianges (the 
cycle of changes, namely, to 1, 1 to 0, to — 1, — 1 to 0) in 
the same order when the turning line revolves from the position 
OX through the angle 360° or 2 ir. According to the opening 
remarks of this article, all angles which differ by any integral multi- 
ple (positive or negative) of 2 it radians have the same sine. These 
facts are expressed mathematically by saying : 

The sine is a periodic function, and the period of the sine is 2 ir* 
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Similar considerations show that the cosine, secant, cosecant, are 
peTiodic functions, and that each of them has a period 2 rr. 

The tangeni and cotangeiit, however (Art. 77), go through all 
their changes, while the angle increases by 180° or w radians. 
Hence, the period of the tangent and cotangent is w. 

Note 1. These properties may be expressed as follows, m denoting any 
positive or negative whole number, and x being any angle : 

sin X = sin(2 mx + x), cos x = cos(2 mx + x), 
and similar for sec x, cosec x ; 

tan X = tan(wir + x), cot x = cot(wT + x). 

Note 2. (Algebraic.) When a function /(x) has the property that 
/(x)=/(x + A;), in which x can have any value and Jk is a constant, the 
function /(x) is said to be a periodic function. If A; is the least quantity for 
which this equation is true, then k is called the period of the function. 

If f(x)=f(x + *), then /(x) = /(x - f wA;), n being any positive or nega- 
tive whole number. For /(x + k) = f(x -\- k + k) =/(x + 2 A;), and so on. 
Also, since f(x)=f(x + k) for all values of x, this equation holds when 
X — A; is put for x; that is, /(x — A;) = /(x). Similarly, /(x-2A;) = 
f(x — k)=f(x), and so on. 

Note 3. It has been shown above that each of the trigonometric func- 
tions has but one period, namely, t, in the case of the tangent and cotangent, 
and 2 IT in the case of each of the other functions. Hence, the trigonometric 
functions are singly periodic functions. Functions which have more than 
one period appear in some branches of higher mathematics. For instance, 
certain functions called elliptic functions have two periods, and, accordingly, 
are said to be doubly periodic. See Queationa on Chap. X., Ex. 16. 

79. The old or line definitions of the trigonometric functions. The 
trigonometric functions were formerly considered as belonging to 
arcs rather than to angles, and were 
certain lines related to these arcs. Let 
APB be a circle described with any 
radius E about O as a centre. Let OA, 
OB, be at right angles to each other, 
and let AP be any arc having A for its 
initial point. Draw OP-, from P draw 
PM at right angles to OA ; through A 
draw a tangent AT to meet OP pro- fig. 69. 

duced in T; through B draw a tangent 
BTi to meet OP produced in Ti ; from P draw PMi at right angles 
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to OB. The lines MP, AT, OT, AM, were called respectively, the 
sine, tangent, secant, coversed sine, of the arc AP; and MiP, BT^, 
OTi (the sine, tangent, secant, of the complementary arc PE) 
were called respectively, the cosine, cotangent, cosecant, of the an 
AP. These definitions are expressed in words as follows : 

The sine of an arc is a straight line drawn from one extremity 
of the arc perpendicular to the radius passing through the other 
extremity. The tangent of an arc is a straight line touching the 
arc at one extremity, and limited by the radius produced through 
the other extremity. The secant of an arc is the straight line 
joining the centre of the circle, and the further extremity of the 
tangent drawn at the origin of the arc. 

The sine, tangent, and secant of the complement of an arc are 
called the cosine, cotangent, and cosecant of that arc. 

Since the arc measures the angle at the centre (the number of 
degrees in this arc is the same as the number of degrees in the 
subtended angle), these lines were also called the sine, cosine, \ 
• ••of the central angle AOP measured by the arc AP. These 
lines were known as the tngonometric lines. 

Note. By ** the length of a line " is meant the number of units of length 
which it contains. The lengths of these lines depend on the length of the 
radius of the circle^ as well as on the magnitude of the central angle subtended 
by the arc. Hence it was necessary to specify the radius when the functions 
were discussed. This inconvenience has led to the adoption of the ratio 
definitions. 

In Fig. 69 let R denote the length of the radius. Then, on 
using the ratio definitions, 

sin AOP = ^, tan AOP=^, sec AOP=^' 
R M R 

Hence, the ratio definitions of the trigonometric functions can 
be derived from the line definitions by dividing the lengths of the 
lines by the length of the radius. If the length of the radius is 
unity, then the lengths of the lines used in the line definitions are 
equal to the ratios in the ratio definitions. This suggests a geo- 
metrical or graphical method of representing the trigonometric 
functions, which is shown in the next article. 
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Fig. 70. 



80. Geometrical representation :»f the trigonometric functions. 

Let a circle of radius equal to unity be drawn. This circle is 

called a unit-circle. Let the construction 

described in Art. 79 be made for each of 

the angles AOPi, AOP^y AOP^, •••. In any 

circle the lines MiP^y MzP^ ^A> "•> sire 

proportional to, and hence represent the 

sines of these angles, 

the lines AT^ AT^ AT^ ..., 

represent the tangents of these angles, 

the lines 02\, OT^, OT^ — , 

represent the secants of these angles, 

and so on for the other ratios. In the unit-circle, however, the 
measures of these lines, the radius being the unit of length, are the 
very same numbers as the respective ratios mentioned. In the unit- 
eircle also, th£ linear measure of the arc is the same as the radian 
measure of the angle which it subtends. [See Art. 73, Note 2.] 

Suggested Ezebcises. (1) By means ot the lines on the unit-circle, 
trace the changes in the trigonometric functions as the angle changes from 
0° to 90°. Compare the results with those of Art. 77. 

(2) For particular values of the angle AOPi, measure the lengths of the 
related lines on the unit-circle, and compare the results with the values giv^n 
in the tables of natural sines and tangents. 

Note 1. The origin of the term i circular fimctions, tangent, secant, is 
apparent from Art. 79. 

Note 2. The name sine comes from the Latin word sinus, which was 
the translation of the Arabic word for this trigonometric function. The 
Arabic word for the sine resembled a word meaning an indentation or gulf. 

Note 3. In trigonometry the Greeks ased the whole chord FiQ instead 
of the half-chord or sine. For example, Ptolemy, the celebrated astronomer 
who flourished about 126-161 a. d., gave a table of chords in BoolkA. of the 
Almagest, his work on astronomy. The Hindoos, on the other hand, always 
used the half-chord or sine. The Arabian astronomer, Al Battani (or Alba- 
tagnius) (877-929), in his work The Science of the Stars, like the Hindoos 
determined angles "by the semi-chord of twice the angle," i.e. by the sine 
of the angle, taking the radius as unity. The translation of this work into 
Latin in the twelfth century introduced the word sine into trigonometry. 
The Hindoo sine was finally adopted in Europe in preference to the Gfreek 
chord in the fifteenth century. [See Art. 12, foot-note.] 
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81. Graphical representation of functions. 

Graphical representation. The different values which a varyhig quan- 
tity takes, are often represented by means of a curve. Many illustration 
can be given of the graphical representation of various things whose values 
can be denoted by means of numbers. For example, the curve in Fig. 71 
shows the record of the barometer at Ithaca from May 22 to May 29, 1899. 
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Pig. 71. 

In this figure an hour is represented by a certain length, and the lengths rep 
resenting hours are measured along a horizontal line. Each inch of height 
of the barometer is also represented " by a certain length. At the points cor- 
responding to the successive times perpendiculars are drawn, the lengths of 
which represent the heights of the barometer at the respective times. (In the 
figure tne position of the hof izontal line marked 29, represents the upper ends 
of heights of 29 inches.) The smooth curve drawn through the extremities of 
the perpendiculars is the barometric curve or curve of barometric heights for 
the period May 22 to May 29, 1899. This curve will give to most persons a 
clearer and more vivid idea of the range and variation of the height of the 
barometer during this period than a column of numbers of inches of heights 
is likely to give. If the scales used in representing the hours and the heights 
of the barometer were changed, then the curve would be somewhat altered, 
but its qeiieral appearance would remain the same. 

The grajph of a function. The graph of a function of jc, say /(«), is 
obtained in the following way: Take a horizontal line XiOX; choose a 
point 0, from which, distances representing the different values of x are 
measured along the line ; measure positive values of x toward the right 
from O, and negative values toward the left. At particular points of XiOX, 
at convenient distances apart, draw perpendiculars to represent the values 
of f(p) at the respective points. Draw the perpendiculars upward from 
X\OX when the values of f(x) are positive, and downxTard when these 
values are negative. The smooth curve drawn through Che extremities of 
these perpendiculars is the graph of /(x). The nearer the perpendiculan 
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axe to one another, the better is the graph. For example, the function 2 2 
is represented (for certain values of x) by Fig. 72, the function Ja;^, by 
Fig. 73, the function Vx, by Fig. 74. The pupil is advised to construct these 
graphs by following the method just described above. 





araphof%m 
Pio. 72. 



Xi-3-2-1 O 1 2 3 A 

Oraph cf-jx* 

Fig. 73. 




Exs. Draw the graphs for Sac, } as, 4fl5 + 6, 4a; — 5, Ja;^, Ja^. V25 - x^. 

Note. The notion of representing a function by a curve is the funda- 
mental notion in algebraic geometry, or, as it is usually termed, analytic 
geometry. This ^geometry was invented, in the form in which it is now 
knovm, by the philosopher and mathematician, Ren^ Descartes (1596-1650), 
and first published by him in 1637. This article may be regarded as a short 
lesson in the subject. 

82. Graphs of the trigonometric functions. 

Graph of sin 0. In order to draw the graph of sin $ take dis- 
tances, measured from O along the line XiOX, to represent the 
number of radians in the angle $, At points (not too far apart) 
on XiOX draw perpendiculars to represent the sines of the angles 
corresponding to these points. The smooth curve drawn through 
the extremities of these perpendiculars will be the graph of the 
sine. Thus, for example, let a radian be represented by a unit 
length, and let the ratio unity be also represented by a unit length. 
Then (see Fig. 75) angle w {i.e. 180°) is represented by OM^ = 3f 
The perpendiculars at and My are zero, since sin = and 
sin IT = 0. Erect perpendiculars equal to •••, sin 30°, sin 45°, 
sin 60°, sin 90% •••, for instance, at the points corresponding to •••, 

E, ^, E, ^, ..., (i,e. ..., 30°, 45°, 60°, 90°, ...,) respectively. Do the 
6 •4 3 2 



\ 
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same at points between L and M^ and draw the smooth curve 
OG\Mi through the extremities of the perpendiculars. The suc- 
cessive perpendiculars from tt to 2 tt are the same in. length as 
those from to tt, but negative. From 2w to 4 tt the values of 
the sine are repeated in the same order as from to 2 tt. Hence, 
the graph of the sine can be obtained by merely successively 
reproducing the double undulation 0(?i3fi(?2^2) a^ indicated in 
Fig. 75. This is called the curve of sines, sine curve, or sinusoid. 

Note 1. The unit circle (Art. 80) will be of service in drawing the 
graphs of the sine and the other trigonometric functions. For, if the scales 
for radians and ratios be those adopted above, then the horizontal distances 
from will be equal to the lengths of the arcs (Art. 73, Note 2), and the 
lengths of the perpendiculars will be the lengths of the lines in the line defini- 
tions (Art. 79). 

Note 2. If ir radians (I'.e. 180°) be represented by a length different from 
that adopted in Fig. 75, then the graph of the sine will differ somewhat from 
Fig. 75, but its main features will be the same as in that figure. Figures 76 
and 77 show portions of the graph of sin 6 when tt is represented on two other 

scales, while the sin - (i.e, 1) is represented by a unit length. Hence the 

curve of sines, or the sinusoid, may be defined as the curve in which hori- 
zontal distances measured on a certain line are proportional to an angle, and 
the perpendiculars to this line are proportional to its sine. 

Ex. Draw the graphs for cos 0, tan 0, cot 0, sec 0, cosec 0. 

Graph of cos 6. On using the same scales for radians and ratios 
as those adopted in Fig. 75, the graph of cos ^ takes the form 
shown in Fig. 78. It is the same as the graph of sin in Fig. 75 
would be if and the other points in XiOX were all moved a 
distance ^ tt toward the right. This might have been expected, 
since the sine of an angle is equal to the cosine of its comple- 
ment. The values of the sine and the cosine alike range from 
+ 1 to - 1. 

Graph of tan 6. On using the same scales for radians and ratios 
as have been adopted in Fig. 75, the graph of tan^ takes the 
form shown in Fig. 79. 

Graph of see 6. On using the same scales for radians and ratios 
as have been adopted in Fig. 75, the graph of sec^ takes the 
form shown in Fig. 80. 
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Graph qf tan 6 
Fia. 70. 
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Oraph of see d 
Fig. 8Q» 
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EXAMPLES. 

1. Draw the graph for cot ^, using the scales adopted in Fig. 75. 

2. Draw the graph for cosec 0^ using the scales adopted in Fig. 75. 

3. Construct various graphs for sin 6^ cos ^, tan d^ cot ^, sec ^, cosec ^, by 
varying the scales used in representing radians and ratios. 

4. Draw graphs for : 

(a) sinaj + cosa;, (Z>) sinsc — cosa;, (c) sin 2 a;, (d) co8 2a5. 

83. Relations between the radian measure, the sine, and the tan- 
gent of an acute angle. 

A. If be the radian measure of an acute angle, then sin < < tan 0* 
Let angle AOP=^ 6, make the angle 
AOR equal to 0, and with any radius 
r describe the arc QBR about as a 
centre.. Draw the chord QR inter- 
secting OB in M, and draw the tan- 
gents at Q and R, By geometry, 
arc QB = arc BR, QR is at right 
angles to OB, MQ = MR, the tan- 
gents at Q and R intersect at a point 
Ton OA, QT=RT. 

Note. If r = 1, that is, if QB is an arc 
of a unit circle, then the linear measures of 
MQ, BQ, TQ are equal to sin 0, 0, tan 0, 
respectively. 

It can be easily shown by mechanical means that 

MQ<BQ<TQ. 

For suppose that pegs are placed at Q, B, T, and that a string is drawn 
taut from Q to B; suppose that another string is drawn from Q to iJ, but 
constrained to lie on the circular arc QB, like a string stretched along the tire 
of a wheel. Also let a third string be drawn taut from B to Q, but passed 
over the peg at T. Then it is obvious that the first of the three strings is the 
shortest, and the third is the longest. The second string cannot be drawn away 
from the arc QBB without being stretched, and if peg T were removed, the 
string QTB would lie loosely on the arc QBB. Since QMB < QBB < QTB, 
then MQ <BQ<:,TQ; that is, r sin ^ < rd < r tan d. Hence, sin ^ < ^ < tan 6. 

The truth of A may be perceived from the following mathe< 
matical consideration. Draw the chord QB. Evidently, 

area triangle OQB < area sector OQB < area triangle OQT. 




Pia. 81. 



(1) 
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That is, 1 05 . iJfQ < ^OQ . arc^Q < I OQ . QT; 
or, \r •r sin ^<^r«r^<^r-r tan 6, 

Hence, 8in6<e<tane. (1 

B. When angle 6 approaches zero^ each of the ratios ^^, ^ . 

V V 

approaches nnitj as a limit. On dividing each of the members 
the inequality (1) by sin 6, there is obtained 

i<J-<-^. 

sin 6 cos B 
But when B approaches zero, cos B approaches unity as a limit 

Q 

C^Art. 77). Hence, when B approaches zero, -7— must also ap- 

sin v 

proach unity as a limit; that is, the limit of 5i5_ is 1. 

B 
On dividing the members of (1) by tan B, there is obtained 

costf<-^<l. 
tan^ 

As before, when B approaches zero, cos 6 approaches unity as a 

B 
limit, and hence approaches unity as a limit ; i.e, the hmit 

tan B *^^ 

of is 1. These results may be briefly expressed : 

Limit /8in6\ ^ . Limit /tan 6\ _ 1 m 

These are two of the most important theorems in elementarj 
trigonometry,- they are frequently employed both in practical 
work and in pure mathematics. 
A very important corollary to (2) is the following: 
If B he the radian measure of a very small angle, then B can h 
used for sin B and tan B in calculations. 

For instance, sin 10" to 12 places of decimals is .000048481368. This i 
also the radian measure of 10" to 12 places of decimals. The radian meafi 
ures, sines, and tangents, of angles from 0° to 6°, agree in the first three place 
of decimals. For 

radian measure 6^ = (.10472) = .105 ; sin 6° = (.10463) = .106; 

tan O'^s (.10610) = .105. 
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EXAMPLES. 

1. Find the angle subtended by a man 6 ft. high at a distance of half a 
mile. 

Here, d = tand = -^ = — . 

2640 440 

ZUOFt. 

Now il = J-xl52!=l2ii82!=7'48".6. Fig.88. 

440 440 IT 22x440 

2. What must be the height of a tower, in order that it subtend an angle 
1° at a distance of 4000 ft. ? 

— ■ = tan 1® = radian measure 1° = -4- = - 



'. OO 180 7 X 180 4000 

... X = 22214000 ^ gQ g4 ^^ Fio. 83. 

7x 180 
8. Verify the statements made in Art. 11, Note 1. (Take ir = 3. 14159265.) 
4. The moon's mean angular diameter as observed at the earth is 31' 6'', 

and its actual diameter is about 2160 miles. Find the mean distance of the 

moon. How many full moons would make a chaplet across the sky ? 

6. Taking the earth's equatorial radius as 3963 mi., find the angular 

semi-diameter of the earth as it would appear if observed from the moon. 

Compare the relative apparent sizes of the moon as seen from the earth, and 

the earth as seen from the moon. 

6. The semi-diameter of the earth as seen from the sun is very nearly 
8".8. (See Art. 11, Note 1.) Whatsis the sun's distance from the earth, 
the radius of the earth being assumed as 4000 miles ? 

7. At least how many times farther away than the sun is the nearest 
fixed star a Centauri, at which the mean distance between the earth and sun 
(about 92,897,000 miles) subtends an angle something less than 1" ? bow 
long, at least, will it take light to come from this star to the earth ? 

8. Find approximately the distance at which a coin an inch in diameter 
must be placed so as just to hide the moon, the latter's angular diameter 
being taken 31' 6", 

9. The inclination of a railway to a horizontal plane is 50'. Find how 
many feet it rises in a mile. 

10. Find the angle subtended by a circular target 4 ft. in diameter at a 
distance of 1000 yd. 

11. Find the height of an object whose angle of elevation at a distance of 
900 yd. is 1^ 

12. Find the angle subtended by a pole 20 ft. high at a distance of a mile. 
18. Exs. 5, 6, Art. 34 6. 

N.B. Questions and exercises suitable for practice and review on the 
subject-matter of Chapter X, will be found at page 195. 



CHAPTER XI. 

GENERAL VALUES. INVERSE TRIGONOMETRIC 
FUNCTIONS. TRIGONOMETRIC EQUATIONS. 

84. General values. Articles 40-43 should be reviewed care- 
fully before this chapter is taken up. It has been seen in these 
articles that all co-terminal angles have the same trigonometric 
ratios. It was also pointed out in Art. 43 that two sets of co-ter- 
minal angles, each set being infinite in number, correspond to 
any given ratio. For example, in Art. 42, Ex. 1, Fig. 38, any 
angle whose terminal line is either OP or 0P\ has a sine, | ; in 
Ex. 2, Fig. 39, any angle whose terminal line is either OP or OPi 
has a tangent, — |. One of the objects of this chapter is to 
derive expressions or formulas that will include all angles which 
have the same sine, cosine, tangent, cotangent, secant, cosecant, 
respectively. These general expressions are sometimes called 
general values. The student is advised to deduce, after reading 
Art. ^6, the general values for cosine, tangent, etc., without the 
help of the book. 

85. General expression for all angles which have the same sine. 

Let s be the given value of the sine. It is required to find an 
expression that will represent and include every angle whose 
sine is s. All the angles whose sines are equal to s can be repre- 



M o Mx 

XiM, O MX X, «L^ "^sJ* ^ 

P P, 

Fig. 85. 

sented geometrically, as shown in Art. 42, and indicated in 
Figs. 84, 85. In Fig. 84, s is positive ; in Fig. 85j s is negative. 
Let XOP be the least positive angle whose sine is s. Let 

146 
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XOP = A ; then XOPi = 180^ - A. Every angle whose terminal 
line is either OP or OPi has its sine equal to s. Now all angles 
having OP for a terminal line are obtained by adding all num- 
bers of complete revolutions (positive and negative) to XOP. 
Hence, these angles are represented by 

m . 360^ + Ay i,e, 2 m . 180° + A, (1) 

in which m is any positive or negative whole number. 

Similarly, all angles having OPi for a terminal line are repre- 
sented by 

m . 360'' + (180° - A)y i.e. (2 m + 1) 180° - A, (2) 

An expression that will include both sets of angles, (1) and (2), 
will now be obtained. In the expression (1), the coefficient of 
180° is even, and the sign of A is positive; in (2), the coefficient 
of 180° is odd, and the sign of A is negative. Hence, n being any 
positive or negative whole number, the expression 

n*180° + (-ir^, (3) 

includes the angles in (1) and (2). This is, accordingly, the 
general expression for all the angles which have the same sine 
as A, If radian measure is used, and XOP = a, then (3) takes 
the form 

nir + (- l)~a. (4) 

The result may be thus expressed : 

sin ^=sin \n • 180°+(-l)M|, sin a=sin [n7r-f(-l)»a|. (6) 

Since cosec 0=-^—, the general expression for all angles which 

have the same cosecant is the same as the general expression for all 
angles which have the same sine. 



EXAMPLES. 

1. Find an expression to include all angles which have the same sine as 
185°. 

By (8), (4), the expression is n - 180° + (- 1)» 135°, or nir + (- l)»iir^ 

4 
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2. Find the general value of the angle whose sine is H • Give the four 

1 v^ 

least positive angles which have sines equal to H • 

V2 
The least angle whose sine is + — ^ is 46°, i.e. j* Hence the general 
value is v 2 * 

n. 180° + (-!)« 45°, i.e. nir+(-l)«^. 

To find the four least positive angles, put w = 0, 1, 2, 3, in this expression. 

This gives 45°, 135°, 406°, 495°, i.e. ^, 5^, 2^, il,r. These four angles 

4 4 4 4 
can also be obtained by means of a figure. 

8. Given that sin ^ = — r And the general value of $, and find the four 
least positive values of 0. 

4. As in Ex. 3 when sin 6— —J. 6. As in Ex. 3 when sin ^=.96372. 
6. As in Ex. 3 when sin ^=.39741. 7. As in Ex. 3 when sin ^= -.67838. 



86. General expression for all angles which have the same cosine. 

Let c be the given value of the cosine. It is required to find 
an expression to include every angle whose cosine is c. All the 
angles that have c for a cosine can be represented geometrically, 
as shown in Figs. 86, 87. In Fig. 86, c is positive ; in Fig. 87, 
c is negative. 

^P P^ 



Xi o 




1 

Fia.88. 



^i 



^1 



A 




O X 



1 

Fia. 87. 



Let XOP be the least positive angle whose cosine is c, and let 
XOP = A (in degree measure) = a (in radian measure). Angle 
XOPi = — A = —a, also has its cosine equal to c. All angles 
whose terminal line. is OP, have cosines equal to c. All these 
angles are included in 

w.360° + u4, i.e. 2w7r + a, (1) 

in which n denotes any positive or negative whole number. Also, 
all angles whose terminal line is OPi, have cosines equal to c. 
All these angles are included in 

n . 360^ - A, Le, 2mr-'a, (2) 
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I being as before. Both the expressions, (1), (2), are evidently 
ncluded in 

n*HW±A, or 2mr±a, (3) 

in which n is any positive or negative whole number. Hence (3) 
Ls the general expression for all angles which have the same 
cosine as ^ or cu The result may be thus expressed : 

cos A = cos (w • 360° ± -4) ; cosa = cos (2 mr ± a). (4) 

Since sec = -, the general expression for all angles which 

have the same secant is the same as the general expression for all 
angles which have the same cosine, 

EXAMPLES. 

1. What is the general value of the angles which have the cosine, — J ? 
Give the three least positive angles. 

The least positive angle whose cosine is, — J, is 120°. Hence, the general 
value is, by (3), n - 360° ± 120°, i.e. 2 nir ± jir. On putting n = and 1, 
the three least positive angles are found to be 120°, 360^ — 120°, or 240°, 
360 + 120°, or 480°. These three angles may also be found by means of a 
figure. 

2. Given that cos 6 = ^ : find the general value of 0, and find the four 
least positive values of 0. 

8. As in Ex. 2 when cos d = .99106. 4. As in Ex. 2 when cos d= .46690. 
6. As in Ex. 2 when cos d= — .72637. 6. As in Ex. 2 when cos 0= — .40141. 

87. General expression for all angles which have the same tangent. 

Let t be the given value of the tangent. It is required to find an 
expression to include all angles which have the same tangent t. 

P p 



-X^i-t|-i.,^^0 1 MX X, M -1 0^>sslLtX 

* PiO.88. Fig. 89. ^ 



All the angles which have the same tangent t can be represented 
geometrically as in Figs. 88, 89. In Fig. 88, the tangent t is 
positive, in Fig. 89, it is negative. 
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Let XOP= A (in degrees) = a (in radians). Then 

XOPi = 180° + ^ = TT + a. 

Each angle which has either OP or OPi for its terminal line, 
has its tangent equal to t All the angles which have OP for a 
terminal line are included in the expression m • 360° + A, that 
is, in 

2m. 180° + ^ or 2mir + a, (1) 

in which m denotes any positive or negative whole number. 

All the angles which have OPi for a terminal line are included 
in the expression m • 360° -|- (180° + A), that is, in 

(2?^ + 1)180° + ^, or (2m + l)7r + a. (2) 

Both these sets of angles, (1) and (2), are included in the 
expression 

n . 180° + A, or nir + a, (3) 

in which n denotes any positive or negative > whole number. 
Hence (3) is the general expression for all angles which have the 
same tangent as A or a. The result may be thus expressed : 

tan -4 = tan (w • 180° + -4); tana = tan(w7r + a). (4) 

Since cot = r, the general expression for all angles which 

tan^ 

have the same cotangent is the same as the general expression for aU 
angles which Mlve the same tangent 

EXAMPLES. 

1. Find the general value of 6 when tan ^ = 1. The least positive angle 

whose tangent is 1, is -. Hence d = nir + ^, in which n is any positive or 

4 4 

negative whole number. 

Find the general value of 0, and the four least positive values of ^ when : 

2. tan ^ = Vs. 8. tan ^ = .36727. 4. tan d= 2.2998. 

6. tan ^ = .71769. 6. tan ^ = - .90040. 7. tan ^ = ~ 2.6611. 

8. Find the general expression for all angles which have the same sine 
and cosine* 
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88. Inverse trigonometric functionis. It has been seen that, on 
the one hand, the value of the sine depends on the value of the 
angle, and, on the other hand, the value of the angle depends 
on the value of the sine. If the angle is given, the sine can be 
determined; if the sine is given, the angle can be expressed. 
Hence, on the one hand, the sine is a function of the angle, and, 
on the other hand, the angle is a function of the sine. The latter 
function is said to be the inverse function of the former. The 
same holds in the case of each of the other trigonometric func- 
tions. Inverse functions are usually denoted by the symbol 
described below. 

The two statements : the sine of the angle is m, (1) 

6 is the angle whose sine is m, (2) 

are briefly expressed : sin 6 = m, (3) 

= sin""^ m. (4) 

The symbols sin"^ m, cos"^ m, tan""^ m, •••, are called inverse tngo- 
nometric functions, or anti-trigonometric functions, or inverse circu- 
lar functions. The symbol " sin"^ m " is read, " angle whose sine 
is m," " anti-sine of m,'' " inverse sine of m,'' " sine minus one m." 
It should be carefully remembered that here, — 1 is not an alge- 
braical ea^onerU , but is merely part of a mathematical symbol; 

sin^^m does not denote (sin m)~\ that is, — ; sin^^m denotes each 

sinm 

and every angle whose sine is m. The trigonometric functions 
are ^^ure^ numbers ; the inverse circular functions are a ngles, and 
are denoted by the number of degrees or radians in these angles. 

For instance, if ^ = ? in (3), then m = H ; 

4 "^^^ ^V2' 

if m = + -i= in (4), then ^ = sinY— ^V^'t-J- (-1)«^ 

= n.l80^ + (-l)»45'', 
in which n is any whole number. This example illustrates what 
has already been noted in Arts. 42, 43, 78, namely : 

For a given value of the angle 0, sin ^ or m has a single definite 
value. 

For a given value of the sine m, sin-^m or has an infinite 
number of values. 
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The same is the case with each of the other, inverse trigono J 
metric functions. Thus the trigonomet ric ft inctions are single- 
valued^ and the inrerse^ circular functions are muUiple-yalned* 

For example, if cos ^ = ^ , then d = C08"i — = 2 nir ± -(Ex. 2, Art. I 

if ^ = tan-i 1, then ^ = wir + ^ (Ex. 1, Art. 87), in which n denotes any 

whole number. The smal lest numerical value of an inverse trigonometric 
function is called the principal yalue of the inverse function. For instance, 
the principal value of sin-^i is 30°, of tan-i (— 1) is — 46°, of cos~^ (— i) 

is 120°, of sin-i ( _ ^/?^ is _ 60°. 

Note 1. In some books the symbols arc sin aj, arc cos x, arc tan x, •••, 
are used for inverse trigonometric functions. These symbols are read, **arc 
sine 05," •••. The derivation of these names is apparent from Art. 79. 

Note 2. Algebraic. If y is a function of x, say /(«), then x also de- 
pends on y, and hence, is some function of y. This function of y is called 
the inverse function of f{x) or y, and is usually denoted by f~^(y)» For in- 
stance, if y =f(x) = x^, then x =f-^(y) = ± Vy. 

It will be observed in this simple example that, while the function of 
X has a single value, the inverse function has two values. In other words, 
y is a single-valued function of x, and a; is a two-valued function of y. 'As 
shown above, if y = sin x, then x = sin~i y ; y is a single-valued function of 
05, but X is a multiple-valued function of y. 

It appears from Notes 1, 2, that the English notation for inverse trigono- 
metric functions avoids the old geometrical conceptions of trigonometric 
functions, and is also more general in character. The inverse trigonometric 
functions are frequently met in calculus and applied mathematics. 

89. Sum and difiference of two anti-tangents. Exercises on inr 
verse functions. 

Find tan"^ m + tan"^ w, and tan"^ m — tan~^ n. 

Let a5 = tan~'m, and y = tan~'n. 

Then tanaj = m, tan2^ = n. 

Now tan(a: + 2^) = J5££±*5M. (Art. 51) =i?L±2L. 
1 — tanatany 1— mn 

.-. oj + y = tan" \^"^^ ; i.e. ten-* m + tan"* n = tan-^ m + n ^ (ij 
1 — mn 1 ~ tnn 

In a similar manner it can be shown that 

tan-i m - tan-^ n = tan"* ,^""^ » (2) 

1 + mn ^ f 
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EXAMPLES. 
1. Find tan-i 2 ± tan-i }. (Compare Ex. 1, Art. 51.) 

tan-12 + tan-i j - tan-i J^\^. = tan-i 7 = « . 180^ + 81* 62' 11".6. 
1 — 2 .J 

tan-12 - tan-ii = tan-i ^""^ = tan-i 1 = nir +-. 
* 1 + 2. J 4 

By the tables, taking acute angles only, tan-i 2 = 63° 26' 4". 3, tan-i } 
=18*^26' 6", the sum is" 81° 62' 10".3, and the difference is 44° 69' 68".3. The 
slight discrepancy between the results obtained by the two methods is due to 
the fact that the angles found by the tables are only approximately correct. 

In the following examples test or verify the result in the manner shown 
in Ex. 1. 

2. Pindtan-i7dbtan-i8. 8. Fmd tan-i 2 + tan-i . 5. 

4. Findtan-iJ + tan-iJ. 6. Find tan-i 3 + tan-i 2 + tan-i.6. 

(Suggestion. Find tan-^ 3+tan-i 2, then combine the result with tan-i .6.) 

6. Find2tan-il.6, 2tan-i3, 2tan-i2, 3tan-i.2. 

7. Showthat2tan-iw=tan-i-^^. Show that2^=tan-if-?-^?:5i_ V 

l-W-^ \l-tan2d/ 

8. Show that 4 tan"^ J — tan-i sJr = i when the angles are between 
0° land 90°. 

9. Find sin (sin"! j ^ gin-i J) when the angles are between 0° and 90°. 
10. When the angles are between 0° and 90°, show that : 



(a) Bin (sin"i m ± sin"! n) = wVl — ri^ ± wVl — w^. 

(Suggestion. Let x = sin-i ,|j^ ^ — gin-i ^j.) 

(5) cos (sin-i m ± sin-i n) = Vl — w^ VI — m^ ^p mn. 

(c) sin (sin-i w ± cos-i n) = m» ± Vl — wi' Vl — n^. 

(d) cos (sin-i m ± cos-i n) = n Vl — m^ t wVl — n^. 

11. Find sin (sin-i } + sin-i f ) , cos (sin"i | _ cos-i J ) , 

sin (cos-i f — cos-i ^ftr), sin (tan-i 4 — cos"i |) , tan (sec-i 3 — sin-i J), 
(a) when the angles are between 0° and 90°, (6) when this restriction is not 
imposed. 

12. Two lines, AB^ AC^ intersect a horizontal line at B^ (7, making angles 
whose tangents are f, J. Find the angle BAG, 

18. Two lines, LM^ LN^ make angles whose tangents are J, 2, with a 
horizontal line. Find the angle MLN, 
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90. Trigonometric equations. Trigonometric equations have 
appeared in many of the preceding articles. When an angle, d 
say, is the unknown quantity in a trigonometric equation, th 
complete solution is the general value of which satisfies the equor 
tion. For example, if a be an angle whose sine is s, then the 
solution of the equation, 

sin tf = s, that is, of tf = sin~^«, 

is 6 = nir + (— lya, n being any integer. 

EXAMPLES. 
(See the definition of principal value in Art. 88.) 

1. Solve the equation cos = -^-^. 

The principal value of ^ is -. Hence the complete solution is ^ = 2 nir -j. j, 
6 6 

n being any integer. (See Ex. 2, Art. 86.) 

2. Solve the equation 9 = tan-i 1. 

The principal value is ^. .% d = nir + 7. (See Ex. 1, Aji;. 87.) 

8. Solve the equation sin x cos as = — J V3. 

.'. sin z VI — sin-^a; = — jVS. .•. sin^a; (1 — sin^a;) = ^. 

.•. sin*a; - sinSa; + A = 0. /. (sin«aj - |) (sin^a? - i) = 0. • 

.*. sin^ a; = f ; sin^ a: = J. 

Whence (a) sina; = ± Vf ; (6) sina; = ± J. 

The given equation shows that slnx and cosx have opposite algebraic 
signs. Hence, x can only be in the second and fourth quadrants. 

.-. In (a), x = 120°, 300°, etc., its general value is ». 180 - 60°, where n 
is any positive integer. 

In (6), a; = 160°, 330°, etc. ; its general value is n • 180° - 30% n bemg 
any positive integer. 

4. Solve the equation sin 6 ^ + siu ^ = sin 3 ^. 

/. 2sin3dcos2^ = sin3d. .•. sin3d(2cos2d- 1)=0. 
.-. (a) sin3 ^= 0, (6) 2cos 2^ - 1 =0. 
From (a), 3 ^ = 0°, 180°, etc. ; the general value of 3 ^ is nir (n being 
any integer'). 



lof/^is^. 



.«. = 0°, 60°, etc. ; the general value c. , . 

o 

From (6), cos 2 ^ = i. ,\ 20 = ± 60°, etc. ; its general value is 2 nx ± -. 

3 

.*. 0=± 30°, etc. ; its general value is nir±^ 

6 
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Find solations of these equations : 

6. 3(sec2^ + cot2^)=:13. 6. cot ^- tan ^ = 2. 

7. 8ecaj + tana5 = 2. 8. 8ec2aj + tanx = 7. 

9. sec^x — tanx = 3. 10. cos ^ — cos 7 ^ = sin 4 0. 

11. 2 8inx + 5cosx=r2. 12. sin2^ + 8in4^ = V2 ^cos^. 

13. 48in^cos2^ = l. 14. tanM - 4 tan2^ + 3 = 0. 

16. 3(tan2^ + cot^^)=10. 16. cos-ix-sin-ix=co8-i«V3. 

N.B. Questions and exercises suitable for practice and review on the 
subject-matter of Chapter XL mil be fouud at pages 197-199. 



CHAPTER XII. 

MISCELLANEOUS THEOREMS AND EXERCISEa 

91. Chapters II.-VIII. were devoted to the oldest and the 
simplest application of trigonometry; namely, the measurement 
of triangles. Angles and the trigonometric functions connected 
with angles were more fully discussed in Chapters IX.-XI. This 
chapter does not introduce any new principles. Most of its 
articles may be regarded as exercises on. the relations shown in 
Chapters II.-VIII., and more especially on the properties an- 
nounced in Arts. 44, 50-52. The articles just mentioned should 
be reviewed. Some of the results in the exercises in this chapter 
are useful and important; but the student should direct attention 
mainly to the methods whereby the results are obtained, so that he 
can proceed quickly and confidently to the solutions of similar 
exercises. These solutions require a ready and an accurate 
knowledge of (that is, an intelligent familiarity with) the for- 
mulas deduced in the earlier chapters. It is on this account, per- 
haps, that such exercises are regarded with favor by examiners. 

92. Functions of twice an angle. Functions of half an angle. 

Relations (5)-(8), Art. 60, (3), Art. 61, give the sine, cosine, and tangent 
of twice an angle in terms of the functions of the angle. On rearranging (7), 
(8), Art. 60, there is obtained, 

8ja^ = ^lj^^ii5, ci>HA = ^jl±^^i (1) 

whence. UnA=^^ = JlZ^|2. (2) 

cos^ ^1 + COS 2^ 

On putting J x for A^ these relations take the forms 






In (1), (2), (3), angles A and x denote any angles. 

1&« 



^1-03.] FUNCTIONS OF THREE ANGLES. 167 

EXERCISES. 

1. Account for the ambiguity of the radicals in (1), (2), (3). 

2. Find sin 45**, given that cos 90** = 0. 



From (3) a, sin 46°=-^ 



- cos 90° 1 



2 V2 

3. Find sin 22° 3(y, cos 22° 30', tan 22° 30' by means of (1), (2). Com- 
pare the values with those given in the tables. 

93. Functions of three times an angle. Functions of an angle in 
terms of functions of one-third the angle. 

To eaypreas t<m 3 A in terms of tan A, Let A denote any angle. 
tan3^ = tan(2^ + ^) 

-^*5aA- + tan^ 
__ tan 2A + tan A _ 1 — tan^^ ,. . ^^. 

^1 — tan2^tan^""" ^ 2tan^J^ ^ ^' '^ 

l-tan^^ • 

;. ^3^^ 8tan^-tan8^ , ; (i) 

l-8tan2^ ' ^^ 

On putting z for 3^, (1) becomes 

^^^3tani£-jan8^ 
l-3tan2Jaj 

To eoqtress slnSA in terms of sin A. 
sin3^ = sin(2-4 + ^) = sin2^cos^ + cos2^sinJ[ [Art. 50, (1)] 
= 2 sin ^ cos2 ^ + (1 — 2 sin^ A) sin A 
= 2 sin ^(1 - sin2 ^) + (1 - 2 sin2 A) sin A. 

/. sin 8 ^ = 8 sin ^ - 4 sin» A. (2) 

In a similar way, cos 3^ can be expressed in terms of cos A. 

emBA= 4co88^-8eo8^. (3) 

EXERCISES. 
1. Derive formula (3). 
8. On substituting x for 3^, write (2), (3). 
8. Express formulas (1), (2), (3), and the results of Ex. 2, in words. 

4. Aagnmitig the value of sin 30°, calculate sin 90°. 



(1) 
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6. From cos 30°, derive Qe50O° ; from kn 30° derive tan 90®. IT 

6. Derive sin 180°, cos 180°, ta^l80°, from'' sin 60°, cos 60°, tan 6 
respectively. * -'• ♦ 

7. Derive sin 76°, cos 76°, tan 76°, ftrom sin{26°, cos 25°, tan 26°, respec- 
tively, as given in the tables. 

8. Derive sin 37° 30', cos 37° 30', tan 37° 30', from the ratios of 75°. 
94. Functions of the sum of three angles. 

JaiwMjanB_^taiia 
_ 1 — tan A tan B 

"l-. ^^^^ + ^.^iL^.tanC7 
1 — tan A tan B 

__ tan^+tanB+tang— tan^tanJBtang 
~~ 1 —tan A tan jB— tan B tan (7— tan C tan A 

CoR. 1. If ^ = :B = C, (1) reduces to (1), Art. 93. 

CoR. 2. If ^ + 5 + = 180°, then tan(^ + S + (7)= 0, and, accord- 
ingly, the numerator of (1) is equal to zert. Hence, if \4, S, C, are the three 
angles of a triangle, 

tan A + tan B + tan C = tan A tan B tan G. >- (2) 

CoR. 3. If ^ + S + O = 90°, then tan(^ + 5 + C) = ao, and, accord- 
ingly, the denominator of (1) is equal to zero. Hence, 

tan ^ tan 5 4- tan 5 tan O + tan O tan ^ = 1, when A-\-B-\-C — 90°. (3) 

EXERCISES. 

1. Show that sin(^ + B + C) = sin J[ cos 5 cos (7 + cos -4 sin B cos C + 
cos A cos 5 sin C — sin A sin B sin C. 

If A-\- B ■\-C = 180°, the first member is zero. Division of the second 
member by cos A cos B cos C will give relation (2) above. 

2. Show that cos(^ + B + C) = cos -4 cos 5 cos C — cos -4 sin 5 sin C — 
sin A cos 5 sin C — sin A sin B cos C. What does this become when 

^ + ^ + (7=180°? 

If A^ B^C- 90°, the first member is zero. Division of the seoond 
member by cos A cos J? cos O will give relation (3) above. 
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8. It A + B-\-G= 180°, prove that 

cos -4 + cos 5 + cos C = 1 + 4 sin — sin — sin -• . 

2 2 2 

Since ^ + ^ + (7=180°, A±J = 90°-2. 

r^ 

cos^ + COS Jg + COS a = 2 COS ^ ^ -^ COS ^ - ^ + COS O [Art. 52 (7)] 

2 2 

= 2sin^cos:^LzL?+i-2sina^ [Art. 60 (7)] 
2 2 2 

= l + 2sin^fcos^^^::i^-sin2^ 
2V 2 2/ 

= 1 + 2 sin ^ f cos ^^^:i^ - cos ^^Jl5^ 
2V 2 2 y 

= l+2sin ^.2sin^sin:? [Art. 62 (8)] 

2 2 2 

= l + 4sin4sin:5sin^. 
2 2 2 

4. If^ + J5 + (7 = 180% prove that 

A H C 

sin ^ + sin 5 + sin = 4 cos — COS — COS -. 

2 2 2 
6. If ^ + J5 + (7 =180°, prove that 

A Ti C 

COS ^ + COS J5 — COS C = — 1 + 4 COS ~ cos — sin -• 

2 2 2 

6. Also, that 8in(^ + B) sin (5 + C) = sin A sin C. 

7. Also, that 8ina^ + sin2 5 + sin2C=2 + 2cos^cosBcos(7. 

8. If ^ + 5 + = 90°, show that 

sin 2 ^ + sin 2 J5 - sin 2 (7 = 4 sin ^ sin 5 cos C. 

9. Find tan 4^, tan 5-4, tan 64, tan 7 -4, in terms of tan A 

95. Identities. In the following exercises it is required that 
the first member be changed into the second member. When it 
is difficult to do this, help is sometimes afforded by taking some 
steps in changing the second member into the first. The direct 
steps to be taken from the first member to the second may be 
indicated by this means. No general directions can be given con- 
cerning the making of these transformations. The two following 
suggestions, however, are frequently useful : 

(a) Since sin*-4+ cos* -4=1, unity can be substituted for the first 
expression, and the first expression can be substituted for unity. 

(6) The change of tana?, cotoj, sec a?, coseca?, into their values 
in terms of the sine and cosine, is sometimes helpful. 

The examples in Art. 52 belong to this class. 
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EXERCISES. 

1. Show that ^-CQS^^ = tan^ A. 

1 + cos 2 ^ 

1 - cos 2 ^ _ 1 - (1 - 2 sm^A) _ ain^A _ tapq j, 

1 + cos 2 J[ 1 + (2 C082 ^ - 1) cosM 

2. Show that tan2 ^ = ? - cos 2 ^ 



1 +cos2^ 



^^ij^^ sin^A ^ Ul - cos2^) ^ 1 - cos2^ 
cos2^ J(l + cos 2 ul) 1 + cos 2 A 

Note. The fact that tan2 A = ^^ /: , suggests that the numerator in Ex. m-^ ^ 

cos^A 

be expressed in terms of the sine, and the denominator in terms of the=i-^ ® 
cosine. In Ex, 2, the plan of transformation is more obvious. 

Prove the following identities : 

3. ^^^'^ =Bec2B. 
2-seQ^B 

4. l~2sin2(46°-^)=sin2A 

6. cos2^ + sin2^cos2S = cos25 + sin2Bcos2A J 

6. 1 + cot 2 ^ cot 6 = cosec 2 $ cot 0. } 

7. 4 sin A sin(60° + ^)sin(60° - ^) = sin SA. 

8. cos5d = cos(3d + 2^)= IBcos^^ - 20 cos* ^ + 5 cos ^. 

9. sin6d= 16sin5^-20sin»^ + 6sin^. 

10. tan(45^ + ^)-tan(45°-^) = 2tan2A 

11. cos* J? - sin* 5 = cos 2 5. 
j2^ sin3^-cos3^^g^.^g^.^^^ 

sin A + cos A 

-o sin« + sin2x .^^ 

13. ■ = tan 05. 

1 + cos X + COS 2 X 

14. 4(cos6 X + sine ») = 1 + 3 coS^ 2 x. 
16. sin4^=:4sin^cos8^ — 4cos^sin8A 
16. cos4J[ = 1 -8cos2^ + 8cos*-4. 

96. For an acute angle of 6 radians, cos 6 > 1 — -— , sin 6 > 6— -7- 

2 4 

By Art. 50, (7), cos ^ = 1 - 2 sin^ t by Art. 83, sin ^< J 

Hence, cos ^ > 1 — 2 ( - ] , t.e. cos 6 > 1 - ^• 

By Art. 50, (5), 

8in^ = 2 sin-cos- = 2tan--cos^-= 2tan-( 1 — sin*- V 
2 2 2 2 2\^ 2) 
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But by Art. 83, tan^>^, and sm^<^. 
Hence 8in^>|? [l -("^Y j ; t.e. sin 6 > 6 - ?|5. 



97. One method of computing the trigonometric functions. A 

method of computing the trigonometric functions of angles which 
are in an arithmetic progression having the common ditference i>", 
will now be shown. 

sin (n + 1) Jy' + sin (n - 1) D" = 2 sin nD" cos D". [Art. 52, (5).] 

.-. sin (n + 1) D" = 2 sin nD" cos D" - sin (n - 1) U\ (1) 

^Also cosi)"=Vl-sin2i>". 

Hence, if the sines of the angles D", 2 D", SD", up to wD" be 
known, then sin(n + 1)Z)" can be computed by formula (1). The 
other functions can be derived from the sine. 

The functions for angles from 0® to 45® will serve for the angles 
fcom 45® to 90®, since the ratio of an angle is the co-ratio of its 
<iomplement. When the functions have been computed for angles 
^p to 30®, the computations for angles greater than 30° can be 
made more easily. For, if ^ is an angle less than 30®, 

sin (30® + ^) + sin (30® - ^) = 2 sin 30® cos A = cos A. 

sin (30® + ^) = cos ^- sin (30®-^). (2) 

Similarly, cos (30® + ^) = cos (30® — ^) — sin A, (3) 

In formula (1) suppose that i>" = 10", and let its radian meas- 
ure be denoted by B. 

Then sin 10" <^, >^-j- [Arts. 83, 96.] 

Since 180® = tt, 

10" = ,^^ ^^Z .^ = ^••'^^^f^y^ = .000048481368 ... radians. 
180 X 60 X 60 64800 

.-. sin 10" < ^00004848..., >[.00004848 J (.00004848 ...)»]. 

Hence, to 12 places of decimals, sin 10" = .000048481368. 

From this, sin 20" can be found by (1) ; then sin 30", then sin 40", and so on. 

The functions of several angles can be found independently of 
the method just shown. Formulas involving these acL^le^^, ^s^^ 
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Euler's and Legendre's verification formulas, may be ased to test 
the accuracy of the tables. The latter formulas are (see Exs. 7- 
10, Ch. XII.), 

sin(36°+^)-sin(36°-u4)-siii(72°+J[)+sin(72°-iL)=sin^(4) 
cos(36°+^)+cos(36°-^)-cos(72^+^)-cos(72°-^)=cosA(5) 

EXERCISES. 

1. Test the tables of natural sines and cosines by means of formulas (4), 
(6), taking A equal to 4°, 10°, 16°, and other values. 2. Assuming the func- 
tions of 1° as known, cajculate the sines of 2°, 3°, 4°, 6°, 6°, by formula (1). 
3. By means of formulas (2). (3), calculate the sines and cosines of 33°, 
37°, 41°, 47°, 63°, 67°, and other angles. 

98. Trigonometry defined. Branches of trigonometry. Before 
concluding this text-book it may be well to indicate to the student 
the relation of the part of trigonometry treated in the preceding 
pages to the subject as a whole, and also to try to give him a^ 
little idea of another branch of trigonometry ; namely, analytical 
trigonometry. 

In Chapters II.-IX., plane angles, the solution of plane tri- 
angles, and applications connected therewith were discussed. 
This is what is usually known as plane trigonometry. The study 
of solid angles, the solution of spherical triangles, and the as- 
sociated practical applications, constitute spherical trigonometry. 
These branches of mathematics are founded on geometrical con- 
siderations, and may be looked upon as applications of algebra to 
geometry. Pure mathematics is sometimes regarded as consisting 
of two great branches ; namely, geometry and analysis. Analysis 
includes algebra, infinitesimal calculus, and other subjects which 
employ the symbols, rules, and methods of algebra, and do not 
rest upon conceptions of space. (Geometrical ideas may be used 
in analysis, however, for the sake of exposition and illustration, 
and, on the other hand, algebra may be employed in expounding 
the principles of geometry.) Since the eighteenth century, trigo- 
nometry has also been treated as a branch of analysis,* 

* The meaning of the word " analysis " thus used in mathematics, should 
not be confounded with the ordinary meaning of the word, or with the 
m'eaning attached to the term *' auaiysis '' in logic. 
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Analytical (or algebraical) trigonometry treats of the general 
relations of angles and their trigonometric functions without any 
reference to measurement. It discusses, among other things, the 
development of exponential and logarithmic series, the connections 
between trigonometric and exponential functions, the expansions 
of an angle and its trigonometric functions into infinite series, the 
calculation of ir, the summation of series, and the factorization of 
; certain algebraic expressions. The properties stated in formulas, 
(l)-(3) Art. 44, (l>-(8) Art. 50, (l)-(8) Art. 52, (l)-(3) Art. 93, 
are analytical properties, and can he derived without the aid of geom- 
etry. Analytical trigonometry includes hyperbolic trigonometry ; 
that is, the treatment of what are called the hyperbolic functions. 
While the trigonometric functions may be defined and discussed 
on a geometrical basis, as done in this book (and this is the easiest 
way for beginners), it may be stated that they can also be defined 
and their properties deduced on a purely algebraic basis. It is 
beyond the scope of this work to show this, but the student may 
obtain a little light on the subject by reading Notes A and D. 
It may be stated further, that, under certain restrictions, some of 
the most important theorems and properties found in analytical 
trigonometry can be derived easily in an elementary course in the 
infinitesimal calculus. It has been pointed out that the trigono- 
metric functions can be defined in a purely geometrical manner, 
and in a purely algebraic manner ; they can also be given defini- 
tions depending on the infinitesimal calculus, and their properties 
deduced therefrom. Finally, it may be said that trigonometry is 
merely a brief chapter in the modern Theory of Functions, and 
may be defined as the science of singly periodic functions (see 
Art. 78). For a treatment of trigonometry, either as a part of 
algebra, or, as "an elementary illustration of the application 
of the Theory of Functions," see Lock, Higher Trigonometry; 
Loney (Part II.), Analytical Trigonometry; W. E. Johnson, Trear 
tise on Trigonometry, Chaps. XII.-XXII. ; Casey, A Treatise on 
Plane Trigonometry; Levett and Davison, Elements of Plane 
Trigonometry (Parts II., III., Real Algebraical Quantity, Com- 
plex Quantity); Hay ward. Vector Algebra and Trigonometry; 
Hobson, A Treatise on Plane Trigonometry; Chrystal, Algebra, 
Part I., Chap. XII. ; Part II., Preface, and Chaps. XXIX., XXX 
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i 

^ 3. The sine and cosine of the sum of two angles. [Supplementary to 

1 Art. 46.] 

1 liCt the consiruction be made as indicated in Art. 46. Then 

i rAn(A I B^i- P'^^J- ^^ ^" r _ proj. OQ on OY . proj. QP on F 

V Bun^^ + xj;- ^^ OP '^ OP . 

[Theorem in (2>] 
t _ proj.OQ on or OQ . proj. QP on OF QP 

OQ 'op QP ' OP 

= sin ^ cos -B + sin FQP sin B 
i. = sin ^ cosB 4- cos A sin B. 

f. , px _ proj. OP on QX _ proj. OQ on OX , proj. QP on OX 
^ ^ OP .OP OP 

\ _ vrol OQ on OX OQ . proj. (>P on OX QP 

OQ 'op QP 'op 

= cos -4 cos 5 + cos VQP • sin B 

= cos A cos B — sin ^ sin B. 

In the projection proof of the addition formulas for the sine and cosine, A 
and B can have any magnitudes, positive or negative. The formulas for 
sin(^ — B), co8(A — JB), can also be derived by substituting — B for + B 
in the addition formulas. 

NOTE C. 

[Supplementary to Arts. 9, 72.] 
ON THE LENGTH AND AREA OF A CIRCLE. 

1. The main purpose of this note is to outline a method of approximating 
to the value of ir ; that is, to the ratio of the length of a circle to its diameter. 
This method depends only on elementary geometry.* There are simpler and 
more expeditious methods of finding ir, but they require a greater knowledge 
of mathematics than beginners in trigonometry generally possess. 

By the methods of elementary geometry, as shown in the texts of Euclid 
and others, regular polygons of 3, 4, 5, 6, 15 sides can be inscribed in, and 
circumscribed about a given circle. Moreover, inscribed and circumscribing 
regular polygons of 2, 4, 8, 16, •••, times each of those numbers of sides can 
also be constructed by successively bisecting the arcs subtended by the sides, 
and joining the consecutive points of division. This process can evidently be 

* A section on the mensuration of the circle is given in many geometries. 
Reference may be made to the geometries of Beman and Smith (Ginn & Co.), 
Gore (Longmans, Green, & Co.), Phillips and Fisher (Harpers), and others. 
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carried on until the inscribed and circumscribing polygons have an infinitely 
great number of sides ; that is, regular polygons of 3.2*», 4.2»», 5.2«, 16.2» sides, 
n being any positive integer, can be inscribed in, or circumscribed about, a 
given circle. 

2. Outline of a proof of the theorem that the lengths of circles are pro- 
portional to their diameters. 

(a) The length of a circle is greater than the perimeter of an inscribed 
polygon, and is less than the perimeter of a circumscribing polygon of any 
finite number of sides. 

(6) As the number of sides of a regular polygon inscribed in, or circum- 
scribed about, a circle is increased, the length of the perimeter of the polygon 
approaches nearer and nearer to the length of the circle. In other words, by 
increasing the number of sides, the difference between the length of the 
perimeter of the polygon and the length of the circle may be made as small 
as one please, and this difference approaches zero when the number of 
sides approaches infinity. 

(c) Let any two circles be taken, and let the radii be i?, r. Let AB be a 
side of a regular polygon of n sides inscribed in the circle having centre O 





Fig. 92. 



and radius i2, and let ah be the side of a regular polygon of n sides inscribed 
in the circle having centre o and radius r. Let P denote the perimeter of the 
first polygon, p that of the second ; let G denote the length of the first circle, 
and c that of the second. Then 

P = (7 - D, p = c - d, 
where D, d may each be made smaller than any assignable quantity by mak- 
ing the number of sides, w, infinitely great. 

The polygons are similar, since they are regular and have the same num- 
ber of sides. Hence, by geometry, 

P^OA^R, 

p oa r ' 

that is, £^1^ = ^ 

c— d r 

From this, rG -rD = Rc^ Rd; 

whence. fG — Re = rD — Rd^ 
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Now, let n become infinitely great. Then the second member becomes 
smaller than any assignable quantity, since r, B, each remains finite, and 
d, 2>, each approaches zero. Hence, when n is infinitely great, 

ra-i2c = 0. (1) 



From (1), 



^=^, and-^=5. 
c r Br 



(2) 



The first of equations (2) may be expressed in words : lengths of circles 
are to one another as their radii. According to the second equation, the 
length of the first circle is to its radius as the length of the second circle is to 
its radius. But these are any two circles. Hence, the ratio of the length of 
a circle to its radius, and, consequently, to its diameter, is constant. The 
ratio of the length of a circle to its diameter, which ratio is denoted by ir, 
will now be approximately determined. [See Arts. 9 (6), (c), 72.] 

3. The formulas used in this determination of ir are deduced in problems 
JLf B, that follow : 

Am Given the radius of a regular inscribed polygon, to compute the side 
of a similar circumscribing polygon. 

Let AB be the side of the inscribed polygon, and 
OC = B, the radius of the circle ; let LM be a side 
of the similar circumscribing polygon. Let LM be 
obtained by producing OA, OB, to intersect the 
tangent drawn at C, the middle point of the arc AB, 
The triangles LCO, AEO, are similar. Hence, 
LG ^00 
AE Oe' 

OCxAE BxAE 



LC = 



.'. LM = 



OE 

BxAB 

OE 



OE 




In the right-angled triangle OAE, 

OE=^OJ? - AS^ =V-B^ -^ = -^4i22 _ Aff. 



2 



LM = 



2Byi AB 



(1) 



V4 222 _ j^ff 

J5, Oiven the radius and the side of a regular inscribed polygon, to com- 
pute the side of the regular inscribed polygon of double the number of sides, 

Li Fig. 93, let AB be the side of a regular inscribed polygon of n sides. 
Draw AG ; then AG S& the side of a regular inscribed polygon of double the 
number of sides, namely, 2 n sides. It is required to express ^40 in terms 
of the radius B and the side AB, Produce GO to D and draw DA, The 
triangles ACD, AGE^ are similar, since the angles DAG, AEG, are equal, 
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both being right angles, and the angle ACE is common to both trianglea 

Hence, 

CD',AG = ACxCE. 

.-. AS^= CD' CE= CD{CO - E0) = 2 R(^R - E0)= B{2 R - 2 EO). 
But EO ^^OA^-AE' =V^ -^ = |V4^''»-ZS'. 
.-. AC^ = RQl R -^/^R^^Aff). 



AC = \R{2R-^4tR^ - AB^) 



(2) 

4. To determine approximately the ratio of the circumference of a 
circle to its diameter. If the radius is 1, the length of the circle is 2t, 
and the length of the semicircle is ir. Hence the length of the semi- 
perimeter of each inscribed and circumscribing regular polygon, is an approxi- 
mate value of IT, and approaches nearer and nearer to ir, the greater the 
number of sides in the^ polygon. The side of the inscribed square of the 
circle of radius 1 is V2 ; its semi-perimeter is 2.8284271. Successive appli- 
cations of (2), Art. 3, give the sides of the inscribed polygons of 8, 16, 32, ... 
sides, and successive applications of (1) give the sides of the similar circum- 
scribing polygons. The successive semi-perimeters are obtained by taking 
one-half the product of the length of a side and the number of sides in the 
polygons. The results of the computation are given in the following table. 
The table also gives the results when the initial polygon taken, is the inscribed 
hexagon. The figures in bold type show the approximations. 

Lengths of semi-perimeters of regular inscribed and circumscribing poly- 
gons of circle of radius = 1. 



NUMBKK 






Number 






OF Sides. 


Inscribed. 


Circumscribing. 


OF Sides. 


Inscribed. 


CiRCUMSORIBINO. 


4 


2.8284271 


4.0000000 


6 


3 


8.4641016 


8 


3.0614675 


3.3137086 


12 


8.1068285 


8.2153903 


16 


8.1214462 


3.1825979 


24 


8.1326286 


8.1596599 


32 


3.1365485 


3.1517249 


48 


8.1.393602 


8.1460862 


64 


3.1403312 


3.1441184 


96 


3.1410319 


8.1427146 


128 


3.1412773 


3.1422236 


192 


3.1414624 


8.1418730 


256 


3.1416138 


3.1417504 


384 


3.1416576 


8.1416627 


512 


3.1416729 


3.1416321 


768 


8.1416838 


8.1416101 


1024 


3.1416877 


3.1416025 


1536 


8.1416904 


3.1415970 


2048 


3.1416914 


3.1416961 








4096 


3.1416923 


3.1416933 








8192 


3.1416926 


3.1416928 
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5. Area of a circle. Area of a circular sector. The area of a circnm- 
icribing polygon of a circle is equal to one-half the product of the lengths of 
iie perimeter and the radius. When the number of sides of the polygon 
ncreases indefinitely, the perimeter of the polygon approaches the length 
>f the circle as its limit, and the area of the polygon approaches the area 
'Ontained by the circle as its limit. Hence, 

area of circle = \ length of circle x length of radius ; 

r.e. area of circle = ix2iri?x2? = wR^. 

Since the area c^ a sector of a circle has the same ratio to the area of the 
circle that the arc of the sector has to the length of the circle, 

area of circular sector = \ length of arc x length of radius. 

Hence, if 9 is the radian measure of the angle of the sector, 

area sector = i ^^ x ^ = 1^*6. 

[For example, see Art 78, Ex. 17.] 

6. Historical Note. The problem to find a square whose area is equal to 
that of a given circle, which is commonly known as ** squaring the circle,'' 
3r "the quadrature of the circle," has long been of interest to mathematicians 
Eind others. Since the area of a circle is one-half the radius by the length of 
the circle, and the ratio of the length of the circle to the diameter is a con- 
stant, it follows that ** squaring the circle " comes to determining this ratio. 

The ancient peoples ubed 3 as the value of ir; see 1 Kings vii. 23, 
2 Chron. iv. 2. Ahmes used 3.1604; Archimedes showed, by the method 
described above, and by successively inscribing and circumscribing regular 
polygons of 6, 12, 24, 48, 96 sides, that ir is between ^\ and 3f. Ptolemy 
used 3ji^, and Aryabhatta, 3.1416. Adrian of Metz, in 1627, by using poly- 
gons up to 1636 sides, showed that the ratio is between f JJ and fj|. By 
taking the mean of the numerators for a new numerator, and the mean of 
the denominators for anew denominator, he obtained the value |^, which is 
correct to six places of decimals. In 1679, Vieta by using polygons of 32,316 
(i.e. 6 x 2*s) sides, got the value of ir correctly to ten places. His method is 
not the same as that of Archimedes. (Professor Newcomb has remarked that 
the value of ir to ten places of decimals would give the circumference of the 
earth correctly to within a fraction of an inch, if the diameter were accurately 
known.) In 16^3, Adrian Romanus of Louvain computed ir to 16 places of 
decimals and Ludolph van Ceulen (d. 1610), a German residing m Holland, 
calculated it to 36 places. Hence ir is often referred to in Gerniany as ** the 
Ludolphian number." 

The discoveries of trigonometric series (see Note A) made the work of com- 
puters easier and more mechanical. In 1699, Abraham Sharp (1661-1742), 
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found IT to 71 places, and in 1706, John Machin, died 1751, professor of 
astronomy at Gresham College, London, extended the value to 100 places. 
Fautet de Lagny (1660-1734) carried it, in 1719, to 127 places; Baron Georg 
\Vega (1766-1802), in 1794, to 136 places; Z. Dase of Vienna, in 1844, to 
200 places; William Rutherford (1798?-1871), Royal Military Academy, 
Woolwich, in 1853, to 440 places ; Richter, in 1854, to 500 places ; and 
W. Shanks, in 1873, to 707 places of decimals. The laborious calculations 
of the **ir-computers" have neither theoretical nor practical value. 

About 1761 Lambert showed that ir is incommensurable^ and in 1882,* 
F. Lindemann, in Freiburg, showed that it is transcendental, that is, it cannot 
be a root of any algebraic equation with integral coefficients. See article, 
** Squaring the circle," Ency. Brit., 9th edition. 

N.B. The ratio ir is often calculated approximately by means of Gregory's 
series (discovered in 1670) and certain identities, namely, 



tan 



■ix = a; - Jx8 + i«6 - fx' + ... to 00, ^ = 4 tan"! J - tan-i jj^, 

4 



- = tan-iJ + tan-4 + tan-4, ^ = 4tan-4-tan-i^ + tan-iA, 

4 4 

in which the principal values of the inverse tangents are taken. 

The student is advised to verify these identities, and to find an approximate 
value of IT by means of Gregory's series ; also to verify the remark made 
above concerning the circumference of the earth. Also to show that the 
method of Ahmes (see Note A) for finding the area of a circle is equivalent 
to taking IT = 3.1604.... 



NOTE D. 

DE MOIVRE'S THEOREM, AND OTHER RESULTS IN ANALYTICAL 
TRIGONOMETRY. 

pn what follows i denotes V— 1.] 

1. Be Moirre's Theorem. For all values of n, positive and negative, 
integral and fractional, 

(cos 9 + i sin 6)** = cos nO + i sin n6, 

(a) When n is a positive integer, 
(cos 6i-\-i sin ^i) (cos 02 + i sin $2) 

= cos 01 cos 02 — sin 0i sin ^2 + * (sin ^1 cos 02 + cos ^1 sin ^j) 
008(^1 + ^a) + ^ fiinC^i + 0^. (I) 
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On mnltiplying each member of (1) by cos ^s + < sin Oz, there is obtained, 

(coar ^ + i sin ^i) (cos ^a + ^ sin ^a) (cos 0z + i sm Si) 

={cos(^i + ^) + < siu(^i + ^2)} (cos ^8 + < sm 0s) 

={co8(^i + ^a) cos ^8 - sin(^i + ^a) sin ^8} 

+ <{sin(^i + ^a) COB ^ + cos(^i + ^a) sin ^8} 

s= cos(^i + ^2 + ^8)+ isin(^i + ^a + 0s)- 

In a similar way, the product of four or more such factors can be found. 
Thus, for n factors, 

(cos ^1 + i sin ^1) (cos ^a + i sin ^a) —(cos 0n + i sin 0n) 

= cos(^i + ^2 + ... + ^„) + £ sin(^i + ^2 + - + ^0 (2) 

If ^x = ^2 = *** = ^» = ^1 then (2) becomes 

(cos ^ + < sin 0)* = cos n9 + isin n0, (8) 

(6) When nisa negative integer, say, — m. 

rcos^ + isin^)-» = — = 

^ ^ (COS + ism 0)*^ cosm^ + ismm^ 

^ 1 ^ cos m0 — i sin m0 _ cos m0 ^i sin m0 

"" COB in^ + < sin w»^ cos m^ — i sin m0 ~" cos^ m0 + sin^ m0 

s cos i»^ — < sin »n^ = gos(— m)0 + i sin(— fn)0. (4) 



(c) In (8) let n^ = ; then ^ = -, and (8) becomes 



fcos- + <sin-j =cos0 + <sin^ 



On transposing and taking the nth root of each member of this equation, 
there is obtained 

(COS0 + <shi0)* = cos - + <sin i (6J 

(The second member of (6) is one of the n roots of the first member.) 
(d) When n is a fraction, ^ 

(cos ^ + < sfai ^)f = [(cos ^ + i sin 0)p']9 = (cosp0 + i sin j)^)f 

= cos^^ + fsin^^. (6) 

(The second member of (6) is one of the q roots of the first member.) 



178 PLANE TRIGC NOMETRT. 

For all the roots of the first members of (6), (6), see one of the works 
referred to m Art. 98. For a geometrical representation of the facton 
considered above and the results (l)-(6), and for a proof of these results, 
see Hobson, Plane Trigonometry ^ Chap. XIII. ; Chrystal, Algebra^ Part L, 
Chap. XII. 

2. Following are some of the theorems proved in analytical trigonometry 
which will be met by those who read only a little farther in mathematics : 

C06X=l-^ + |i-...t0<X). (Ij 

sinaj = aj-^ + ^-...to<«. (2) 

Expansions (1) and (1$) were first shown by Newton in 1669. 

If €* denote the series l+« + — + ^+—tooo, (8) 

2131 

then cosa; = g^±£I^,shix = ^^^"^ (4) 

2 2i ^ ' 

Formulas (4) were first given by Euler. The expansions (1), (2), (3), 
are also derived in works on the differential calculus. They are convergent 
for all finite values of x. Either (1), (2), or (3), (4), may be taken as 
definitions of the sine and cosine. 

Hyperbolic functions. The hyperbolic sine and cosine of «, denoted by 
8inh X, cosh x, may be defined in either one of the following ways, namely, 



cosh aj = l + -— + -^H — tooo 
21 4 1 

8mhx=« + ^ + ~+ ...tooo 
o I o I 



(5) 



and cosh a; = ^L±l_!, sinha! = ^~^*~* . (6) 

2 2 

A geometrical definition may also be given to the hyperbolic functions. 
In this definition, they are related to the hyperbola in a manner analogous 
to a way in which the trigonometric (circular) functions are related to a circle. 
It may be said that the formulas or definitions (l)-(6) may be applied to all 
numbers », real, pure imaginary, or complex; i.e. quantities of the form 
a + 6 V— 1. (When x is real in (l)-(4), it denotes the radian measure 
of the angle.) See Chrystal, Algebra, Tail II., Chap. XXIX.* 
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EXERCISES. 

1. Substitute 1 for x in the series (3), and thus deduce 2.71828 as an 
approximate value of e, 

2. (a) Write the series for c<* and 6"** by substituting ix and ^ix for 
B in (3). 

(6) Then find the value of cos x in (4), and compare the result with (1). 
(c) Then find the value of sin x in (4), and compare the result with (2). 

3. Using formulas (4), show that cos^a; + sin^aj = 1. 

4. Substitute ix for x in (1) and (2), and compare the results with (5). 
Substitute ix for x in (4), and compare the results with (6). Each substitu- 
tion shows that cos (ix) = cosh x, and sin {ix) = i sinh x, 

6. Show by means of the fonnulas (l)-(4) that the cosine of an angle 
of magnitude zero is unity, and that the sine of such an angle is zero. 

6. By means of (1), (2), find approximate values of sin 10°, cos 10°, 
sin 16°, cos 16°, sin 20°, cos 20°, sin 30°, cos 30°. [First, express the angles 
in radian measure.] 

* Also see McMahon, Hyperbnlic Functions, (Merriam and Woodward, 
Higher Mathematics, Chap. IV., pp. 107-168). 



QUESTIONS AND EXERCISES FOR PRACTICE 
AND REVIEW. 



It is not intended that all these exercises be worked by any 
one person, or by any one class. It is advisable to consider only 
a few of them on the completion of each chapter, and to use them 
chiefly in the general reviews. In each set there are a number of 
direct questions on the principles and theorems explained in the 
corresponding chapter; these questions will enable the pupil to 
examine himself concerning his knowledge of the text. Teachers 
will often do well to take examples from other sources. 

CHAPTER I. 

1. (a) Define and illustrate logarithms, characteristic, mantissa, 
(b) What is meant by the base of a system of logarithms? (c) What is 
meant by a system of logarithms ? (d) Show that in all systems log 1 s 0, 
and that the logarithms of all proper fractions are negative. 

2. What are the advantages gained by the use of logarithms calculated to 
the base 10 ? Show that the characteristic of any logarithm to the base 10 
may be foimd by inspection. 

8. What are the logarithms to base 8, of 81, J^, v^729 ? 
— 4. Find, by using logarithms, the values of the following quantities : 
^a) Vm, VSO, VS:?!, V:876, VMtE; (6) Vi2J, y/TM, </l2E, 
v^:0126, -VMm; (c) \^784, v^, ^/Mi; (d) (19)^, (212)* (31.7)^; 
Ce) 4-7, 6-* (67)-*. 

5. The following calculations are to be made at first without the use of 
logarithmic tables. The results may then be checked by comparing them 
with the values obtained by mear.s of the tables, (a) Given log 3 = .477121, 
find log {(2.7)« X (81)* --(90)^}. (6) Given log 6 = .69897, find log 200, 
lo g ^02 6, log -VSiTB. (c) Given log 2 = .30103, find the logarithms of 5, jjy, 
vCo06. (d) Given log 2 =i .3010 and log 3 = .4771, find log ^, log .25, 

181 



182 PLANE TRIGONOMETRY. 

log 16.2, log Vf. (e) Given log 2 = .8010, log 3 = .4771, log 6 = , 
log7 = .8451, find the logarithms of f^, 176, .0054, (12)^, \/36. (/) Given 
logs = .903, logo = .954, find the logarithms of 2, 3, 12, 500, .075. 

6. Find by logarithms the values of the following quantities : 

(a) 372.48 x (M^y\ (.006)6 ^ 125 ; (6) 3487 x (.00346)^ -(- 83)*; 
f.\ .*/8^J/T. /^N / 345.4 X 958.3 \i / 417.9 x 813.1 \^. .. /oQa^f s. 
(c) V?^VA; Wi 23.4 X 317.9 r ( 964.7 x 313.2 j> ^'^ ^^^^^^ 
(41j)t^. (7 .93)8.5. 

7. Find an approximate value of x in each of the following equations : 
(a) aj2 = 237, (6) «» = 17, (c) a;-2 = 17, (d) x-8 = 4i, (e) 2^ = 9, 
(/) 3»« = 197, (g) 3» = 32, {h) (25)8-2» = 2«+8, (i) log (ajS) + log (2 x) + 1 = 0. 

8. If the logarithm of 27 is — f , what is the base ? 

CHAPTER IL 

1. If on a map a square inch represents 10 acres, how many yards are 
represented by the diagonal of a square inch ? 

2. Explain the English and French methods of measuring angles, and 
show how, when the measure of an angle according to either method is 
known, its measure according to the other may be found. Express 100° in 
grades. (See Note 2, Art. 11.) 

3. If J[ is an acute angle, show that tan A is greater than sin A. 

4. By aid of an equilateral triangle find the numerical values of the six 
trigonometric ratios of 60° and 30°. Find the numerical values of the ratios 
of 45°. , 

6. Show that (a) a /^^" ^^° ~ ^^" f ^! = sec 45°- tan 45% 
^ "^ >'sin45° + sin30° * 

.,. l + cot60° _ ( l + cos30° l ^ 
^ '^l-cot60° ll-cos30°J ' 
' (c) tan2 60° - 2 tan^ 45°= cot2 30° - 2 sin^ 30° - } cosec2 45^ 

6. The sine of an angle defined as a ratio being less than unity, explain 
why the tabular logarithms of the sines of angles are expressed with whole 
numbers as characteristics. Given log tan 18° = 9.51178, show what the 
tabular logarithm of cot 18° must be. 

7. (a) Given log 2 = .30103, log 3 = .47712, find log sm 60° and log tan 30°. 
(6) Given log 5 = .69897, find the logarithmic sine of 30°, and the logarithmic 
cosine of 45°. 

8. Compute the trigonometric ratios of ^ in a right triangle ABC (C= 90°)., 
when 6 = ^ c. 

9. Construct the following right-angled triangles : (a) ABC, in which, 
C = 90°, (5 = 0, cot A = i; (6) when one of the legs is 3, and the sine of the 
adjacent acute angle is J ; (c) hypotenuse 4, and sine of one of the acute 
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anglesi; (d) C = 90*», sin ^ = |, 6 = 7; («) C = 90^ cosec -4 = J, 6 = 10 ; 
write the values of sin A, cos -4, tan ^ ; (/) C = 90°, cos^ = f, o = 9. 

10. In the triangle ABC, (7 = 90°, tan J5 = J}. If AB = 610 ft. , find ^C. 

11. In ABC, C = 90°, BC = 10 ft., tan J5 = 1.05 ; find the other sides. 

12. The string of a kite is 250 ft. in length. How high is the kite above 
the ground when the string, supposed stretched quite tight, makes with the 
ground an angle whose tangent is ^ ? 

18. ABC is an isosceles triangle, right-angled at C; i? is the middle point 
of A.C. Prove that DB divides the angle B into two parts whose cotangents 
are as 2 : 3. 

14. (a) Given L. cos 20° = 9.97 and L. cot 20° = 10.44 ; find each 
of the other logarithmic ratios of 20°. (6) Given L. sin 40° = 9.808, 
X.. tan 40° = 9.924 ; find log cot 40°, log cos 40°, log sec 40°, log cosec 40°. 

2Vo68in^ 

16. If tan^ = r — , find whena = 5, 6 = 2, C= 120°. 

a — 



16. Calculate sm8 23° x V27.268 -*- 2 cos? 48°. 

17. Find x in the equations : (o) x sin 74° = 236 tan 37° cos 63°, 

(6) x2 cos 39° = 47.6 sm^ 46° sec^ 64°. 

18. Solve (sin 8° + cos 8°)*- = 2 sin 16° (tan 32°)*. 

CHAPTER III. 

1. State what parts of a right plane triangle must be given that it may 
be constructed, and show how a right triangle may be solved, in each of 
the four possible cases. 

2. Derive the formulas for computing B, a, and c of a right triangle when 
C = 90°, and A and h are given. Also find a formula that shall include only 
the required parts. 

8. In ABC, C = 90°, 6 = 22 ft, and sin ^ = .42. Find a, c, sin J5, and 
the area. 

4. In ABC, C = 90°, cos -4 = ^, c = 40 ft. Find the values of cos B, 
cot B, a, b, and the area. 

5. Solve the following right-angled triangles by (1) making an off-hana 
estimate, (2) measuring on a drawing made to scale, (3) computing without 
logarithms (four-place tables), (4) computing with logarithms. Check the 
results by computation. If a solution is impossible, explain why it is so. 
(Each triangle is denoted by ABC, and (7 = 90°.) (i.) a = 46, 6 = 62; 
(ii.) a = 686, B = 34° 47' 26" ; (iii.) c = 660, a = 310 ; (iv.) c = 327, 6 = 460 ; 
(v.)c = 620, ^ = 36°40'20"; (vi.) 6 = 720, J5 = 61°24'30" ; (vii.)c = 426, 
B = 32° 46' 36" ; (viu.) a = 11624, b = 36976 ; (ix.^ a = 67213, b = 76324 ; 
(X.) c = 36421, b = i 
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6. Two sides of a triangle are as 6 : 0, and the included angle is a right 
angle. Find tlie other angles. 

7. Find the acute angles of a right-angled triangle whose hypotenuse is 
six times as long as the perpendicular let fall upon it from the opposite 
angle. 

CHAPTER IV. 

1. (a) Derive the formula for the area of a right triangle in terms of 
(i.) an angle and its opposite side, (ii.) an angle and its adjacent side. 
(6) One side of a triangle is seven times another, and the included angle is a 
right angle. Find the other angles. 

2. Show how an isosceles triangle may be divided into right triangles, and 
how it may be solved by aid of these right triangles when the following 
elements are given : (a) Base and vertical angle, (6) base and side, (c) side 
and vertical angle, (d) base and perpendicular from vertex on the base. 
Discuss any other possible cases. 

8. Solve the isosceles triangles (a) whose base is 126 ft., and vertical 
angle is 127° ; (6) whose base and perpendicular on it from the vertex are 
each 721.34 yd. 

4. (a) Find the area of a regular octagon the side of which is 26 yd 
(6) Find the side of a regular pentagon inscribed in a circle whose radius is 
43 ft. (c) If a regular pentagon and a regular decagon have the same 
perimeter, prove that their areas are as 2 : VS. 

6. (a) At 120 ft. distance, and on a level with the foot of a steeple, the 
angle of elevation of the top is 62° 27' ; find the height. (6) Fromadiff 
330 ft. high the angle of depression of a boat at sea is 40° 35' 26" ; how far 
is the boat from the foot of the cliff ? 

6. When the altitude of the sun is 30° the length of the shadow cast by 
Bunker Hill monument is 381 ft. What is the height of the monument ? 

7. The angles of depression from the top of a tower 48.6 ft. high to two 
points, on a level with its base and in line with the tower, are 45° and 30° 
respectively. Find the distances of each point from the other and from the 
top of the tower. 

8. A pole 40 ft. high is erected at the intersection of the diagonals of a 
square courtyard. When the sun's altitude is 43° 40', the shadow just 
reaches a corner of the yard. Find the length of the side of the square. 

9. (a) When the altitude of the sun was 67° 30' 45" the length of the 
shadow of a perpendicular pole was 73.4 ft. Find the length of the shadow 
when the sun's altitude is 35°. (6) The shadow of a tower is observed to 
be half the known length of the tower, and some time after to be equal to the 
full length. How much will the sun have gone down in the interval ? 
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10. A flagstaff which leans to the east is found to cast shadows of 198 ft. 
and 202 ft., when the sun is due east and west respectively, and his altitude 
is 7°. Find the length of the flagstaff and its inqlination to the vertical. 

11. What angle will a flagstaff 24 ft. high, on the top of a tower 200 ft. 
high, subtend to an observer on the same level with the foot of the base, and 
100 yds. distant from it ? 

12. Looking out of a window with his eye at the height of 15 ft. above 
the roadway, an observer finds that the angle of elevation of the top of a 
telegraph post is 17° 18' 35", and that the angle of depression of the foot of 
the post is 8° 32' 15". Calculate the height of the telegraph post and its 
distance from the observer. 

18. A man in a balloon, when it is one mile high, finds the angle of 
depression of an object on the level ground to be 35° 20', then after ascending 
vertically and uniformly for 20 min., he finds the angle of depression of 
the same object to be 55° 40'. Find the rate of ascent of the balloon in miles 
per hour. 

14. A man observes the elevation of a mountain top to be 15°, and after 
walking 3 mi. directly toward it on level ground, the elevation is 18°. Find 
his distance from the mountain. 

16. From a boat the angle of elevation of the highest and lowest points of 
a flagstaff, 30 ft. high, on the edge of a cliff are observed to be 46° 12' and 
44° 13'. Determine the height of the cliff and its distance. 

16. The angles of elevation of the top of a tower, observed at two points 
in the horizontal plane through the base of the tower, are tan-i | and tan-i -^ ; 
the points of observation are 240 ft. apart, and lie in a direct line from the 
base. Find the height of the tower. 

17. A person standing due south of a lighthouse observes that his shadow 
cast by the light at the top is 24 ft. long ; on walking 100 yd. due east he 
finds his shadow to be 30 ft. Supposing him to be 6 ft. high, find the 
height of the light from the ground. 

18. An observer is 384 yd. due south of a point from which a balloon 
ascended ; he measures a horizontal base 112 yds. east, and at the other extrem- 
ity finds the angle of elevation to be 60° 15'. Find the height of the ballodn. 

19. A surveyor starts from A and runs 766 yd. due east to B, thence 
622 yd. N. 20° JO' E. to (7, thence 850 yd. N. 41° 45' W. to D, thence S. 
42° 35' W. to E. Find the distance and bearing of A from E, and determine 
the area of the field ABODE. 

30. A surveyor runs 253 yd. N.E. by E., thence N. by E. 212 yd., thence 
W.N.W. 166 yd., thence S.W. by S. 210 yd., thence to the starting- 
point. Find the hearing and distance of the starting-point from the last 
station, and determine the area of the field which the surveyor has gone 
around. 
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CHAPTER V. 



1 



1. Define and illustrate angle, negative angle, complement of an angk, 
supplement of an angle, quadrant, angle in the third quadrant, 

2. Define and illustrate the six trigonometric ratios. Find the greatest ' 
and least values that each of them can have. Arrange in tabular form the 
algebraic signs of the trigonometric ratios of an angle in each quadrant. 

8. Explain how the trigonometric ratios of an angle of any magnitude, 
positive or negative, can be found, (a) by means of tables which give these 
ratios for angles up to 90° only, (6) by means of tables which give these 
ratios for angles up to 45° only. 

4. Prove that if two angles have the same sine, and also any of the other 
five trigonometric ratios (with one exception) the same, they will differ by a 
multiple of 360°. 

6. State and prove the chief relations which exist between the trigono- 
metric ratios of any angle A, 

6. Express the trigonometric ratios of 90° -A, 90° + A, 180° - A, 
180° + A, 270° - A, 270° + A, 360° - ^, - ^, in terms of the trigono- 
metric ratios of A, 

7. Name three pairs of trigonometric ratios such that the product of each 
pair shall equal 1 ; one pair, the sum of whose squares shall equal 1 ; two 
pairs, the difference of whose squares shall equal 1. 

8. Compare the trigonometric ratios of any angle (a) with those of its 
complement, (6) with those of its supplement. 

9. Prove that sin ^ = cos ^ tan ^ ; sec^ A = 1 + tan» 4 ; 
cot^ = cosec A coaA; sin^A + cos^A = 1 ; sin^ = tan $ : VI -f tan^^; 
cos X = Vcosec'^ a; — I : cosec x, 

10. (a) Express the following trigonometric ratios in terms of trigono- 
metric ratios of positive angles not greater than 46° : sin 237°, cos (— 410°), 
tan 2000°, cot (-137°), sec 445°, cosec (- 660°), sin 185°, tan 267°, sec 345°, 
cos 87°, cot (- 19°) ; (6) by means of the tables give the numerical values of 
these ratios. 

11. Find, without the use of trigonometric tables, the numerical values of 
cos 1410°, tan (-1260°), cosec (- 1710°), tan 225°, cot 1036°, cosec 210°, 
cos 1600°, sin 1665°, tan (-1665°), all the trigonometric ratios of -1125° 
and 930°. 

12. Construct the angles : (a) whose secant is 8, (b) whose tangent is 
\/2 + 1, (c) whose cotangent is J. Find the other ratios of these angles. 

13. (a) Find sin A, cot A, when cos ^ = - ^, and A < 180°. (6) Fuid 
the other ratios of A and x when cot ^ = ^^ and cos a; = — J. (c) Find the 
other ratios of A when cos ^ = - J, and A lies between 640° and 630°. 
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(^d) Find the trigonometric ratios of 180" + and 270° — $, given tan ^ = J. 
(e) Given sec a; = — {, and x in the third quadrant ; find the value of 
sin X + tan x 
cos X + cot X 

14. Do Ex. 9, Art. 18, A being- any angle. Explain the ambiguities in 
the algebraic signs. If ^ is an angle in the third quadrant, express cos A^ 
tan A, cotTA, sec A, cosec A in terms of sin A, 

16. (o) If sec -4 = n tan A, find the other ratios of A, (6) If 2 sec = 
tan a+cot a, find tan 6 and cosec 0, (c) Solve as? cot 108*^= 128 sin 72° cos 18''. 

16. Prove the identities : sin' + cos' = (sin + cos 0) (1 — sin cos 0); 
cos* A — sin* ^ = 1 — 2 sin^ A; sin a (cot x + 2) (2 cot a; + 1) = 2 cosec x + 
6cosx; sec2 5-cos«J5 = cos2J5tan2J5 4-sin2J5sec2J5; cos6^ + sin6^ = 

1 — 3 cos2 A sin2 A ; cos® a; + 2 cos* x sin* x + cos-^ x sin* x + sin^ x = 1. 

17. (o) Find the value of x not greater than two right angles which will 
satisfy the equation 4 V3 cot x=7 cosec x— 4 sin x. (6) Likewise, in the case 
of the equation sinx+cosx cotx=2. (c) Likewise, in tan*x— 4 tan2x4-3=0. 
(d) If 1 + sin* ^ = 3 sin ^ cos ^, find tan 0. (e) Find the least positive value 
of A that satisfies the equation 2 V3 cos* J^ = sin ^. (/) Find all the 
angles between 0° and 600° which satisfy the equation 4 sin* d = 3. {g) If 

2 cos ^ + sec -4 = 3, what is the value ot A^ {h) Find A when tan* A + 
cosec* ^ = 3. 

CHAPTEE VI. 

1. (a) Write the values of cos (^ + 5), cos (-4 — 5), sin(^ + 5), 
sin (-4 — J5), tan (-4 + -B), tan (J. — B) in terms of the trigonometric ratios 
of A and B, (6) Deduce these values, (c) Express them in words. 

2. (a) Express in terms of the trigonometric ratios of A each of the 
following: sin 2 -4, cos 2^ {three different forms), tan 2^, cot 2^. 
(6) Derive these expressions. 

8. (a) Show that sin ^ + sin J? == 2 sin ^ + "^ cos ^ "" -^ . (6) Show 

that cos 2 -4 + cos 2 J5 = 2 cos {A + B) cos (^A- B). (c) State and derive 
an equivalent expression for the difference of two sines ; (d) for the differ- 
ence of two cosines. 

4. Show how to find cosj^ when cos^ is known. Explain the 
ambiguity in the result. Determine the sign of the result when A is an 
angle in the third quadrant. Find the cosine of 112° 30'. [From cos 225°.] 

6. Prove 2 cos — = — Vl + sin A — VI — sin A if A is between 270° 
and 360°. ^ 

6. Derive an expression for each of the following : sin 3 ^ in terms of 
sin -4, cos 3-4 in terms of cos A, tan 3 ^ in terms of tan A, rSuGOESTTON ? 
3-4=2^ + ^. See Art 03.1 



188 PLANE TRIGONOMETBT. 

7. (o) If tan A= ^ and tan B= ^ , prove that tan M- 5) =.375. 

4-V3 4+V3 ^ ^ 

1 3 

(6) If sin A = — =— and cos J5 = -, find the value of tan (-4 + B), (c) Find 

Q C 

tan(^ + B)^ given that sin -4 = — , sin -B = —• 

17 13 

8. (a) If tan^ = 2, show that sin^ = ^-^, sm2^ = ^^(^'~ ^) - 
^ '^ 2 6' a2 + 6^ (a2 + 62)2 

(6) If tan ^ = ^, prove that J«+|+J^ = -^^^. 

9. (a) Find 8in46% and thence deduce the ratios of 22° 30'. (6) Prove 
that tan 67° 30' = 1 + v^. (c) Deduce the ratios of 67° 30', (1.) from ratios 
of 46°, 22° 30', (ii.) from ratios of 136°. 

10. (a) Given sin 30° = J and cos 46° = J v^; find sin 16°, cos 76°. 
(6) Given sin 80° = J ; find the numerical values of the other ratios of 30° ; 
thence derive the ratios of 16°, thence derive the ratios of 76°, 106°, 166°, 
196°. (c) Prove the following : tan 16° + tan 76° = 4, cos 16° • cos 75° = .26, 
sin 106°+cos 106°=cos 46°, tan 16°(tan 60°-tan 30°) =tan 60°+ tan 30°-2. 

11. (a) Express sin 8^ + sin 2J^ as a product. (6) Express as a sum 
or difference: (i.) 2cosu4cosJ5, (ii.) 2 sin 60° cos 20°. (c) Prove without 
using tables that (i.) sin 70° - sin 10° = cos 40°, (ii.) cos 20° + cos 100° + ^ 
cos 140° = 0. Verify by the tables. 

12. Show that: (1) cot^cot5cos(^+5)=cos^ cos B(cot^cot£.^l); 
(2) cos(^+ J5)cos^ + sin(^ + J5)sin^ = cos5; (3) cos ^ - sin ^ = 
V2 cos(^ + 46°) ; (4) 2 cosS jc - 2 sin^ x = cos 2x(\-\- cos^ 2 x) ; (6) cos^ A + 
sin2 ^ cos 2 B = cos2 B + sin^ Bco^2A\ (6) cos^ ^ - cos ^4 cos(60'^ + ^) + 
sin2(30°-^)=.76; (7) Un J^ = sin^ : 1 + cos^; (8) cos(136° + ^) + 
sin(136°-u4)=0; (9) cosec 2 ^ + cot 2 ^ = cot ^. 

18. Prove that: (1) ?lIL£±i!lLi^ == _ cot J (a; - y) ; (2) tan 4 = 
cosaj-cosy ^^ y/ » v y 2 

f2sin^-sin2i ^3 tan (60° + ^) - tan (60° - ^) = V^^"^. ; 

2 sin ^ 4- sin 2 ^ ' ^ ^ ^ ^ ^ , cot^ ^ - 3 

(4) ^2^-±i^=sec2^-Un2^; (6) cos2^-co8 2^^8in2^-8in 2 B^ 
cos(^-46°) ' ^ ^ sin2B+sin2^ cos 2 ^-j- cos 2 J? 

tan(^-JB); (6) sec2^ - ^tan2^ sin2^ =^"^ ^^^ "^ ^^"^^ » 
^ ^ '' ^ cot2^-tan2^ 

14. (a) Find values of not greater than 180°, which satisfy cot ^=tan -• 

(6) Give all the positive angles less than S60°, which satisfy the equation 
sin 2 ^ = V3 cos 2 A. 

16. Show that the value of sin (n+l)Bsin(n-l)J5+cos(n+l)J5cos(n— 1)5 
is independent of n. 
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16. The cosines of two angles of a triangle ABC are f and ^, respec- 
tively ; find all the trigonometric ratios of the third angle without using 
ti»bles. Verify the results by means of the tables. 

17. Two towers whose heights respectively are 180 and 80 ft., stand on a 
liorizontal plane ; from the foot of each tower the angle of elevation of the 
other is taken, and one angle is found to be double the other ; prove that the 
liorizontal distance between the towers is 240 ft., and show that the sine of 
%lie greater angle of elevation is .6. 

CHAPTER VII. 

1. In a triangle ABC, show that (1) 8in(^ + B) = sin C, (2) cob(A + B) 

= -cosO, (3)8m:^4-5 = co8-^, (4) cos :^^t^ = sin -^. 
i6 2 2 2 

2. (a) State and prove the Law of Sines for the plane triangle, (b) State 
and prove the Law of Cosines for the plane triangle, (c) If the sines of the 
angles of a triangle are in the ratios of 13 : 14 : 15, prove that the cosines are 
in the ratios of 39 : 33 : 25. 

3. (a) Provethatin^BC, 6 + c:6-c = tan J (J5 + C'):tan J (JB-C) 
=cot i A : tan i(^B— C). (b) Write and derive the expressions for the cosine 
of an angle of a triangle, and the cosine and the sine of half that angle, in 

* terms of the sides of the triangle, (c) In the triangle ABC derive the for- 
mulas expressing t&n^A, tan ^ By tan} (7, in terms of a, 6, c. (d) Prove 



that in any triangle ABC, sin A = -=- Vs(s — a) (» — b) (« — c). 

be 

4. (a) Show how to solve a triangle when the three sides are given, 
(i.) without logarithms, (ii.) with logarithms. Derive all the formulas 
necessary. (6) Do the same when two sides and their included angle are 
given, (c) Do the same when two angles and a side are given. 

6. (a) Explain carefully, and illustrate by figures, the case in which the 
solution of a triangle is ambiguous. (*) Write formulas for a complete 
solution and check, of a triangle, when two sides and an angle opposite to 
one of them are given. How many solutions are there ? Discuss fully all 
cases that may arise, (c) Given the angle A, and the sides a and 6 of a 
triangle ABC, determine whether there will be one solution, two solutions, 
or no solution, in each of the following cases : (i.) A < 90°, a > 6^ (ii. ) A<^ 90°, 
o = 6, (iii.) ^<90^a<6, (iv.)^>90°, a>6, (v.)u4>90°, a = b. 

6. Show by the trigonometric formulas that the angles of a triangle can 
be found when the ratios of the three sides are given. Give the geometrical 
explanation. 

7. Show by the trigonometric formulas that the other two angles of a tri- 
angle can be found when the third angle, and the ratio of the sides contain- 
ing it^ are known. Give the geometrical explanation. 
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8. Assuming the law of sines for a plane triangle, prove that a + 5 : e s 
cos i(A — B): sin J (7, and a — 6 : c = sin J (^ - J5) : (jos J C 

9. (a) If ^:J5:C' = 2:3:4,prove2cos4 = ^^^-^. (6)If2a = 6 + c, 

jB C 1 2 6 

prove tan — tan •- = -. (c) If a, 6, c, the sides of a triangle, be in arithmetical 

AC B 

progression, prove that 2 sin — sin — = sin — . [Suggbstion : Put 2 6 =a+c.] 
2 2 2 

10. [In each of the examples in Ex. 10, A, J5, C, denote the angles, a, 6, c, 
the sides of the triangle.] Solve the following triangles (1) by making an 
estimate, (2) by the method of construction, (3) by computation, without 
using the logarithms of the trigonometric ratios (four-place tables), (4) by 
computation, using logarithms (five-place tables), (6) by dividing some of 
the oblique triangles into right-angled triangles. Check the results by com- 
putation. When a solution is impossible, or ambiguous, explain why it is so. 
(1) a = 753, 6 = 621, c = 937 ; (2) a = 9, 6 = 17, c=;4; (3) a = 1236.5, 
6 = 1674.8, c = 2532.7; (4) a = 30, 6 = 42, c = 36 ; (5) a = 621, 6 = 237, 
c = 325; (6) a = 1237, 6 = 1014, .4 = 39° 42'; (7) a = 1114, 6 = 1345, 
A = 46° 54' 20" ; (8) c = 832, 6 = 694, J5 = 64° 47' 30" ; (9). a = 1020, 6 = 240, 
B = 70° 25' ; (10) c = 794, 6 = 832, B = 65° 30' 20" ; (11) c = 230, a = 950, 
C = 63° 47' ; (12) a = 237, c = 452, C = 37° 49' ; (13) a = 420, c = 337, C = 
42° 46' ; (14) a = 452, 6 = 624, C = 37° 23' ; (15) a = 1237.4, c = 1941.6, B = 
23° 41' 20" ; (16) 6 = "237.41, c = 656.82, A = 86° 45' 35" ; (17) ^ = 37° 41', 
B = 49° 32', c = 385.9 ; (18) B = 47° 21' 30", C = 81° 49' 45", 6 = 374.26. 

11. (a) If 6 : c = 11 : 16, and A = 37° 40', find B and C. (6) K one side 
of a triangle be five times the other, and their included angle be 64°, find the 
remaining angles. 

12. (a) In ABC, if a : 6 : c = 8 : 7 : 6, find the angles. (6) The sides of 
a triangle are proportional to the numbers 4, 5, 6. Find the least angle. 

18. Given a = 2 6, (7 = 120°, find A, B, and the ratio c : a. 

14. (a) Two adjacent sides of a parallelogram are respectively equal to 12 
and 20 in., and a diagonal is equal to 25 in. Find the angles of the parallel- 
ogram, the other diagonal, and the area. (6) The sides of a quadrilateral 
taken in order are 8, 10, 16, 18, and one diagonal is 18. Find its angles 
and area. 

16. A ladder 62 ft. long is set 20 ft. in front of an inclined buttress, and 
reaches 46 ft. up its face. Find the inclination of the face of the buttress. 

16. A privateer is lying 10 mi. W.S.W. of a harbour, when a merchant- 
man leaves it, steering S.E. 8 mi. an hour. If the privateer overtakes the 
merchantman in 2 hr., find her course and rate of sailing. 

17. A fort bore E. by N. from a beacon, and was distant from it 1500 yd. 
From a ship at anchor the beacon bore N.N.W. and the fort N.E. by N, 
How far was the ship from the beacon ? 
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18. A and B are two points, 200 yd. apart, on the bank of a river, and C 
is a point on the opposite bank ; the angles ABC^ BAG are respectively 
54° 30' and 66° 80'. Find the breadth of the river. 

19. (a) Two observers on the same side of a balloon, and in the same 
Vertical plane with it, are a mile apart, and they find the angles of eleva- 
tion to be 22° 18' and 76° 30', respectively. What is the height ? (6) Two 
observers on opposite sides of a balloon, and in the same vertical plane with 
it, take its altitude simultaneously ; one observer finds it to be 64° 15', and 
the other, 48° 20'. Find the height of the balloon at the time of observation. 

20. From a ship sailing along a coast a headland, (7, was observed to 
l3ear N.E. by N. After the ship had sailed E. by N. 15 mi. the headland 
l)ore W.N. W. Find the distance of the headland at each observation. 

21. From a certain station a fort. A, bore N., and a second fort, B, N.E. 
"by E. Guns are fired simultaneously from the two forts, and are heard at 
the station in 1.6 sec. and 2 sec. respectively. Assuming that soimd travels 
at the rate of 1142 ft. per second, find the distance of the two forts apart. 

22. From a point A in the same plane as the base of a tower, the tower 
bears N. 62° W., and the angle of elevation of the top of the tower is 63° 37' ; 
from B, 165 ft. due north of A, the tower bears west. What is the height of 
the tower ? 

23. From a ship steering W. by S. a beacon bore NiN. W., and after the 
ship had sailed 12 mi. farther, the bearing of the beacon was N.E. by E. 
At what distance had the ship passed the beacon ? 

24. From the intersection of two straight paths which are inclined to each 
other at an angle of 37°, two pedestrians, A and B, start at the same instant 
to walk along the paths, A at the rate of 5 mi. an hour, and B at a uniform 
rate also ; after 3 hr. they are 9J mi. apart. Show that there are two rates 
at which B may walk to fulfil this condition, and find both of those rates. 

26. Two straight railroads are inclined to each other at an angle of 22° 15'. 
At the same instant two engines, A and J?, start from a station at the point 
of intersection, A going on one road at the rate of 20 mi. an hour, and B 
going uniformly on the other. After 3 hr. A and B are 25 mi. apart. Show 
that there are two rates at which B may go to fulfil this condition, and find 
those Tates. 

26. A tower stood at the foot of an inclined plane whose inclination to the 
horizon was 0° ; a line was measured straight up the incline from the foot of 
the tower of 100 ft. in length, and at' the upper extremity of this line the 
tower subtended an angle of 64°. Find the height of the tower. 

27. The altitude of a certain rock is observed to be 47°, and after walking 
toward it 1000 ft. up a slope inclined at 32° to the horizon, the observer finds 
that this altitude is 77°. Find the vertical height of the rock above the first 
point of observation. 
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88. If, from a point at which the elevation of the observatory on Ben 
Nevis is 60°, a man walks 800 ft. on a level plane toward the mountain, imd 
then 800 ft. further up a slope of 30® to a point at which the elevation of the 
observatory is 75°, show that the height of Ben Nevis is approximately 
4478 ft., the man^s path being always supposed to lie in a yertical plane 
passing through the observatory. 

29. A man walks 40 ft. in going straight down the slope of the embank- 
ment of a railway which runs due east and west, and then walks 20 ft. along 
the foot of the embankment ; he finds that he is exactly N.E. of the point 
from which he started at the top of the bank. Show that the inclination of 
the bank to the horizon is 60®. 

80. A man in a ship at sea sailing north observes two rocks, A and B, to 
bear 25® east of his course ; he then sails in a direction northwest for 4 mi., 
and observes A to bear east and B northeast of his new position. Find the 
distance from A to B. 

81. To determine the distance of two forts, C, D, at the mouth of a harbom*, 
a boat is placed at A, with its bow toward a distant object E, and the angles 
CAD, DAE are observed and found to be 22® 17' and 48® 1' respectively. 
The boat is then rowed to JB, a distance of 1000 yd., directly toward E, and 
the angles CBD, DBE are observed to be 63® 15' and 76® 43' respectively. 
Find the distance CD. 

82. A fort stands on a horizontal plane ; the angle of depression meas- 
ured from the top of tiie fort to a point P on the plane is A°, and to a point B, 
a feet beyond P, is JB®. Derive the formulas for computing h, the height of 
the fort, and d, the distance from P to the bottom of the fort. 

88. A person standing on a level plain at the base of a hill wishes to find 
the height of a tower which is in full sight on the top of the hill. Describe 
in detail the necessary measurements and computations. -^ 

84. A surveyor wishes to find the distance and the height of a tower 
which is on the same level with him, but on the opposite side of an impass- 
able chasm ; illustrate the problem by a lettered figufe, and describe in de- 
tail the necessary measurements and computations. 

86. What measurements must be made by an observer on the shore to 
find the distance between two buoys ? Give formulas necessary for solving. 

86. Explain what measurements have to be made at two stations, A and 

B, in order to find the distance, CD, between two inaccessible objects (J, B, 

C, D being in one plane); and state clearly the steps of the calculation by 
which the distance is to be found therefrom. 

87. (a) From the law of sines deduce that 6 cos (7 + c cos B = a 
(6) Prove this geometrically, (c) Show that a cos JB — 6 cos A = . 
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88. In any triangle ABC, prove : (a) tan ^ = -A^IL^; 

a ^0 cos G 

(I,) a^ + b^-abcosC _ a . .^. 1 +co8 ( A - J?) cos C __ a^ + b^ 

asin-A+ftsin^ + csinC 2sin^* l+co8(^- G)cosJ5 a^ + c*' 

CHAPTER VIII. 

[In what follows, 8 denotes the area of a triangle, 8 its semi-perimeter, 
B, r, Ta, Tft, Tc, the radii of its circumscribing, inscribed, and escribed circles, 
respectively.] 

1. Prove that any side of a triangle is equal to the second side into the 
cosine of the angle opposite the third sine pltis the third side into the cosine 
of the angle opposite the second side. 

2. Derive expressions, in terms of the sides of a given triangle, for the 
radii of its circumscribing circle, and of the four circles which touch the sides. 

8. Derive expressions for the radii in Ex. 2, in terms of the sides and the 
area of the given triangle. 

4. Prove B = ?^ ,r = -^ra= . Write similar expressions for rj, r«. 

iS 8 8 — a 



5. Prove : (a) r« + n + re — r = 4 i? ; (6) y/r ^ra^n-rc^ 8. 

6. Prove: {a) i + i + i = i; (6) i?r=— -^f^-— ; 

Ta n Tc r 4 (a + 6 + c) 

(c) r = 4 i?sin :^ sin ^ sin ^. 
2 2 2 

A -D /y ABC* 

7. Prove Va cot — = n cot — = r© cot - = r cot — cot — cot — 

2 . 2 2 2 2 2 

ABC* 
= 4 B cos — cos — cos — . 
2 2 2 

a A A 

8. Prove B = — ^=-— , r = (8 — o) tan — , ra= « tan — . Write two other 

2sm-4 . 2 2 

similar formulas for B and r. Write similar formulas for riVc. 

a sm — sm - 
2 2 
0. (a) Prove r = j— • Write two similar formulas involving 

cos ~ 6, c. 

a cos— cos — 
2 2 
(6) Prove r« = ^ " Write similar formulas for rj, Ve. 

cos 4 
2 

10. Show that the length of the tangents to the inscribed circle from the 
angle ^ is « — a, from the angle JB is s — 6, from the angle C is s — c. 

11. Write and derive the formula for the area of a triangle : (a) in terms 
of the three sides ; (6) in terms of two sides and their included angle ; (c) in 
terms of one side and the two angles adjacent to it. 
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12. (a) Prove that 8=8(8-^ c) when C = 90°; (h) if x, y, be the lengths 
of the two diagonals of a parallelogram, and the angle between them, show 
that area = ixy sin 0. 

13. Find the areas of some of the triangles in Ex. 10, Chap. VII Find 
the radii of their circumscribing, inscribed, and escribed circles. 

14. (a) An isosceles triangle whose vertical angle is 78° contains 400 
square yards ; find the lengths of the sides. (6) Find two triangles each of 
which has sides 63 and 55 ft. long, and an area of 874 sq. ft. (c) The angles 
at the base of a triangle are 22° 30' and 112° 30' respectively ; show that the 
area of the triangle is equal to the square of half the base. 

15. (o) Show that the area of a regular polygon inscribed in a circle is a 
mean proportional between the areas of an inscribed and circumscribing 
polygon of half the number of sides. (6) The sides of a triangle are as 
2:3:4; show that the radii of the escribed circles are as J : } : 1. 

16. Two roads form an angle of 27° 10' 25". At what distance from their 
intersection must a fence at right angles to one of them be placed so as to 
enclose an acre of land ? 

17. If the altitude of an isosceles triangle is equal to its base, the radius 
of the circumscribing circle is { of the base. 

18. An equilateral triangle and a regular hexagon have the same perim- 
eter. Show that the areas of their inscribed circles are as 4 : 9. 

19. If the sides of a triangle are 51, 68, and 85 ft., show that the shortest 
side is divided by the point of contact of the inscribed circle into two seg- 
ments, one of which is double the other. 

CHAPTER IX. 

1. Explain how angles are measured (1) by sexagesimal measure, (2) by 
radian measure. Show how to connect the radian measure of an angle with 
its measure in degrees. Find the number of degrees in the angle called the 
radian. How many degrees are there in an arc whose length is equal to 
the diameter ? Show that the radian measure of an angle is the ratio of 
the lengths of two lines. What advantage is there in using radian measure? 

2. (a) Give the number of degrees in each of the following angles : J t, 

JTT, 27r, j^TT, WIT, |, -fTT, f IT, J TT, f TT, J IT, J IT, | IT, - ^, - J X, - ^ IT, 

(f )(*•), (2J)(''), (— J)(»'). (&) Give the supplements and complements of those 
angles in radian measure and in degree measure, (c) Give the radian 
measures of 30°, 80°, 49°, 41° 30' 15", 120°, - 210°, - 175°. Give the radian 
measures of their supplements and complements. 

8. (a) A central angle 1.26'' is subtended by a circular arc of 16 ft.; 
find the radius. (6) Find the number of radians and degrees in the central 
angle subtended by an arc 9 in. long, in a circle whose radius is 10 ft. 
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(«) Pind the radius of a circle in which an arc 15 in. long subtends at the 
centre an angle containing 71° 30' 3". 6. {d) If the radius be 8 in., find the 
central angle, in degrees and in radians, that is subtended by an arc 16 in. 
long, (e) An angle of 3«' is subtended by an arc of 6 in. ; find the length of 
the radius ; find also the number of radians, and of degrees, in an arc of 
1.6 in. (/) Find the number of radians and seconds in the angle subtended 
at the centre of a circle whose radius is 2 mi., by an arc 11 in. long. (^) Find 
the length of the arc which subtends a central angle of (1) 2 radians, the 
radius being 10 in. ; (2) 1.6 radians, radius 2 ft. ; (3) 4.3 radians, radius 21 
yd. ; (4) 1.25 radians, radius 8 in. 

4. The value of the division on the outer rim of a graduated circle is 5', 
and the distance between the two successive divisions is .1 of an inch. Find 
the radius of the circle. 

5. Show that the distance in miles between two places on the equator, 
which differ in longitude by 3° 9', assuming the earth's equatorial diameter to 
be 7925.0 mi., is 217.954 mi. 

6. (o) The difference of two angles is lO'', the radian measure of their 
sum is 2. Find the radian measure of each angle. (6) One angle of a tri- 
angle is IT degrees, another is ir grades. Show that the radian measure of the 

third angle is ir — rrrr- (c) If the number of degrees in an angle be equal 

to the nimiber of ^^es in the complement of the same angle, prove that the 

radian measure of the angle is -^» (d) The angles of a triangle are in the 

19 
ratios 1 :2.: 3. Express their magnitudes in each of the three systems of 
angular measurement, (c) One angle of a triangle is 45°, another is 1.5 
radians. Find the third, both in degrees and in radians. (/) Express in 
degrees and in radian measure the vertical angle of an isosceles triangle which 
is half of each of the angles at the base. 

7. Prove the following statements, in which a denotes the length of a 
side of a regular polygon ; P, the length of its perimeter ; w, the number of 
its sides ; r, the radius of the inscribed circle ; i?, the radius of the circum- 
scribing circle : 

a = 2^sin~ = 2rtan-; P= 2 n2?sin- = 2wrtan -; 2? + r = -cot-^; 
n n n n • 2 2n 

area of polygon = - i?2 sin — = nr^ tan - = ^ cot -. 
2 n n 4 n 



CHAPTER X. 

*. Define and illustrate the trigonometric functions. Show in tabular 
form the signs of these functions in each of the four quadrants. 

2. (o) Construct a table showing the values, with proper signs, of the 
tarigonometric functions of 0°, 30°, 46°, 00°, 120°, 180°, 226°, 270°, 316°, 300°. 
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(b) Compare the trigonometric functions of 90° — A, 90° + -4, 180° + i, 
180° -A, "A, with those of A, 

3. Show, from both the ratio and the line definitions of the trigonometric 
functions, that (1) the sine and cosine are never greater than unity, (2) the 
cosecant and secant are never less than unity, (3) the tangent and cotangent 
may have any values whatever from negative infinity to positive infinity, 
(4) the trigonometric functions change signs in passing through zero or 
infinity, and through no other values. 

4. Given tan^ = — ^, find the values of the other trigonometric func- 
tions of A, 

6. Find geometrically an expression for the cosine of the difference of two 
angles in terms of the trigonometric functions of those angles. 

6. Prove that : 

(a) sin^ B + sin2(^ - B) + 2 sin J5 sin (^A - BJ coaA = sia^A ; 

^j cosn^-cos(n + 2M = tan (n + 1)A. 
^ ^ sin (w + 2) A - sin n-4 ^ ^ ^ 

7. Give the ratio definitions of the trigonometric functions, sine, cosine, 
tangent, and secant. These functions have also been defined as straight 
lines. Give these definitions, and show from them that tan 90°, sec 90° would 
each be infinite. Show that the two systems are consistent 

8. (a) Trace the changes, in magnitude and sign, in the values of the 
trigonometric functions as the angle increases from 0° to 360°. (fi) Trace 
the changes of sign of sin ^ as ^ increases through 360°, and show that its 

B B 

equivalent 2 sin - cos - has always the same sign as sin 0. 
2 2 

9. Trace the changes, as A increases from 0° to 180°, in^'the sign and 
value of (a) cos (ir sin^), (6) sin^ + cos^, (c) sin -4 — cos A Draw the 
graphs of these functions. 

10. Show that the radian measure of an acute angle is intermediate in 
value between the sine and the tangent of the angle. 

11. (a) Show that the limit of ^^^ when is indefinitely diminished is 1, 

i.e. sin = 0, very nearly. (6) Show that the limit of wlien ^is indefi- 

nitely diminished is 1, i.e. tan = 0, very nearly. 

12. Find the area of a regular polygon of n sides inscribed in a circle, 
and show, by increasing the number of sides of the polygon without limit, 
how the expression for the area of the circle may be obtained. 

18. (a) Find the distance at which a building 60 ft. wide will subtend an 
angle of 3'. (&) A church spire 45 ft. high subtends an angle of 9' at the 
eye. Find its distance approximately, (c) Find approximately the distance 
of a tower 61 ft. high which subtends at the eye an angle of 6^^'. (d) How 
large a mark on a target 1000 yd. off will subtend an angle of 1" at the 
eye? 
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14. Show how the functions may be represented by Unes connected with 
a circle. 

16. Explain, with illustrations, how functions may be graphically repre- 
sented by means of a curve. Draw the graphs of the trigonometric functions. 

Note. — '*If a function of a variable has its magnitude unaltered when 
the sign of the variable is changed, that function is called an even Junction, 
"but if the function has the same numerical value as before, but with opposite* 
sign, then that function is called an odd function ; for instance, x^ is an even 
function of a, a^ is an odd function of x, but »=* + x^ ig neither even nor odd, 
since its numerical value changes when the sign of x is changed.^' 

16. Show that the cosine, secant, and versine of an angle are even func- 
tions, and the sine, tangent, cotangent, and cosecant are odd functions, and 
the coversine is neither even nor odd. (See Art. 78.) 



CHAPTER XI. 

N.B. The problems which are purely numerical are to be solved inde- 
pendently of tables. The results can be verified by means of the tables. 

1. (a) Deduce a general expression for all angles which have the same 
sine ; (6) for all which have the same cosine; (c) for all which have the same 
tangent, {d) What are the general expressions for all angles which have the 
same secant, cosecant, cotangent, respectively? 

2. Define inverse trigonometric functions; give illustrations. Define 
tan-ix, cos-^x. 

3. (a) Explain fully the equations 8in(sin-i J)= J, sin-i(sin e) = 0. (&) Con- 
struct sin-i (f ) , cos"i 0, tan-i oo, sec-i | sec ^ J . (c) Find tan (cos-i J) . 

[Carefully state the limitations under which the following equations are 
true.] 

4. Show that: (a) tan-ix+tan-iy=tan-i-^-±-^; (&) tan-ix-tan-iy= 

__ 1-xy 

tan-i ^ — ^ ; (c) sin-^x — sin-i y = cos- Vl — x^ — 2/2 4. x^^ + xy. 
l+xy 

6. (a) From sin 2A=2 sin A cos^, show that 2 sin-i x=sin-i(2 xVl— x2). 
(6) Show that for certain values of the angles, 2 cos~^x = cosr^(2x^ — 1); 

2 tan-i X = tan-i -?i^ ; 2 cot-i x = cosec-i 1±^. 
l-x-^' 2x 

6. Show that for certain values of the angles : (a) cos~^ x=sin-i-v/i^^ + 

cos-iJii^; (6) sin-iJ-i- = tan-iV- = -cos-i^^^. (c) tan-iOT + 
' 2 ^a + x ^a 2 a + x 

cot-im=^, or — . 
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7. Prove that for certain values: (l)8ec-i3=2oot-iV2; (2) sec^tan-i2)+ 

cosec2(cot-i3) = 15; (3) sin-i jH-sm-4=90°; (4) cos-i\/|-co8-i^^^= 

2VS 
-\ (6) 008-1^+2 tan-4=sin-it; (6) cos-4+2 8in-4=120°; (7) tan-4+ 

cot-iJ+ sin-i 1-^ = 0; (8) x^-^^!l±2^+x^n-^^}l^^J5L. 
10 >/3-v^ ^2 4 

8. Prove that: (l)sin-i -4-^4- 8in-i??*^-::i^ = ^; (2) tan-l(cotil)- 

w* 4- vr m^ + n* 2 

tan-i (tan ^) = nir + 1 - 2 ^ ; (8) tan-i t + tan-i -?^ = tan-i i^Jl?; 

(4) tan-i??*^+ Un-i— I— = nir + ^; (5) X;^-^!^^:! -^ XB^rr^^^^ ^ 
m 2m -1 4 ^^^3 ay/l 

^ ; (6) tan-i m + tan-i n = cos'^ 1 - wn 

3 V(l + m-^)(l + »^) 

9. Provethat: (l)tan-i-^ + tan-i-^— + tan-i\ = nir; (2) tan-Us 

1 4- a 1 — a or 

tan-i J 4- tan-i J = tan-i J 4- tan-i \ 4- tan-i J ; (3) tan-i J 4- tan-i j4.tan-4+ 
tan-i J = 46'' ; (4) cofi J = cot-i 3 4- cofi f ; (5) cofi 1-^^ - cofi ^—^ = 

sin-i — "~^ ; (6) 4 (cofi 4 4- cosec-iVS) = ir ; (7) a cos f sin-i ^\ = 

v^sTTftS; (8) sin-if^^-^^^ =:lcos-i^^; (9) 8incot-ia = 
\ 2 / 2 

tan cos-i-^^l^ ; (10) {tan (sin-i a) 4- cot (cos-i o)}2 = 2 a tan (2 tan-i a). 

10. Find all the angles (i.e. find the general values of the angles) which 
satisfy the following equations : (1) sec2 J. = J ; (2) 2 tan^ 6 = sec*^; 

(3)tan2^-sec^=l; (4) V3 tan2^4-l = (l4- V3)tan^; (6) cos^-sin^=J-; 

V2 
(6) 2 8inx4-2coseca;=6; (7) 2 8in22/=3 tany ; (8) cos J54-tan J5=secB; 
(9) 3cos2x4-2V3cosa = 6.26; (10) tan « - 2sin« = 0> (11) 4cot2« = 
cot2^-tan2^; (12) ^osec C 4- cot (7 = V3 ; (13) cot^ — tan^=2; 
(14) cosec a; = cot a 4- V3. 

11. Solve cos 2 a = sin x. 

fSoLUTioN : cos 2 a = cos f f — a; J ; or, sin f ^ — 2 x J = sin «. .«. ^ - as = 
2nir±2a;, or ^- 2a; = nir 4-(- l)"a.J 

12. Solve sin 5 ^ = sin 11 A 

fSoLUTiON; ll^ = n7r4-(-l)"6A /. ^ = 0, ^, |, ...."I 

18. Find the general solutions of : (1) sin^ 4- cos ^ = v^; (2) sin 4^ = 
sin^; (3) 2ccs2^-2sin^-l=0; (4) tan2^ 4. 3cot2^ = 4; (5) sin*«- 
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cos*a;=l; (6) 8in2 2x-8in2a;=.26; (7) tanJ5+cotB=2, co8y+cos2y+ 
cos 3 y = (Suggestion : cos y + cos 8 y = 2 cos y cos 2 y) ; (8) sin J x = 
cosec X — cot X ; (9) cos x + cos 7 x = cos 4x ; (10) cos ^ + cos J ^ = 
cosf-4; (11) cosec 2f = 2 sin « ; (12) 2 tan-i cos ^ = tan-i 2 cosec -4 ; 
(13) tan (A - 16°) = J tan (^ + 16°) ; (14) tan(46° + ^) = 1 + tan B. 

14. Find x in the following equations : (1) cos"i x + cos""^ (1 — x) = 

cos-i(-«); (2) tan-ix + tan-i2x = tan-i?-^; (3) tan-i («+!') + 

6 

tan-H«-l) = taii-i;^; (4) tan-i^il + tan-i2-Z-l = tan-i(- 7); 

31 X — 1 X 

(5) tan-i ?^ + tan-i ?JLzl = tan-i ?|. 
^ ^ x + 1 2x + 1 36 

16. A flagstaff a feet high is on a tower 3 a feet high ; prove that, if the 
observer's eye is on a level with the top of the staff, and the staff and tower 
subtend equal angles, the observer is at a distance 00/2 from the top of the 



16. In any triangle ABO, if tan ^ = |, and tan - = |5, find tan with- 

2 6 2 37 

out tables. Verify the result by means of the tables. Show that in such a 
triangle, a + c = 2 6. 

CHAPTER XII. 

1. Explain the advantages of measuring angles by the sexagesimal, cen' 
tesimal, and radian methods, respectively. 

2. Show that, if x be the radian measure of a positive angle less than -, 

then (a) cos x is less than 1 but greater than 1 — J x^ ; (6) sm x is less than x 
but greater than x — J x*. By means of (b) show how the sine of 10" may 
be calculated approximately. 

3. (a) Express in terms of functions of A, each of the following : sin 2 -4, 
cos 2 A (three different forms), tan 2 A. (6) Find cos 3 ^ in terms of cos A. 
(c) Find sin 3 ^ in terms of sin A. (d) Find tan 3 ^ in terms of tan A, and 
from the formula determine the numerical value of tan ^ if 3 -4 = 90°. 
(e) Investigate a formula for expressing the cosine of half an angle in terms 
of the sine of the whole angle ; and if the angle lies between 270° and 360°, 
show which signs of the roots must be taken. 

\J 4. Show that sin(u4 + ^-C) + sin(^+ O - B) + b\ii(B + O - A) ^ 
sin (^ + jB + (7) = 4 sin ^ sin J5 sin C. 

5. If A + B + 0= 180° (i.e. if A, B, O be the three angles of a tri- 
angle) , show that : (a) sin ^ + sin 5 + sin C = 4 cos J J. cos } B cos J C ; 

(6) tan^+tanJ5+tanC=tan.4tan^tan(7; (c) £284±£2ijB+£2i^= 
Ann sin^+sin^+sinC 

tan - tan - tan ^. 
2 2 2 
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6. If sin ^ = {, sin B = ^ j, and sin C = ^^, wheie ^, J9, C are positive 
angles and less than 90^ find sin (^ + J? + C). 

7. Assuming the equation cos 3 a; = 4 cos' x — 3 cos x, find sin 18^ 
[Solution : 54° + 36° = 90°. .•. cos 64° = sin 36° ; i,e, cos 3 . 18° = sin 2 . \^, 

Hence, 4 cos* 18° - 3 cos 18° = 2 sin 18° cos 18°. .•. 4 cos* 18° - 3 = 2 sin 18°. 
On putting 1 — sin^ 18° for cos'^ 18°, and solving for sin 18°, there is obtained 

the result, sin 18° = 2^%li.] 
4 

8. Assuming the result in Ex. 7, find the other trigonometric functionB 
of 18° and the functions of 72°. 

9. Assuming the result in Ex. 7, show that cos 36^ a= vo + 1 _ 81^540^ 

4 
Hence, deduce the other trigonometric fimctions of 36° and 64°. Also, 
deduce the trigonometric functions of 9° and 8rl°. (The results in Exs. 8, 9, 
can be verified by means of the tables.) 

10. Prove the formulas : 

sin (36° + ^)- sin (36° - ^4)- sin (72° + ^) + sin (72<> - A)^ sin^, 
cos (36° + u4) H- cos(36° - ^) - cos (72° + -4) - cos (72*^ - ^) = cos A, 
and explain their use. (See Art. 97.) 

11. (o) Show that sm^ 30° = sm 18° sin 64°. (6) Solve aj«cotl08° = 
128 sin 72° cos 18°, vdthout tables, (c) Find the trigonometric functions 
of 48°. 

[Hint : 48° = 30° + 18^] 

12. Two parallel chords of a circle lying on the same side of the centre of 
a circle subtend angles of 72° and 144° at the centre. Show that the dis- 
tance between the chords is equal to half the radius of the circle, (a) using 
tables, (6) not using tables. 

13. (o) Solve : (i.) cos ^ = ; (ii.) sin a; + cos a; = 1 ; 

(iii.) tan y + tan 4 y + tan 7 y = tan y tan 4 y tan 7 y, 
(b) If tan9tan39 = -..4,findtan9, tan39. 

14. (a) If in triangle ABC, A = SB, show that sfai B = i-ySl-^. 

A 2^6 

(6) Given cos A = .28, find tan — . Explain the reason of the ambiguity 

that presents itself in the result. (c) If sinu4 = -^-^, fhid tan—. 
r~ a^ -i-b^ 2 

(d) Given tan ^ a; = 2 — v3, find sin x, 

15. Prove the following : 

(i.) tan ^ — tan Ju4 = tan J^ sec A, 
(ii.) 1 + tan6 A = sec* A (sec2 ^ - 3 sin2 A). 

(iii.) sin J. + sin 3^ + sin 6 J. + sin 7^ = 16 sin -4 cos^ ^ cos* 2 ^ 
(iv.) cos 6 ^ = 16 (cos^ A - sin« A) - 15 cos 2 A. 
(y.) 8in3xH-sin6x = 8sinxcos2xcos2x. 
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(Ti.) 4cosfiA8inSA + 4iAD^AcoaSA = SBiniA. 
(vu.) co8 2(y»cos40°co8 80° = f 
(viii.) sinM + sinS (120° + ^) + sin* (240° + ^) = - } sin 3-4. 

(ix.) 1 + cos2 (u4 - B) C082 J9 = cosa-4 + cos^ (^A -2B). 

(x.) 2 cosec 4 ^ + 2 cot 4^ = cot ul — tan ul. 

16. Show that 

cos (36° + ^) cos (36*> - ^) + cos (54° + ^) cos (64'» - ^) = cos 2 -4 ; 
sin 3 u4 = 4 sin ^ sin (60° + ^) sin (60*» - ^) . 

17. Show that 

2 cos ^ = db VI + sin^ i VI - sin-4, 2 8fai^ = ± VI + sin^i T VI -sinA 
2 2 

fSuGGBSTioir : cos^ 4 + si^^* - = 1 ; 2 sin -cos- = sin a1 
L 2 2 ' 2 2 J 

18. Prove that the following equations are true for certain values of the 
angles : 

(L) 3sfai-iaj=:8in-i(3«-4a:8). 
(ii.) 3 c6s-ifl5 = cos-i (4a:* — 3aj). 
(iii.) tan-i« + tan-iy + tan-i« = tan-i m^ -^V ^ « - ^^ . 

(iv.) tan-i X + tan-i y + tan-i ^ " a; - y .- gy ^ t 

H-a; + y-a;y4 
(v.) Given tan a = }, tan /3 = J, tan 7 = J, find tan (a + ^ + 7). 
(vi.) tan-i J + tan-i } = J cog-i f . 

<*>-i=l<"-(=^)4--(^> 

(«!.). i.-.4+.i«-.i+.i.-.a.!. 

(ix.) sin-ij^ = 3sin-i}. 

(X.) tan-i 1 + tan-i | = j = sin-i— + oot-i 8, 

(xi.) sfai-i -5- + cos-i -i^ + sin-i 1 = i^ 
^ ^ V73 Vii6 2 12 

(xii) tan-if = Jtan-iJ^. 

19. The hypotenuse and shortest side of a right-angled triangle are 5 ft 
and 3 ft., respectively. Find the length of the perpendicular from the right 
angle upon the hypotenuse, and show that it is inclined at sin-^ ^ to the 
straight line drawn from the right angle to the middle point of the 
hypotenuse. 

20. If a triangle ABC is to be solved from given parts A, a, b, show that 
the solution is sometimes ambiguous ; and that in such a case the difference 

of the two values of C is 2 cos'i 5ii[L4. 

a 
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21. The tangent of an angle is 2.4. Find the cosecant of the angle, the 
cosecant of half the angle, and the cosecant of the supplement of double the 
angle. 

22. The angle of elevation of a tower at a distance of 20 yd. from its foot 
is three times as great as the angle of elevation 100 yd. from the same pointy 
show that the height of the tower is 300 : V7 ft. 

23. DE is a tower on a horizontal plane. ABCD is a straight line in 
the plane. The tower subtends an angle d 9,1 At % 6 at B^ and 3 ^ at O. If 
AB = 50 ft., and BC = 20 ft., find the height of the tower and the distance 
CD, 

24. A ship sailing at a uniform rate was observed to bear N. 30° 67' 30" E. 
After 20 minutes she bore N. 36° 32' 16" E., and after 10 minutes more, 
N. 37'' 62' 30" E. Find the direction m which she was sailing. 

lAns, S.44"38'E.] 
2b. A spectator observes the explosion of a meteor, due south of him, at 
an elevation of 28° 46'. To another spectator, 11 mi. S.S.W. of the former, 
it appears at the same instant to have an altitude of 42° 16' 30". Show that 
there are two possible heights above the earth's surface at which it may have 
exploded, and find these heights. \^An8, 4.33 mi. or 13.21 mi.] 



^ 



ANSWERS TO THE EXAMPLES 

IN 

MURRAY'S PLANE TRIGONOMETRY 

CHAPTER I. 

Art. 2. 1. log827 = 3, log4256 = 4, logiil21 = 2, log9729 = 3, log7343 = 3, 
logmP = b. 2. 28=8, 6* = 625, 10« = 1000, 2« = 64, w« = F. 8. 0, |, 2, Si, 4, 
5,6,-7,8. 4. 0, i; 2, 3, 4, 5. 6.0,1,2,3,4,5,6,-1,-2,-^,-^4,-5,-6. 
6. 1, *, 19, 6^4, 259, 10-J^ 7. 0, 1.; 1,2; 2,3;'3, 4; 3, 4 ; 0, - 1 ; -1,-2; 
-2, -3.". 

Art. 6. 6. (a) 1.400X, (6) .09441, (c) .06906, (d) .09856. 7. (a) 9.442, 
(b) 7.277, (c) 88r.344. 8. (a) 7.937, (&) 25.1, (c) 2.51, (d) .7937, (e) .251, 
(/) .07937. 9. (a) 68.945, (6) 8.308, (c)15.674. 10. 9.214, 2.691, .07051. 
11. .12927. 12. .6443. 13. (a) 3.236, (6) 2.64, (c) 1.56, ((Z)2.1038, (e) 2.88366, 
(/) 3.13481. 

CHAPTER II. 

Art. 8. 1. 8, 24, 42, 54, 720, 36 a, 12 6, c. 2. 6, 3.75, 25, 5^ ^\^ /j, a, 
f , ^. 3. 7920, 51, 9, 2, 8.5, 2.5, f, J, 3 a, 6, -^. 4. 30, 6, 2J, 12 a, 4 6, ;^. 

5. 440, 3^^-. 6. 3 : 1. 7. 6 in., i in., \ in., 10 ft. 8. 8 ; ratios are f, J, J,. J, 5, J, 
respectively in each triangle. The angles in each triangle are respectively 
equal to the angles in the other triangles. 9. 37 ; J^, f f, J§, f J, » J, }J ; the 
same. The angles in the first triangle are respectively equal to the angles in 
the second triangle. 10. |J, 2 J, 2^, f^, 2j, 29 . the same. Angles are 
respectively equal. 

Art. 9. 1. .002. 2. A and B, .006 ; C and ^, Jf ?. 3. Jl ft. 4. 26 JJJ sq. ft. 

6. .17. 6. 213.605 ft. 7. 17.32 yd. 8. 37.08 ft. 9. 28.284 ft. 10. 14.142. 
11. (a) .8660, .5, 1.7321, .5774, 2, .1155. (6) As in (a). Angles are respectively 
equal. 12. (a) .8321, .5547, 1.5, .6667, 1.803, 1.202. (h) As in (a). Angles 
equal. 13. (a) .4286, .904, .474, 2.108, 1.11, 2.3333. (b) As in (a). Angles 
equal. 

Art. 10. 1. .025, .05. .1, 1, .2, .5, 1.5, .75, 3, 4, 5.5 in. respectively. 
Scale 1 ; 120. 2. .4, .8, 1.4, 2.2, .733, .911 in. respectively. Scale 1 : 180. 

203 
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8. 18.75, 37.6, 75, 262.5, 375, 720, 795 ft. respectively. Scale 1 : 1800. 4. 30, 
70, 2.5, 6, 36 mi. respectively. 7, 1.8, 2.6 in. respectively. Scale 1 : 63360a 
5.1:1200; 1:263440; 1:1920; 1:8640; 1:63360; 1:633600; 1:6336000. 
7. 2.446 mi. 

Art. 11. 1. 36° 62', 63° 8' ; 18° 66'.6, 71° 4'.4 ; 46° 23'.6, 43° 36'.5 ; 30°, (J0°; 
33°41'.4,66°18'.6; 26°22'.7,64°37'.3. (In the foUov^ing answers A, jp, 6,* denote 
liypotenase, perpendicular, and base, respectively.) 2. 36°, h = 34.86, 

p = 28.66, \ = .674, \ = 1.743, ^ = .819, ^ = 1.22, £ = 1.428, ^ = .7. S. 66°, 

h J. . h ^ p ,0 ^ p . 

6=27.19,i) = 12.68, ^=.906, - = 2.37, ^ = .423, ^=1.1, ^ = .466, ^ = 2.14. 

4. 66° 19', 33°41' (nearly), A =64.08, ^=.67,^=1.5, -=1.8, ^=.666,^=1.2, 

p b b h p 

5 = .833. 6. 41° 26', 48° 36' (nearly), p = 39.7, - = .76, ^ = 1.33, ^ = .6tJ, 
h h b h 

^ = 1.61, ^ = .88, ^ = 1.13. 6. 60°, p = 69.6, h = 77.8, - = .643, ^ = 1.56, 
p b ' p ^ ' h ' b 

^ =.706, - = 1.31, ^ = 1.19, - = .839. 
h p b p 

I Art. 12. 1. See Art. 16. 8. See ansvrers to Ex. 8-10, Art. 8 ; Ex. 11-13, 

/ Art. 9 ; Ex. 2-6, Art. 11. 4. Sin P= .7, cob P= .71414^ tan P= .98, cot 

/ P = 1.0202, sec P = 1.403, cosec P = 1.4286 ; sin P = cos P, cos P = sin i?, 

I tan P= cot P, cot P = tan P, sec P = cosec P, cosec P = sec P. 5. (1) 1, 

\ (2) 1, (3) 1, (4) 1, (6) 1, (6) 1, (7) 0, (8) 0. 6. Same results as in Ex. 5. 

Art. 13. 3. .3035, .6873, .9732, .9932, .9502, .7916, .4764, .2978, .7722, 
5.4623, 1.0913, .3167, 9.7828, 9.9740, 9.9361, 9.6034, 0.7322, 9.9492. 4. 8° 49', 
38° 26'.7, 65'' 33', 67°28'.5, 30° 43', 52° 3', 32° 47'.5, 63° 0'.7, 23°1', 31° 22'.5, 
59° 16', 68° 8'.4, 38° 18'.4, 61° 4'.3, 22° 20'.6, 66° 0'.7, 33° 31'.6, 67° 3'.6. 

Art. 14. (In the following examples the ratios are given in the order on 
page 21.) 5. .8576, .6145, 1.6667, .6, 1.9437, 1.1662, 59°2'.2. 6. .4, .9165, 
.4.364, 2.2913, 1.0911, 2.5, 23° 35' ; .3162, .9487, .3333, 3, 1.0541, 3.1623, 18° 
25'.9. 7. 9035, .4286, 2.1082, .4743, 2.3333, 1.1068, 64° 37'. 3. 11. (1) a: 6, 
V&^ - q2 : &, q : y/W^^\ \/&2^^2 ,a,bi Vb^ - a^ b : a ; (2) V62 -g2;6 , 
a: 6, VP^^ra, a: VP^^, 6 : a, 6 : VP^^^ . (3) ^.. V^^2^ 6: ViS^TF^ 
a:b,b:a, y/a^ +b^:b, \/ a^ -{- b^ : a ; (4) b : y/a^ + 6^, a : Va^ + 6^, b:a, 
a : 6, Va^ZjTp : a, Vi^+b^ :b; (6) VoSl^P : a, b : a, V¥^^ : 6, 6 : y/ ¥^\ 
a:b, rt: Vo^^ft^; (6) 6 : a, Va^-b^ : a, b:\/¥^T^, Va^^^ : b, a : y/oT^^ 
a:b.' 12. 41° 24' 36". .18. 19° 28^ 16". 

Art. 15. 1. 2.28025. 2. 2.3333. 3. 5.846. 4. 2.0404. 6. 2.26. 
6. 4.619. 7. 5.9269. 8. .3248. 9. 2.75. 10. -.708. 

Art. 16. 1. 80°, 77° 30', 43°, 33° 32' 25". 2. 67°, 48°, 39°, 12°, 4°. 

Art. 17. ^=sin-ij, x=cos-i J, (7=tan-i4, ^=sec-i9, u4=cosec-i JJ. 
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Art. 18. 9. 





8in^ 


cos^ 


tau^ 


cot^ 


sec^ 


COBQCA 




8in^ 






1 


V'8e('.2^-1 

sec^ 


1 


8in^ 


^l-C08^A 


V^l+COt2^ 


co8ec-4 


C08^ 




1 


cot^ 


1 
8ee^ 






cos A 


v'(0sec2^-l 


v'l-sina^ 


v'l+tana^ 


^1+cot*-*^ 


cosec A 


tan^ 






tan^ 


1 

cot^ 




1 


siii^ 


V^l-C082^ 


^8ec2^-l 


^l-sm^A 


cos^ 


^cosec2^-l 


cot^ 




c^hA 


tan^ 


cot^ 


1 




^l-8in2^ 


^^008602^-1 


sin^ 


^1-C082^ 


v'8ec2^-l 


sec^ 


1 


1 
COS^ 






8ec^ 


cosec A 


v^l+cota^ 


^IH-tana^ 


v'l-sina^ 


cot 4 


^cosec2 A—1 


cosec^ 


1 


1 






sec^ 


co8ec A 


v'l+tana^ 


V^l+C0t2^ 


^1-C082^ 


tan^ 


^^8602^-1 



15. 90°, 36° 62' 12". 16. 46°. 17. 46°, 71° 

19. 30°, 48° 36' 26". 20. 36° 62' 12", 16° 16' 36' , 



34'. 



18. 63° 7' 48". 



CHAPTER III. 

Art. 27. b. A = 66° 14', B = 24° 46', b = 7.834. 6. 303.9, 39° 47'.6, 

50° 12'.4. 7. 68° 46' 48", a = 1621.6, h = 2608.6. 8. ^ = 21° 8', b = 94.43, 
c = 101.24. 9. ^ = 30° 12'.2, B = 69° 47'.8, c = 116.26. 10. ^ = 1° 21'.9, 
B = 88°38M, 6 = 46.96. 11. J5 = 41°43', a = 241.85, 6 = 216.6. 

12. 5=38°41', a=312.2, c=400. 13. J5=62°39' 30", a=1040.0, 6=1364.3. 
14. A = 52° 37'.1, B = 37° 22'.9, c = 2912.1. 16. B = 62° 14' 40", a = 1968.7, 
c = 4227.4. 16. A = 29° 24'.9, B = 60° 35'.1, 6 = 43.67. 17. A = 27° 20', 
6 = 77.4, c=87.1. 18. 6=7.4833, ^=33° 44'.6. 19. c=8.76, ^=30°67'.8. 
20. a=9.67, 6=11.64. 21. a=3.84, 6 = 11.37. 22. 6=8.9433, ^=41° 48'.6. 
28. a = 16.4,0 = 22.2. 24. c = 14.42, ^ = 33° 41 '.4. 



CHAPTER IV. 

Art. 28. 1. 24.96 ft., 12.71ft. 2. 68.78 in. 3. (a) 9.239 in. ; 

(6) 21.96 ft.; (c) 16.8 ft.; (d) 19.3 ft. 

Art. 29. 4. 398.2 ft. 5. 228.4,258 ft. 6. 63.88 ft. 7. 276.96 ft. 
8. 467.2 ft. 9. 3244 ft. 10. 86.6, 50. 11. 749.04 mi. 12. 219.46 ft. 

Art. 30. 1. 26.173, 32.346 mi. ; second ship bears E. 19°42'.l N. from 
first. 2. XJ5 = 14.197 mi. 
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Art. 31. 2. 2392.18 sq. ft. 8. 2392. 18 sq. ft. 4. 44361 sq. yd 

6. 22.5 sq. ft. 6. 435.7 sq. ft. 7. J ca sin B, J ah sin 0. 

Art. 32. 2. Base = 187.9 ft. ; height = 350.63 ft. ; area = 32943 sq. ft 
8. Base = 358.21 ft. ; height = 161.2ii ft. ; area = 28881 -sq. ft. 4. 68° 50', 
68° 50', 42°. 20', 83.9 ft., 2727.6 sq. ft. 6. 30.056 ft, 56° 18'.6, 56° 18'.6, 

67° 22'.8, 600 sq. ft. 6. 105.83 ft., 82° 49'.4, 48° 35'.3, 3174.9 sq. ft. 

7. 44.9, 44.9, 40.76 ft., 815.2 sq. ft. 8. 79.4, 79.4, 96.7 ft., 3045.4 sq. ft. 
Art. 33. 1. 14.54 ft., 16.13 ft, 48.45 sq. ft, 105.2 sq. ft 2. 16.52 ft., 

•J0.415 ft, 133.94 sq. ft, 318.4 sq. ft 8. 28.97 ft, 31.4 ft 4. 41.0, 12 ; 
33.94, 16.97 ; 28.2, 19.4 ; 24, 20.8 ; 20.8, 21.6 ; 18.37, 22.2. 6. 83.14, 48, 

34.87, 27.7, 23.1, 19.88. 

Art. 34. a.. 10.93, 106.5, 278.87. 

Art. 34. b. 2. 10.954 mi. 8. 96 ft 4. 14.454 mi. 6. 67.08 mi., 
dip = 57' 39". 6. 140.7 mi., dip = 2° 1' 53". 

Art. 34. c. 8. 12.47 chains, S. 85° 16' W. ; 2.868 acres. 4. 2.852 acres. 
5. 12 acres 3 roods 6.45 poles. 

CHAPTER V. 

Art. 36. 2. East 48 miles. 3. Zero. 4. South 102 miles. 

Art. 37. 1. 137°, 65°, 321°, 210°, 120°, 340°, 280°, 183°, 57°; second, 
first, fourth, tliird, second, fourth, fourth, third, first ; 137°, 497°, 857°, 1217''; 
6.-)°, 425°, 785°, 1145° ; .... 2. 120°, 23°, 113°, 250°, 330°, 30°, 277° ; sccoml, 
first, second, third, fourtli, first, fourth; 120°, 480°, 840°, 1200°; 23°, 38:]", 
743°, 1103^; .... 3. 220°, 10°, 220°, 220°. 

Art. 38. 8. 320°, -60°, 130°, -250°, 15°, 7°, 78°, 385°, 414°, -110°, 

- 150°, 200°, 257°. 4. 410°, 30°, 220°, - 160°, 105°, 97°, 168°, 475°, 504^^, 

- 20^ - 60°, 290°, .347°. 

Art. 41. (The ratios are in the order given in Art. 12.) 2. Same as 

ratios of 60° (see Art 15). 8. Ratios of 120° and 480° are — , - -, - V3, 

2 2 

- -^, - 2, -^ ; ratios of 240° and 600° are - :^, - 1, V3, J_, - 2, - -4; 

\/3 V3 2 2 V3 V3 

ratios of - 60°, 300°, and 660° are - ^, -, - VS, —, 2, — —\ ratios of 

2 '2' ' V3 >/8 

-720° are 0, 1, 0, oo, 1, oo. 4. Of 150° : \ -^, L, -VS, ^,2; 

2 2 V3 V§ 

of 410°: .6428, .7660, .8391, 1.1918, 1.3, 1.5; of 210°_and -1.60°: -i, 

-^, — , V3, — ^, -2 ; of 330° and -390° : -1, ^, - J-, - V3, A, 

2 V3 V3 2' 2 ' V3 V.3 

- 2. 6. Of 45° and 765° : — , -1^, 1, 1, V^, V2 ; of 135° and - 225° : -L, 

V2 \/2 . \/2 

-—, -1, -1, -V2, V2; of 225° and 585°: --^, -— , 1, 1, -V2, 
y/2 V2 V2 
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^Va ; of -406° and 1036° : ^, -^, - 1, - 1, V2, -V2. 6. Of - 764°: 

V2 V2 
-.5592, .8290, -.6746, -1.4820, 1.2, -1.8; of 487°: .7986, -.6018, 
-1.3270, -.7536, -1.6, 1.3; of -245°: .9063, -.4226, -2.1446, -.4663, 
— 2.4, 1.1. For 7, 8, 9, 10, see Art. 45. 

Art. 42. (Ratios are in the order in Art. 12. The upper signs are taken 
together, and the lower are taken together.) 3. ± J, T |, — i, — J, T }, 
_L*'> A_L>/6 2_,\/5_,2 3.3 K,V5 2^V6_2 

3.3 g .4 .3 4 3 5 6 3 4 3 4 ^5 

2-x/5 663434 55434 

6 -J , 4 3 _^4 .3 5 , 6 ^ . V7 3 _ V7 ^ 3 4 

'§• *• ^6' ? ^3' ^i' 3' ^4* ^ ^IT' "4' ^"3"' ^;^' "3' 

V7 2 2 V3 V3 7 7 V33 
V33 7 7 
4 ' "^ VS? 4* 

A^iiAo.v^ 2^v/6^2 3,3 «,5 ,7, 

3 3 2 V6_ 2 V5 VTi V74 

5 7 .V74 V7i^ ■ . Vl5 1 rr, iJ_, 4, i^_. 

5. _1, ±v^, t4=, T^^, ±^, -6. 6. -1 .^4V3, T-^, 
5' 6 V2i \/24 7-^7 4Va 

^. /Q _L 7 7 - . \/33 4 . V33 ^4 7^7 

4V3 7 7 4 . V33 4 V33 

8. ±—;=:» ^-T=' " ^' ""i' T vlO, ± -— — 9. ±-7=:, ±——y 

VlO _VIO 3 3 V2i) V29 

5 2 ^V2» V29 10 1 _V3 _ 1 _ /g _ 2 2 

2 5 2 5 - 2 2 V3 VS 

11 v^ Iv^l 2. i2^^2_V5_2 

""!' ^- ''• -|' "? I I -? -| ''• ''°''''°' -'''^^ "'''°' 
45°, 136°, 405°, 496°. 19. 60°, 240°, - 120°, - 300° ; 60°, 240°, 420°, 600°. 
20. 136°, 225°, - 136°, - 226° ; 135°, 225°, 495°, 585°. 21. 150°, 330°, 

- 30°, - 210° ; 160°, 330°, 510°, 690°. 

Art. 45. 1. For 945: -sin 45°, -cos 45°, tan 45°, cot 45°, -sec 45°, 

- cosec 46° ; for 420° : cos 30°, sin 30°, cot 30°, tan 30°, cosec 30°, sec 30° ; etc. 

CHAPTER VI. 

Art. 46. 8. cos (a; -\- y) = .7874, sin (« + y) = .6164. (Verify by tables.) 
Art. 47. 3. sin (x-y) = -.1582, cos (a-j/) =.9874. (Verify by tables.) 
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Art. 50. 7. cos6a5=:cos23a5-8in23x= 1 -2sin2 3x = 2cos23x-l, 
sin 6 a: = 2 sin 3 a; cos 3 x, 8. cos 3 oc = cos^ | x — sin^ | jc = 2 cos^ J x - 1 

= 1—2 sin2 f X, sin 3 X = 2 sin J X cos J x. 9. sin J x = 2 sin | x cos f 3C, 

cos } X = C082 f X — sin^ J x = 1 — 2 sin^ f x = 2 cos^ f x — 1. 10. cosOx 

^^ I + cosl2x ^ gi^ex=^L=lC2il2i. 11. co8 3x=-y/i±i^, 

sin3x-^ ^~^^^^^ . 12. sinf x=i\/2(l-cosix), cos}x=iV2(l + cosJx> 

Art. 52. 28. a. .9501, - .2047, .3122, .9788, .8660, .9938, .6, .1111, 1.7321, 
8.9446, 3.0433, - .2090. b. .2047, - .9601, - .9788, - .3122, .8660, - .9938, 
.6, .1111, 1.7321, - 8.9446, - .2090, 3.0433. c. - .2047, .9501, - .9788, 

-.3122, -.8660, .9938, .5, .1111, -1.7321, 8.9446, .2090, -3.0433. 
d. - .9501, .2047, .3122, .9788, - .8660, - .9938, .5, .1111, - 1.7321, - 8.9446, 
-3.0433, .2090. 29. a. .6006, - .2392, .7995, .9710, .3919, .7745, .9210, 

.6326, .4260, 1.2242, .7513, - .2462. b. .2392, - .6006, - .9710, - .7995, 
.3919, - .7745, .9210, .6326, .4260, - 1.2242, - .2462, .7513. c. - .2392, 
.6006, - .9710, - .7995, - .3919, .7745, .9210, .6326, - .4260, 1.2242, .2462, 

- .7513. d. - .6006, .2392, .7996, .9710, - .3919, - .7746, .9210, .6326, 

- .4260, - 1.2242, - .7513, .2462. 80. - .9806, .0862, - .1963, - .9963, .9600, 
.9938, .2800, .1111, 3.4287, 8.9446, 4.9955, -.0866; -.0862, .9806, .9963, 
.1963, .9600, - .9938, .2800, .1111, 3.4287, - 8.9446, - .0866, 4.9955 ; .0862, 

- .9805, .9963, .1963, - .9600, .9938, .2800, .1111, - 3.4287, 8.9446, .0865, 

- 4.9955 ; .9805, - .0862, - .1963, - .9963, - .9600, - .9938, .2800, .1111, 

- 3.4287, - 8.9446, - 4.9955, .0865. 

CHAPTER VII. 

Art. 55. 2. 6 = 70.8, a = 56.1. 3. 7.98 ft. 4. 6 = 186, c = 192. 
6. 6 = 8.237, c = 5.464. 

Art. 56. 2. J5 = 36^ 18'.4 or 143° 41'.6, c = 52.71 or 6.98. 3. Triangle 
impossible. 4. ^ = 46° 28', C = 68° 32', c = 30.8 in. 6. ^ = 48° 10', 

C = 108° 26', c = 19.1 ft. ; or ^ = 131° 50', C = 24° 45', c = 8.4 ft. 

Art. 57. 2. ^ = 77° 12'.9, B = 43°30'.l, c = 29.97. 8, ui = 80°46'.4, 
C = 63° 48'.6, h = 19.4. 4. 2? = 33° 3'.3, S = 100° 56'.7, t = 39.6 ft. 

5. P=29°41'.2, Q = 52°24'.4, r = 20 in. 

Art. 58. 2. P = 19° 12', Q = 61° 13', R = 99° 35'. 3. 48° 11'.4, 68^ 24'.7, 
73° 23'.9. 4. 28° 22', 49° 43', 101° 56', nearly. 5. 93° 41', 67° 23', 18° 56'. 

Art. 60. 2, C= m"" 47', b = 698.3, c = 845. 8. 600, 421.5. 4. Triangle 

impossible, b. A = 42° 53' 34", C = 77° 5' 54", c = 394.53. 6. C = 64°24', 

B = 78° 10', b = 749.1. t. B = 40° 52' 10", C = 111° 53' 25", c = 1767.3; 
or ^ = 133° 7' 50", C = 25° 37' 46", c = 823.8. 
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Art. 61. 8. 5 = 64«> 0' 3", A = 42° 60' 67", c = 374. 8. P = 132° 18' 27", 
Q = 14° 34' 24", r = 67.76. 4. ^ = 100° 16'. 6, B = 46° 4'. 5, c = 440.6. 

5. A = 88° 2'.6, B = 23° 43', c = 8.430. 

Art. 62. 2. 63° 7'.8, 60° 20'.4, 67° 22'.8. 8. ^ = 20° 17' 16", 

B=31° 65' 31". 4. 44° 48' 15", 62° 66' 56", 82° 16' 40". 6. 12=25° 12' 32", 
.9 = 48° 11' 22". 

Art. 63. 8.444.72 yd. 4.1112.8 yd. 6. 480.20 yd. ; 505.3 yd. 

6. 170.28ft. 7. 87.88ft. 8. 104.08ft. 9. 470.3yd. 10. Height =110. 6 ft., 
u4C= 163.1 ft; -BC= 671 ft. 11. 460.6 fU 

CHAPTER VIII. 

Art. 65. 6 = a cos C + c cos ^, c = a cos B + 6 cos ^. . 

Art. 66. 1. 74073; 44760.2; 781.6; 140601; 15.4. 2. 278.0; 33600: 

324.0; 237023, 1112810 (with seven-place tables). 8. 264724; 30824. 

Art. 67. 1. 110888q.ft.; 46°13'.8, 133°46'.2; 111.3, 140.1ft. 2. 65652; 
126° 38'.3, 53° 21'.7 ; 186.6, 438.7. 8. 72° 35'.6, 107° 24'.4 ; 161.3, 262.7. 

4. 73° 30'.7, 106° 20'.3; area = 587637.5 sq. metres (approximately). 

CHAPTER IX. 

Art. 73. 2. (a) }ir, Jt, }ir, Jt, fir, V^, fir, fir, -^ir, ^\ir, ^^t, 
-ii^r, -Sir; (6)..786, 1.048, 2.367, 3.666, 5.238, 6.762, 4.714, 3.020, -1.300, 
1.1, .471, -.576, -2.62. 4, 0Q°, 60°, 45°, 30°, 36°, 120°, 157° 30', 1800°, 

720°, 640°, 1080°, 450°, 300°; 0, I, ^, ^, :^ir, - J, -§^, -1^, ^K, 

' 4 o lU DO 2 2 

5 11 o 7.ir236411 ^ „ 

T, T, — 55T, — -T; — , -IT, -TTy -IT. -IT, -IT, -IT, — IT, —3 IT, 

2 ' 2. 6 ' 2' 3 4 6 5 3 8 

-2 IT, -6ir,^ -fir', -|t^ 6, -135°, -000°, -240°, -165°, -4600°. 

7. 28° 38' 62".4, 220° 10' 60".2, 171° 53' 14".4, 10° 6' 64".0, 11° 27' 32".06, 
286° 28' 44".l, 572° 67' 28".l, 6° 43' 46".6. 9. Sine, cosine, tangent, cotan- 
gent, secant, cosecant, respectively are: -: -, — , -i^, Vs, — , 2; -: 

6 2 2 V3 VS 4 

i, 4=1 1. li V2, V2; t: 0, -1, 0, -ao, -1, ao; -|^: ^, 1, v^, 
\/'2 y/2 3 2 2 

1 2 
, 2, — ^. 10. a. 3.76; b. -i; c. 1.6. 11. The interior angles of the 

y/S V3 

polygons are respectively: fir, Jt, fir, }ir, ^t, {t, jfir; | ir, J ir, ^ ir, J ir, 

iir, J^, A*-; 1.0. 2.1, 2.2, 2.4, 2.6, 2.Q, 2.7; 1.3, 1, .05, .0, .8, .6, .5, .4. 

12. (1) ^, 163°42'8".3; (2) H, 4°6'33".2; (3) -i^, 26"; (4) -^, 
7 » V -/ ^^' » V y 7020 160 

10 47'26".8; (5) -il-, 1'57".2; (6) ?^, 3026.2°. 18. 10, 5, 2.6, f, 

1760 6 

1.26, I, j, i, 20, 30, 25, 26J in. 14. 673.1, 286.6, 101, 36.8, 20.5, 4.8, 
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1146.2, 1719.2, 3438.6, 206186.6, 103092.8, 46829 in. 16. 10, 40, 70, 80, 
120, 6, 3.76, 1.26 in. 16. .349, 4.363, 8.662, 23.662, 43.633, .0873, .1309, 
.00146, .00242 in. 17. 60, 26, 12.6, 8^, OJ, 4J, 3J, 21, 100, 160, 125, 

^•^Jsq. in. 

CHAPTER X. 

Art. 83. 4. 238890 mi. (approximately), 347.6. 5. About 67' 2" ; about 
1 : 13.6. 6. About 93767000 mu 7. 206266 times the distance of the earth 
from the sun; 3.26 yr. 8. 9 ft. 2.6 in. 9. 76 ft. 9.6 in. 10. 4' 35". 
11. 16.t08 yd. 12. 13' 1".3. 

CHAPTER XI. 

Art. 85. 8. nir + (~ 1)-|; 60°, 120°, 420°, 480°r 4. nir + (- l)"+i^; 

210°, 330°, 670°, 690°. 6. n • 180° + (~ 1)- 72° 30' ; 72° 30', 107° 30', 

432° 30', 467° 30'. 6. n • 180° + (- 1)* 23° 26' ; 23° 26', 166° 36', 383° 26', 
416° 36'. 7. n . 180° + ( - 1)" 216° 20', or » . 180° + (- l)*+i 30° 20' ; 

216° 20', 324° 40', 676° 20', 684° 40'. 

Art.86. 2. 2nir±-, n.360°±30°; 30°, 330°, 390°, 690°. 8. n.360° 

± 7° 40' ; 7° 40', 362° 20', 367° 40', 712° 20'. 4. n . 360° ± 62° 10' ; 62° 10', 
297° 60', 422° 10', 657° 60'. 6. n • 360° ± 136° 36' ; 136° 36', 223° 25', 

496° 35', 583° 26'. 6. n • 360° ± 113° 40' ; 113° 40', 246° 20', 473° 40', 606° 20'. 

Art. 87. 2. nir 4- 1, i.e. n • 180° + 60° ; 60°, 240°, 420°, 600°. 8. n • 180° 

+20° 10'; 20° 10', 200° 10', 380° 10', 660° 10'. 4. n • 180°4-66°30'; 66° 30', 
246° 30', 426° 30', 606° 30'. 6. n • 180° + 36° 40' ; 36° 40', 216° 40', 396° 40', 
675° 40'. 6. n . 180° + 138° ; 138°, 318°, 498°, 678°. 7. n • 180° + 110° 40'; 
110° 40', 290° 40', 470° 40', 660° 40'. 8. 2 nir + a, n.360° + A 

Art. 89. 2. tan-i(-.6), i.e. n -180°+ 163°26'; n • 180°+ 10°18'.3. 
8. nir + 1. 4. n . 180° + 46°. 6. tan-i(-.26), i.e. n • 180° + 166° 57'.8. 

6. tan-i(-2.4), i.e. n . 180° + 112° 37'.2 ; tan-i(~.76), i.e. n- 180°+ 143° 
7'.8; tan-i .67273, i.e. n .180° + 33° 66'. 8. 9. (2V2 + V3) -j-6. 
11. (o) .9730; .2666, -.1066, .4669, .8649 ; (6) ±.9730, ±.1212; ±.2666; 
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PREFACE. 



This book contains little more than what is required for 
the solution of spherical triangles and related simple practical 
problems. The articles on spherical geometry are necessary for 
those who have not already studied that subject; for others, 
they provide a useful review. More than usual attention has 
been given to the mieasurement of solid angles. The explana- 
tions in connection with the astronomical problems are somewhat 
fuller than is customary in elementary text-books on spherical 
trigonometry. 

I am indebted to Mr. W. B. Fite, Ph.B., Fellow in Mathe- 
matics at Cornell University, for his kind assistance in reading 
the proof-sheets; and to Mr. A. T. Bruegel, M.M.E., of the 
Pratt Institute, Brooklyn, N.Y., for the pleasing character of 
the diagrams. 

D. A. MURRAY. 

COBNBLL UnIYBBSITY, 

May, 1900. 
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SPHERICAL* TRIGONOMETRY. 



CHAPTER I. 



REVIEVr OF SOLID AND SPHERICAL GEOMETRY. 

On beginning the study of spherical trigonometry it is advisable 
to recall to mind or learn some of the definitions and propositions 
of solid geometry. A clear and vivid conception of the principal 
properties of the sphere is especially necessary. The definitions 
and theorems which will be used frequently in the following pages, 
are quoted in this chapter.* 

Planes and Lines in Space. Biedral Angles. Solid Angles. 

1. a. Two planes which are not parallel intersect in a straight 
line. (Euc. XL 3.) 

6, The angle which one of two planes makes with the other 
is called a diedral angle. Thus^ in Fig. 1^ the two planes BD and 
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« As far as possible, references are made to the text of Euclid ; since, of 
the numerous geometrical text-books in English-speaking countries, his work 
is the one which is most largely used. Those who use a text-book other than 
Euclid's can substitute the appropriate references. 

1 
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AE intersect in the straight line ABy and form the diedral angle 
FABa 

c. The planes AE and AC are called the /aces, and the line 
AB is called tlie edge, of the diedral angle. The faces are unlim- 
ited in extent. Tlie magnitude of the diedral angle depends, not 
upon the extent of its faces, but only upon their relative position. 
(Just as the magnitude of a plane angle depends, not upon the 
lengths of its boundary lines, but upon their relative position.) 

d. If PE be drawn perpendicular to AB in the plane AE, and 
PS be drawn perpendicular to AB in the plane AC, the angle 
EPS is called the plane angle of the diedral angle. 

c. If a plane is drawn perpendicular to the edge of a diedral 
angle, the intersections of this plane with the faces of the diedral 
angle form the plane angle of the diedral angle. (See Euc. XI. 4.) 
Thus, if the plane Jf be passed * through p perpendicular to AB, 
the intersections, pr, ps, of the plane M and the planes AE, AC, 
form the angle rjys which is the plane angle of FABC. 

/. All plane angles of tlie same diedral angle are equal. (See 
Euc. XI. 10.) Hence, the plane angle can be taken as the measure 
of the diedral angle. 

2. a. If a straight line be at right angles to a plane, every 
plane which passes through the line is at right angles to that 
plane. (Euc. XI. 18.) 

6. If two planes which cut one another be each of them per- 
pendicular to a third plane, their common section is perpendicular 
to the same plane. (Euc. XI. 19.) 

3. a. When three or more planes meet in a common point, 
they are said to form a solid angle, or a pdyedral angle, at that 
point. 

The point in which the planes meet is called the vertex of 
the solid angle; the intersections of the planes are called its 
edges; the portions of the planes between the edges are called 
its foxes; the plane angles formed by the edges are called its 
fctce angles; and the diedral angles formed at the edges by the 
planes are called the diedral angles (or the edge omglea) of the 
solid angle. 
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Thus, in Fig. 2, for the solid angle formed at S : the vertex is 
aS; SB, SC, SD, SE, are the edges ; BSE, ESD, etc., are the 
faces; the face angles are the angles J5aS'^, ESD, DSC, CSB-, 
the diedral (or edge) angles are BESD, EDSC, etc. 
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h. A solid angle with three faces is called a triedral angle. 
Thus, the solid angle at (Fig. 3) is a triedral angle. 

(The measurement of solid angles is discussed in Art. 61. The 
magnitude of the solid angle in nowise depends upon the lengths 
of its edges.) 

4. a. The sum of any two face angles of a triedral angle is 
greater than the third. (See Euc. XI. 20.) 

h. The sum of the face angles of any solid angle is less than 
four right angles (Euc. XI. 21). (This is true, in general, only 
when the polygon, say BEDC (Fig. 2), formed by the intersec- 
tions of the faces with a cutting plane 3/, does not have a re- 
entrant angle; in other words, when the polygon BEDC is 
convex. 

Geometry of the Sphere. 

For the benefit of those who have not studied the geometry of 
the sphere, proofs of a few of its propositions are either out- 
lined, or given in detail. Some proi)ositions can bo proved very 
easily ; hence, only their enunciations are given. Other proper- 
ties of the sphere will be proved when they are required. (See 
Arts. 53, 64, 67, Q>2, 66.) The use of a globe on which figures can 
be drawn, will be of great assistance to the student. If such a 
globe is not at hand, a terrestrial or celestial globe can afford 
some service. 



4 SPHETtlCAL TRIGONOMETRY. [Ch.L 

5. The sphere and its plane sections. 

a. Definitions. A spherical surface is a surface all points of 
wliicli are equidistant from a point called the centre. A sphere is 
a solid bounded by a spherical surface. The surface of a sphere 
can be generated by the revolution of a semicircle about its 
diameter. A radius of a sphere is a straight line joining the 
centre to any point on the surface. According to the definition 
of a sphere, all the radii of a sphere are equal. A diameter of 
a sphere is a straight line passing through the centre and 
terminated at both ends by the surface. A plane section of a 
sphere is a figure whose boundary is the intersection of a plane 
and the surface of the sphere. 

5. Proposition. The boundary of every plane section of a sphere 
is a circle. 

Let the sphere whose centre is at be cut by a plane in the 
section ABD ; then ABD is a circle. Through O draw OC per- 
pendicular to the plane ABD. Let A and B be any two points 
N in the boundary of the section ABD. Draw 

y^^^^^^\\ ^^j ^^y ^^f ^^^ ^^' I^ ^^ *wo triangles 
y^ £J^j"4g^^^2 ^^ OCA and OCB, the angles at O are equal 
[ ^^x]x^^^ ) (both being right angles), the side OO is com- 
l 1^ J mon, and the side OA is equal to the side OBj 

\ i / since both are radii of the sphere. Hence the 

\^.,__1_,.^^ triangles are equal in every respect, and CA 
S is equal to CB. But A and B are any two 

Fia. 4 points on the boundary of the section ; hence 

all points on the boundary are equidistant from G, Therefore 
ABD is a circle whose centre is at (7, the foot of the perpen- 
dicular let fall from the centre O to the cutting plane ABD. 

6. Great and small circles on a sphere. 

a. Definitions. The section in which a sphere is cut by a plane . 

is called a Great Circle when the plane passes through the centre • 
of the sphere ; the section is called a SmaU Circle when the cut- 
ting plane does not pass through the centre of the sphere. Thus, 
on a terrestrial globe the meridians and- equator are great circles; 
the parallels of latitude are small circles. The Axis of a dideof 
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a sphere is the diameter of the sphere perpendicular to the plane 
of the circle ; the extremities of the axis are called the Poles of 
the circle and any of its arcs. Thus, in Fig. 4, Art. 5, N and S 
are the poles of the circle ABD and of the arcs AB and BD, It 
is obvious that all circles made by the intersections of parallel 
planes with a sphere have the same axis and poles. For instance, 
all parallels of latitude have the same axis and poles, namely, 
the polar axis of the earth and the North and South Poles. 

h* Propositions relating to ^reat circles. 

Every great circle -bisects the surface of the sphere ; e.g. the 
equator bisects the surface of a terrestrial globe. 

Any two great circles bisect each other; e.g. the meridians 
bisect one another at the poles. All great circles of a sphere are 
equal ; since their radii are radii of the sphere. 

A great circle can be passed through any two points on a 
sphere ; since a plane can be made to pass through these two 
points and the centre of the sphere, and this plane intersects the 
surface of a sphere in a great circle. In general, only one great 
circle can be drawn through two points on a sphere, since these 
points and the centre determine a plane ; but, when the two given 
points are at the ends of a diameter an infinite number of great 
circles can be drawn through them; e.g. the meridians passing 
through the North and South Poles. 

c. BeflnitioBS. By distance between two points on a sphere is 
meant the shorter arc of the great circle passing through them. 
It is shown in Art. 20 that this arc is the shortest line that can be 
drawn on the surface of the sphere from the one point to the 
other. For example, the arc NA in Fig. 4 measures the distance 
between the points JV and A. [Ex. Distance between N and S ?] 

Note. The theoiem in Art. 20 can be shown mechanically by taking two 
points on a parallel of latitude on a globe and letting a string be stretched 
taut from one point to the other. The string will not lie on the parallel, but 
will evidently be in a plane which passes through the centre of the sphere. If 
tlie two points be on a meridian, the stretched string will lie on the meridian. 

By angpnlar distance between two points on a sphere is meant 
the angle subtended at the centre of the sphere by the arc joining 
the given points. Thus in Fig. 4 the angle NOA is the angular 
distajice of A from N. - 
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d. Propositions and definitions relating to small and great circles. 

In Fig. 4 all the arcs of great circles, as NA, NB, NDj drawn 
from points on the circle ABD to the pole N, are equal. Thus 
the arcs of meridians on a terrestrial globe drawn from a parallel 
of latitude to the North Pole are equal. The chords NA, NB, 
ND, are all equal; the angles AON, hON, DON, are likewise 
equal. It thus appears that all points in the circumference of a 
circle on a sphere are equally distant from a pole of the circle, 
whether the distance be measured by the arc of a great circle 
joining one of the points and the pole, or by the straight hne 
joining the point and the pole, or by the angle which such an arc 
or chord subtends at the centre of the sphere. 

Definitions. The last mentioned angle is called the angular 
radius of tlie circle. The angular radius of a great circle is evi- 
dently a right angle. The polar distance of a circle on a sphere 
is its distance from its pole, the distance being measured along 
an arc of a great circle passing through the pole. Thus the north 
polar distance of a parallel of latitude is its distance from the 
North Pole measured along a meridian. The term quadrant^ 
when used in connection with a sphere, usually means an arc 
equal in length to one-foui'th of a great circle. The polar dis- 
tance of each point on a great circle is evidently a quadrant; 
e.g, a point on the equator is at a quadrant's distance from the 
North or South Pole. Points on a great circle are equidistant 
from both its poles. The polar distance of a ciicle may be called 
the radius of the circle. 

7. To draw circles upon the surface of a sphere about a given point 
as pole. 

(a) With a pair of compasses. Open the compasses until the dis- 
tance between the points of the compasses is equal to the chord 
of the polar distance (or, what is the same thing, the chord sub- 
tended by the angular radius) of the required circle. Then, one 
point being placed and kept fixed at the pole, the other can describe 
the circle. 

(h) With a string. Take a string equal in length to the polar 
distance of the required circle. If the string be kept stijetched 
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taut, and one end be fixed at the pole wliile the other end moves 
on the sphere, the required circle will be described. 

In order to describe a great circle the polar distance must be 
ta':en equal to a quadrant of the sphere. 

8. Proposition. If a point on the surface of a sphere lies at a 
quadranfs distance from each of two points, it is the pole of tlie great 
circle parsing through these points. 

If the point P be at a quadrant's distance 
from each of the points A and B, then P is the 
pole of the great circle passing through ^-l and 
B. Let O be the centre of the sphere, and draw 
OA, OB, OP. Since PA and PB are quad- 
rants, the angles POA and POB are right 
angles. Hence PO is perpendicular to the 
plane AOB (Euc. XI. 4) ; therefore P is the 
pole of the great circle ABL. 

9. Problem. Tlirough two given points to draw an arc of a great 
circle. About each point as a pole draw a great circle (Art. 7). 
The two points of intersection of the great circles thus drawn are 
each at a quadrant's distance from the two given points; and 
hence, by Art. 8, are the poles of the great circle through the two 
given points. Accordingly, the required arc will be obtained by 
describing a great circle about either of these poles. 

Note. If the two given points are diametrically opposite, an infinite num- 
ber of great circles can be drawn tbrougli them. (Art. 6. &.) 

10. Lilies and planes which are tangent to a sphere. 

a. DeflnitioiiB. A straight line or a plane is said to be tangent 
to a sphere when it has but one point in common with the surface 
of the sphere. The common point is called the point of contact or 
point oftangeM^. 




FiQ. 



8 



SPHERICAL TRIGONOMETRY. 



[Ch.1 



5. Propositions. (See Fig. 6.) 

A plane or a line perpendicular to a radius at its extremity is 
tangent to the sphere. [Suggestion for proof : The perpendicular 
is the shortest line that can be drawn from a point to a plane.] 

A tangent to an arc of a great circle at any point of the arc is 
perpendicular to the radius (of the sphere) drawn to the point. 

11. On spherical angles. 

a. Definitions. The angle made by any two curves meeting in 
a common point is the angle formed by the two tangents to the 

curves at that point. Thus in Fig. 7, 
the angle made by the curves Ci and Q 
at the point P, is the angle TiPTj be- 
tween the tangents to Ci and (7, at P. 
(This definition applies to all curves, 
whether they are in the same plane or 
not.) 

A spherical angle is the angle formed 
by two intersecting arcs of great circles 
on the surface of a sphere. Thus the angle formed by the 
arcs CA and CB (Fig. 8) is a spherical angle. This angle is 
the angle BCD between the tangents CE and CD, But ECD is 
the plane angle of the diedral angle between the planes CO A and 
COB which are the planes of the arcs CA and CB, Thus tht 
spherical angle is equal to the diedral angle of the planes of the arcs 
forming the angle. 
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5. Propositions. (1) If two arcs of great circles intersect, the 
opposite vertical angles thus formed are equal. Thus in Fig. 49, 
Art. 57, the angles BAC and B^AC^ are equal. 
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(2) If one arc of a great circle meets another arc of a great 
circle, the sum of the adjacent spherical angles is equal to two 
right angles. Thus in Fig. 49, CAB + CAB^ = 2 right angles. 

NoTB. It is shown in plane geometry that angles at the centre of a 
circle are proportional to their intercepted arcs ; hence, the angles can be 
measured by the arcs. Accordingly, if each right angle at the centre of a 
circle (Fig. 9} be divided into 90 equal parts called degrees, and the circle be 
divided into 360 equal parts, also called degrees, then the number of degrees 
(of angle) in any angle -4 OP is equal to the number of degrees (of arc) in AB^ 
the arc subtended by AOB. [When it is necessary to distinguish between 
degrees of angle and degrees of arc, the former may be called angular 
degrees; and the latter arcual degrees."] 

€• Proposition. A spherical angle is measured by the arc of a 
great circle described vnth its vertex as a pole and included between 
its boundary arcs, produced if necessary : 

Let ABO and AB'C be two intersecting arcs of great circles 
on the sphere S whose centre is at O. Pass the plane BOB^ 
through perpendicular to AC, and let this 
plane intersect the planes ABC and AB'C ^^-^^ 

in the radii OB and OB', and intersect the /^ \ 

sphere in the great circle B'BL. From the / _^ 

construction, A is the pole of the great ir'' oj-- 
circle B'BL. By Art. 1. e. BOB' is the \""""~~|^ 
plane angle of the diedral angle BACB', \ ; 
and, accordingly (Art. 11. a), is equal to the ^""7^ 

spherical angle BAB'. Now, by the pre- f q lo 

ceding note, the number of degrees in the 

arc BB' is equal to the number of degrees in the angle BOBf. 
Hence, the number of degrees in the arc BB^ is equal to the num- 
ber of degrees in the angle BAB', In other words, the spherical 
angle BAB' is measured by the arc BB' of which A is the pole. 

This can be illustrated on a terrestrial globe. For instance, the angle at 
the North Pole between the meridians of Paris and New York is 70° 2' 25.6" ; 
and this is the number of degrees of arc intercepted by these meridians on 
the equator. 

d. The great circles drawn through any point on a sphere are 
perpendicular to the great circle of which the point is the pole. 
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For instance, the meridians of longitude cross the equator at 
right angles. 

c. Tlie distance of any point on the surface of a sphere, from a 
circle traced thereon, is measured by the shorter arc of a great 
circle passing through the point and perpendicular to the given 
circle; that is, by the shorter arc of the great circle passing 
through the given point and the pole of the given circle. For 
example, on a globe the latitude of any place (i.e. its distance in 
degrees from the equator) is measured by the arc of the meridian 
intercepted between the place and the equator. 

N.B. When an arc on a sphere is referred to, an arc of a great circle is 
meant, unless expressly stated otherwise. 

ON SPHERICAL TRIANGLES. 

12. Definitions. A spherical polygon is a portion of the surface 
of a sphere bounded by three or more arcs of great circles. The 
bounding arcs are the sides of the polygon; 
the points of intersection of the sides are 
the vertices of the polygon, and the angles 
which the sides make with one another are 
the angles of the polygon. A diagonal d 
a spherical x)olygon is an arc of a great 
circle joining any two vertices which are 
not consecutive. 

A spherical triangle is a spherical poly- 
PiQ. 11 gon of three sides. 

Thus, in Fig. 11, ABCD is a spherical 
polygon; its sides are AB, BC, CD, DA\ its angles are ABC, 
BCD, CD A, DAB) its diagonals are BD and A0\ ADC mi 
ABC are spherical triangles. Since the sides of a spherical 
polygon are arcs of great circles, their magnitudes are expressed 
in degrees.* The lengths of the sides can be calculated in tenns 
of linear units when the radius of the sphere is known. 

A spherical triangle is right-angled, oblique, scalene, xeosoeks, or 
equilateral, in the same cases as a plane triangle. The notation 

* The reason for expressing the sides of spherical pdygona In degrees ifl 
considered more fully in Art. 14. 
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adopted in discussing the plane triangle will be used for the 
spherical triangle ; namely, the triangle will be denoted by ABC^ 
and the sides opposite the angles Ay By O, will be denoted by 
a, by c, respectively. 

Two spherical polygons are equal if they can be applied one to 
the other so as to coincide. They are said to be symmetrical when 
the sides and angles of the one are respectively equal to the sides 
and angles of the other, but arranged in the reverse order. 






Thus, the spherical triangles ABC and AyB^Ci (^ig- 12) are 
eqvxil if they can be brought into coincidence, say, by sliding one 
of them, as ABCy oyer the surface of the sphere until it exactly 
covers the surface AxBiCi. Accordingly, it is evident that if 
these triangles are equal, the angles Ay B, (7, are respectively 
equal to the angles A^ Bi, Ci, and the sides a, h, c, are respectively 
equal to the sides a^ 6i, c^.* On the other hand, the triangles 
ABC and AJR^Cz are symmetrical if the angles Ay By O, are re- 
spectively equal to the angles A^^ JBj, C^, and the sides a, h, c, to 
the sides Ofthf^Cf. In this case, the triangle ABC cannot be 
brought into coincidence with A2B2Ci by a sliding motion over 
the surface of the sphere. 

NoTB 1. Two symmetrical spherical triangles can be brought into coinci- 
dence if the stiT&ce be covered very thinly with some flexible material. For 
then ABC can be lifted up, turned over, and the surface bent (or made to 
* spring back') in the opposite direction ; after this treatment, ABC cdjo. be 
made to coincide with ^2^2^72. 

NoTB 2. The meaning of the phrase reverse order can be seen clearly 
on consideilng the triangles AiBiCi and -42^52^2 above. In AiBiCu on 



* Some of the sets of minimum conditions necessary for equality of spheri ' 
cal trianc^ are stated in Art 18. 
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going from Ai to 5i, thence to Ci, and thence to Au one goes around any 
point within the triangle in a counter-clockwise direction. In AiB^C^^ on 
the other hand, on taking the respective equal angles in the same order as 
before, that is, on going from A^ to jB2i thence to C2, and thence to A^^ one 
goes round any point within the triangle A2B2G2 in a clockwise direction. 
The directions are indicated by the arrows. 

13. Propositions. (1) Two spherical triangles which are on th 
same sphere, or on equal spheres, and whose parts are in the sauM 
order (as ABO and AiBiCi, Fig. 12) are equal under the same con- 
ditions as plane triangles, viz. : 

(a) When two sides and their included angle in the one triangle 
are respectively equal to two sides and their included angle in 
the other ; 

(6) When a side and its two adjacent angles in the one triangle 
are respectively equal to a side and its two adjacent angles in the 
other ; 

(c) When the three sides of the one triangle are respectively 
equal to the three sides of the other. 

[Suggestion for Proofs. Equality can be shown by the same methods 
as in plane geometry. ] 

(2) Two spherical triangles which are on the same sphere, or on 
equal spheres, and whose parts are in the reverse order (as ^4,8(7 and 
A2B2C2, Fig. 12), are symmetrical under the conditions (a), (p), (c), 
above. 

[Suggestions for Proof. Construct* a triangle A\BiCi which is syn> 
metrical to J.2^oC2. Under the given conditions, according to the preceding 
proposition, ABC and AiBiCi have all their parts respectively equal, and 
hence ABC and ^2-^2^2 have all their parts respectively equal, and are 
accordingly symmetrical. ] 

On a plane two triangles may have three angles of the one 
respectively equal to three angles of the other and yet not be 
equal. On the other hand, as will be made apparent in Arts. 
16,24: 

(3) On the same sphere, or on equal spheres, two triangles which 
have three angles of the one respectively equal to three angles of the 
other, are either equal or symmetrical, 

* For the construction of spherical triangles under various conditions, flee 
Art. 24. 
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14. Correspondence between the face angles and the diedral angles 
of a triedral angle on the one hand, and the sides and angles of a 
spherical triangle on the other. 

B' 
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Take any triedral angle O-A'B'C'-, let a sphere of any radius, 
OA say, be described about as centre ; and let the intersections 
of this sphere with the faces OA'B', OB'O', and OCA', be the 
arcs ABy BC, and OA respectively. The sides of the spherical 
triangle ABO, namely, AB, BO, OA, measure the face angles, 
AOB, BOO, OOA, of the solid angle 0-AB'O' (Art. 11. b, Note). 
By Art. 11 the angles OAB, ABO, BOA, of the spherical triangle 
ABO are the diedral angles between the planes of the sides, that 
is, the diedral angles of the solid angle 0-A'B'O'. 

Hence, to find the relations existing between the face angles 
and the -edge angles of a triedral angle, is the same thing as to 
find the relations between the sides and angles of the spherical 
triangle, intercepted by the faces, upon the surface of any sphere 
whose centre is at the vertex of the triedral angle. 

Note 1. The number of degrees in the intercepted arcs does not depend 
upon the radios of the sphere. Thus, in Fig. 13, if a sphere is described 
with a radius OAi, about as a centre, the number of degrees in the inter- 
cepted arc AiBi is the same as the number of degrees in the intercepted arc 
AB, for each number is the same as the number of degrees in the angle 
A'CBf. 

Since the face angles and diedral angles of a triedral angle are not altered 
by varying the radius of the sphere, the relations between the sides and 
angles of the corresponding spherical triangle are independent of the length 
of the zadiufi. 
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Note 2. Since the side of a spherical triangle measures the angle sub- 
tended by it at the centre, the side is measured in degrees or radians. (See 
Art. 12.) By ** sin ulJB," for example, is meant the sine of the angle AOB^ 
subtended by AB at the centre 0. 

Note 3. A three-sided spherical figure, one or more of whose sides is not 
an arc of a great circle, is not regarded as a spherical triangle. For exam- 
ple, the figure bounded by an arc of a parallel of latitude and the arcs of two 
meridians does not correspond to a triedral angle at the centre of the sphere, 
and is not a spherical triangle as defined in Art. 12. 

Note 4. A triedral angle, and its corresponding spherical triangle, can he 
easily constructed. From* stiff cardboard cut out a circular sector having 
any arc between 0° and 360°. On this sector draw any two radii, taking 
care, however, that no one of the three sectors thus formed shall be greater 
than the sum of the other two. Along these radii cut the cardboard partly 
through. Bend the two outer sectors over until their edges meet ; a figure 
like 0-ABC (Fig. 13) will be obtained. (Find what happens if the above 
precaution in drawing the radii is not taken.) 

This perfect correspondence between the sides and angles of a 
spherical triangle on the one hand, and the face angles and die- 
dral angles of the solid angle subtended at the centre of the 
sphere by the triangle on the other hand, is very important^ both 
for the deduction of the relations between these sides and angles 
and for the solution of practical problems. This correspondence 
holds in the case of any spherical polygon and the solid angle 
subtended by it at the centre of the sphere. (The student may 
inspect Fig. 11.) Hence, from any property of polyedral angles an 
analogous property of spherical polygons can be inferred, and vice 
versa. 

15. Propositions. (1) Any side of a spherical triangle is less 
than the sum of the other two sides. This follows from Arts. 14 
and 4. a. 

Cor. Any side of a spherical polygon is less than the sum of 
the remaining sides. 

(2) The sum of the sides of a spherical polygon (not re-enira;nt) 
is less than 360°. In other words : The perimeter of any (non^e^ 
entrant) spherical polygon is less than the length of a greai cirde. 
This important proposition follows from Arts. 14 and 4. &. 
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(3) In an isosceles spherical triangle the angles opposite the 
equal sides are equal. 

(4) The arc of a great circle drawn from the vertex of an 
isosceles spherical triangle to the middle of the base is perpen- 
dicular to the base, and bisects the vertical angle. 

(5) If two angles of a spherical triangle are unequal, the oppo- 
site sides are unequal, and the greater side is opposite the greater 
angle. 

Cob. If two edge angles of a triedral angle are unequal, the 
opposite face angles are unequal, and the greater face angle is 
opposite the greater diedral angle. 

(6) If two sides of a spherical triangle are unequal, the oppo- 
site angles are unequal, and the greater angle is opposite the 
greater side. 

Ex. Give the corresponding proposition for a triedral angle. 

Propositions (3)-(6) can be proved in the same way as the cor- 
responding propositions in plane geometry. 

ON POLAR TRIANGLES. 

X6. a. Note. Three straight lines on a plane, no two of which are 
X)arallel, intersect in three points, and form one triangle. Three great circles 
on a sphere have six points of intersection, and form eight spherical triangles. 
Thus, on a globe, the equator and any two great circles through the poles 
have as intersections the two poles and the four points where the two great 
circles cross the equator ; and there are eight triangles formed, namely, four 
in the northern hemisphere and four in the southern. 

6. Beflnitionfu If great circles be described with the vertices 
of a spherical triangle, say ABC (Fig. 14), as poles ; and if there 
be taken that intersection of the circles described with B and C 
as poles which lies on the same side of BC as does A, namely Ai] 
and similarly for the other intersections ; then a spherical triangle 
is formed, which is called the polar triangle of the first tri- 
angle ABC. 

Two spherical polygons are mutually equilateral when the sides 
of the one are respectively equal to the sides of the other, 
whether taken in the same or in the reverse order ; the polygons 
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are mutually equiangular when the angles of the one are respec- 
tively equal to the angles of the other, whether taken in the same 
or in the reverse order. 




FiQ. 14 

c. Proposition. If the first of two spherical triangles is the polar 
triangle of the second^ then the second is the polar triangle of the first. 

If A'B'O (Fig. 14) is the polar triangle of ABC, then ABCis 
the polar triangle of A'B'C Since A is the pole of the arc 
B'Oy the point -4 is a quadrant's distance from B\ Also, since C 
is the pole of B'A', the point (7 is a quadrant's distance from JB'. 
Since B' is thus a quadrant's distance from both A and (7, it is 
the pole of the arc AC (Art. 8). Similarly it can be shown that 
J.' is the pole of the arc BC, and that O is the pole of the arc 
AB. Hence ABC is the polar triangle of A'B'C 

d. Proposition. In two polar triangles, each angle of the one is 
the supplement of the side opposite to it in the other. 

Let ABC and A'B'O (Fig. 15) be a 
pair of polar triangles, in which A, B, C, 
A\ B', C, are the angles, and a, b, c, 
a', b', c', are the sides. Then 




^ = 180 - a', 
B = 180 - b', 
(7=180-c', 



^' = 180 - 0, 
B' = 180 - b, 
C = 180 - c 



Produce the arcs AB and AC to meet 
B'C in L and M respectively. 
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Since B' is the pole of AOM, B'M = 90^* ; and 

since C is the pole of ABL, LO = 90°. 

Hence B'M + LC = 180° ; 

that is, B'M + MO +LM = 180°, 

or B'C + LM= 180°. (1) 

Since A is the pole of the arc JB'C, the arc LM measures the 
angle A (Art. 11. c). 

Hence, (1) becomes ^ + a' = 180°, or ^ = 180° -a\ 
The other relations can be proved in a similar manner. 

Cor. If two spherical triangles are mutually equiangular, 
their polar triangles are mutually equilateral. If two spherical 
triangles are mutually equilateral, their polar triangles are 
mutually equiangular. 

Note. On account of the properties in (c?), a triangle and its polar are 
sometimes called supplemental triangles, 

€• The use of the polar triangle. Because of the fact that the sides and 
angles of a triangle are respectively supplementary to the angles and sides of 
its polar triangle, many relations can be easily derived by reference to the 
polar triangle. For, if a relation is true for. spherical triangles in general, 
then it is true for the polar of any triangle. Let the relation be stated for the 
polar triangle ; in this statement express the values of the sides and angles of 
the polar triangle in terms of the angles and sides of the original triangle ; the 
statement thus derived expresses a new relation between the parts of the 
original triangle. This will be exemplified in later articles. 

17. Proposition. The sum of the angles of a spherical triangle is 
greater them twoy and less than six, right angles. 

Let ABO he any spherical triangle ; it is required to show that 

180°<^ + ^+C'<540°. 

Construct the polar triangle A'B'O. Then, by Art. 16. d, 

4 + a' = 180°, B + b'=z 180°. C + c' = 180°. 
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'^ Hence, on adding, A + B+ C+a' + b' +c' = 540°, 
or, . A + B+C=540°-(a' + b' + c'), 

Now [Art. 15 (2)] a' + b' + c' is less than 360°, and greater 
than 0°. 

.\ (A + B + C)= 540° — (something less than 360° and greater 
than 0°). 

.',A + B+ (7> 540° - 360°, i.e. A+B + C> 180°; 

and A + B+C< 540° - 0°, i.e. A + B+C< 540°. 

18. Definitions, a. The amount by which the sum of the 
three angles of a spherical triangle is greater than 180° is called 
its spherical excess. It is shown in Art. 57 that the area of a 
triangle depends upon its spherical excess. 

5. A spherical triangle may have two right angles, three right 
angles, two obtuse angles, or three obtuse angles. For example, 
on a globe the spherical triangle bounded by any arc (not 90°) on 
the equator and the arcs of the meridians joining the extremities 
of the former arc to the North Pole, has two right angles ; if the 
arc on the equator is a quadrant, the triangle has three right 
angles. The polar of the triangle whose sides are 35°, 25°, 15°, 
has three obtuse angles. A spherical triangle having two right 
angles is called a bi-rectangular triangle, and a spherical triangle 
having three right angles is called a tri-rectangiUar triangle. A 
triangle having one side equal to a quadrant is called a quadrantd 
triangle; one having two sides each a quadrant is said to be 
bi-quadrantal, and one having each of its three sides equal to a 
quadrant is said to be tri-quadrantal. 

c. A lune is a spherical surface bounded by the halves of two 
great circles. The angle of the lune is the angle made by the two 
great circles. For instance, on a globe the surface between the 
meridians 10° W. and 40° W. is a lune ; the angle of this lune is 
equal to 30°. On the same circle or on equal circles lunes having 
equal angles are equal. (For they can evidently be made to 
coincide.) 



18-20.] 



SHORTEST LINE ON A CIRCLE. 



19 




Fio. 16 



19. On the convention that each side of a spherical triangle be less 
than 180°* I^ spherical geometry and trigonometry it is found convenient 

to restrict attention to triangles the sides of which 
are each less than a semicircle or- 180°. (This con- 
vention can be set a«ide when it is necessary to con- 
sider what is called the general spherical triangle., 
in which an element may have any value from 0° 
to 360°.) A triangle such as ADBG (Fig. 16) which 
has a side ADB greater than 180°, need not be con- 
sidered ; for its parts can be immediately deduced 
from the parts of ACB, each of whose sides is less 
than 180°. It is easily proved that if an angle of a 
spherical triangle is greater than 180°, the opposite 
side is also greater than 180°, and vice versd.. Thus, 
in the triangle ADBC, if the angle ACB is greater than 180°, so is the side 
ABB ; and if ADB is greater than 180°, so is the opposite angle, \_8ugge9- 
tion for proof : Produce the arc -4 C to meet the arc ADB.'\ 

20. Proposition. The shortest line that can he drawn on the auV' 
foLce of a sphere between two given points is the arc of a great circle, 
not greater than a semicircle, which joins the points. 

Let A and B be any two points on a sphere, and let ACB be a 
great-circle arc not greater than a semicircle; then ACB is the 
shortest line that can be drawn from ^ to .S on the sphere. 

About Abs B, pole describe a circle I)CE 
with radius AC, and about J5 as a pole 
describe a circle FCG with radius BC. It 
will be shown (1) that C is the only point 
which is common to both these circles; 
(2) that the shortest line that can be drawn 
from A iio B on the surface must pass 
through C. 

(1) Take any point O, other than (7, on 
the circle FCG. Draw the great-circle arcs 
AEGmdBG. By Art. 15(1), 

AG+GB>AB; i.e.AG + GB>AC+CB. 

Now AE = AC, and GB = CB. 

Hence AE+GB=zAC+CBi 

and, accordingly, AG > AE. 
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Therefore O is outside of the circle DCE, But G is any point 
(other than C) on the circle FCO. Hence C is the only point 
common to the circles DCE and FCO, 

(2) Let ADFB be any line drawn on the surface from A to 
B, but not passing through C Whatever the character of the 
line AD may be, a line exactly like it can be drawn from J. to C; 
and a line like BF can be drawn from B to G. 

[This can be seen by regarding A-DCE as a cap fitting closely to the 
sphere, and supposing that this cap revolves about A until 2> is at C Then 
a line exactly like AD is drawn from ^ to C] 

These lines being drawn, there will be a line from -4 to 5 
which is less than ADFB by the part DF. It has thus been 
proved that a line can be drawn from 4 to JB through C which is 
shorter than any other line from ^ to jB which does not pass 
through (7. But C is any point on the great-circle arc from A to 
J3. Hence the shortest line from Ato B must pass through every 
point in ACB, and, accordingly, must be the arc ACB itself. 

Note. This proposition can also be proved by the method of limits. It is 
shown that the length of any arc on a sphere is equal to the limit of the 
sum of the lengths of an infinite number of infinitesimal great-circle arcs 
inscribed in the given arc. (See Bouch^ et De Comberousse, TraUk de 
Geometrie,) See Art. 6. c. 

PROBLEMS OF CONSTRUCTION. 

21. The actual making of the following constructions will add 
much to the clearness and vividness of the notions of most stu- 
dents about the surface of a sphere. An easy familiarity with 
the problems of Arts. 23, 24, which discuss the construction of 
triangles, will place the student in an advantageous position with 
respect to spherical trigonometry. This position is similar to 
that occupied by him, through his knowledge of the construction 
of plane triangles, when he entered upon the study of plane 
trigonometry. (See Plane Trigonometry, p. 20, Note, Art. 21, 
Art. 34 (to Case I.), Art. 53.) 

N«B« The student should try to make these constructions for himselfi 
and should fall back upon the book only as a last resort. 
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22. Problems on great circles. 

(1) To find the poles of a given great circle. About any two 
points of the given circle as poles, describe great circles ; their 
intersections will be the poles required (Art. 8). 

(2) To draw a great circle through two given points. About the 
two given points as poles, describe great circles ; about either of 
the intersections of these circles as a pole, describe a great circle ; 
this will be the circle required. (See Arts. 8, 9.) 

(3) To cut from' a great circle an arc n° long. Separate the 
points of the compasses by a distance equal to a chord which 
subtends a central angle of w® in a circle whose radius is equal to 
the radius of the sphere ; place the points of the compass on the 
great circle ; the intercepted arc will be the one required. 

(4) To draw a great circle throitgh a given point perpendicular to 
a given great circle. Find a pole of the given circle by (1) ; draw 
a great circle through this pole and the given point by (2) ; this 
circle will be the one required (Art. 11. d). 

(6) To construct a great circle making a given angle with a given 
great circle, the point of intersection being given. About the given 
point of intersection as pole, describe a great circle ; on this circle 
lay off an arc, measured from the given circle, having as many 
(arcual) degrees as there are (angular) degrees in the given angle; 
draw a great Qircle through the extremity of this arc and the given 
point of intersection ; this will be the circle required (Art. 11. c). 

(6) To construct a great circle passing through a given point and 
making a given angle with a given great circle. [When the given 
point is on the given circle this problem reduces to problem (5).] 
It is easily shown that the angle between two great circles is 
equal to the angular distance (Art. 6. c) between their poles. 
Hence, find a pole of the given circle by (1) ; about this point as 
pole describe a second circle whose angular radius (Art. 6. d) is 
equal to the given angle ; the pole of the required circle must be 
on this second circle. About the given point as pole describe a 
great circle ; if the required problem is possible, this circle will 
either touch or intersect the second circle. The points of contact 
or intersection are the poles of two great circles, each of which 
will satisfy the given conditions. 

Ex. Discuss the case in which the given point is the pole of the given circlOi 
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23. Construction of triangles. The three sides and the three 
angles of a spherical triangle constitute its six parts or elements. 
If any three of these six parts be known, the triangle can be con- 
stnuited. The constmction belongs to geometry ; the computation 
of the three remaining parts, when three parts are given, is an 
important part of spherical trigonometry. The sets of three 
parts that can be taken from the six parts of a spherical triangle 
are as follows : 

I. Three sides. 

II. Three angles. 

III. Two sides and their included angle. 

IV. One side and the two adjacent angles. 

v. Two sides and the angle opposite one of them. 
VI. Two angles and the side opposite one of them. 

Note. There are four construction problems in the case of plane triangles 
(Plane Trig., Art. 63). When three angles of a spherical triangle are given, 
there is only one spherical triangle (with the triangle symmetrical to it), as 
will presently appear, which satisfies the given conditions. When three 
angles of a plane triangle are given, there is an infinite number of trian^es, 
of the same shape, but of different magnitudes, which have angles equal to 
the three given angles. Cases IV. and VI. above, in which two angles are 
given, reduce to a single case in plane trigonometry, namely, the case in 
which one side and two angles are given ; since the lanim of the three angles 
of any plane triangle is 180°. 

24. To construct a spherical triangle. 

I. Given the three sides. On any great circle lay off an arc 

equal to one of the given sides [Art. 22 (3)]. About one extrem- 
ity of this arc as pole, describe a circle with a radius (arcual) 
equal to the second of the given sides ; about the other extremity 
of the arc as pole, describe a circle with a radius equal to the 
third of the given sides. By arcs of great circles join either of 
the points of intersection of the last two circles to the extremities 
of the arc first laid off; the triangle thus formed satisfies the 
given conditions. 

Ex. 1. Compare the construction in the corresponding case in plftiM 

triangles. 
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Ex. 2. How many triangles are possible when the first arc is laid off ? 
Are these triangles equal or symmetrical ? 

Ex.8. Constructive: (a) Given a = 70°, & = 66°, c = 40°; (&) Given 
a = 120°, h = 116°, c = 80°. 

Ex. 4. Determine approximately the angles of these triangles. (See 
Arts. 11. c, 34.) 

II. GiTen the three angles. Calculate the sides of the polar 
triangle (Art. 16. d)-, construct it by I. above; construct its 
polar (Art. 16. b) ; the latter triangle is the one required. 

Ex. 1. How many triangles can be drawn when one side of the polar 
triangle is fixed ? Are these triangles equal or symmetrical ? 

Ex. 2. Discuss the corresponding case in plane triangles. 

Ex. 8. Construct ABC: (a) Given A = 86°, B = 76°, (7= 66°; (h) Given 
A = 76°, B = 106°, C = 100°. 

Ex. 4. Determine approximately the sides of these triangles. 

III. Giyen two sides and their inelnded angle. Take any point 
on any great circle; through this point draw a circle making 
with the first circle an angle equal to the given included angle 
[Art. 22 (5)]; from the chosen point and on the first circle 
bounding this angle, lay off an arc equal to one of the given sides ; 
from the same point and on the second circle bounding the angle, 
lay off an arc equal to the other given side. Join the extremities 
of these arcs by the arc of a great circle; the triangle thus 
formed is the one required. 

Ex. 1. How many triangles can be made when the first circle and the 
point are chosen ? Are these possible triangles equal or symmetrical ? 

Ex. 8. Discuss the corresponding case in plane triangles. 

Ex. 8. Construct ABCi (a) Given a = 76°, b = 120°, C = 65° ; (b) Given 
b = 36°, c = 70°, A = 110°. 

Ex. 4. Determine approximately the remaining parts of these triangles. 

ly. Given a side and its two adjacent angles. 

Either: a. On any arc of a great circle lay off an arc equal to 
thQ given side ; its extremities will be taken as two vertices of 
the required triangle. Through one extremity of this arc draw a 
great circle making with the arc an angle equal to one of the 
given angles; through the other extremity of the arc draw a 
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great circle making with the arc (and on the same side as the 
angle first constructed) an angle equal to the other of the given 
angles. The point of intersection of these two circles which is on 
the same side of the arc as the two angles, is the third vertex of 
the required triangle. 

Or: hm Calculate the corresponding parts of the polar tri- 
angle; construct it by III.; construct its polar; this will be the 
triangle required. 

Ex. 1. How many triangles are possible when the first arc is chosen ? 
Are these triangles equal or symmetrical ? 

Ex. 2. Discuss the corresponding case in plane triangles. 

Ex. 8. Solve Problem Iir. by means of IV. a, and the polar triangle. 

Ex. 4. Construct ABC : (a) Given a = 76°, B = 66°, C = 110° ; (6) Given 
b = 110°, A = 40°, C = 63°. 

Ex. 5. Determine approximately the remaining parts of these triangles. 

y. Given two sides and the angle opposite to one of them. [Firsts 
review the corresponding case in plane geometry.] 

To construct a triangle ABC when a, b, A, are known : Through 
any point ^ of a great circle ALA' A draw the semicircle, ACA\ 
making an angle A' LAC equal to the given angle A. From thia 
semicircle cut off an arc AC equal to b. About C as a pole, with 
an arc equal (in degrees) to the side a, describe a circle. The 
intersection B of this circle with ALA' will be the third vertex of 
the required triangle, A and C being the other two vertices. 

Four cases arise, viz. : — 

(1) When the circle descrihed ahout C fails to intersect ALA' ; 

(2) When it just reaches to ALA' ; 

(3) When it intersects the semicircle ALA^ in but one point ; 

(4) When it intersects the semicircle ALA' in two points. 

Case (1) is represented in Figs. 18, 22 ; case (2), in Figs. 19, 23 ; case (8), 
in Figs. 20, 24 ; and case (4), in Figs. 21, 26. In Figs. 18 and 22 the angle 
A is respectively acute and obtuse ; and similarly for each of the other jmuts 
of figures. 

Note. In Figs. 18-25 AKA' is a great circle in the plane of the paper, 
and ALA' A is a great circle at right angles to that plane, ALA' being above 
the surface of the paper, and- the dotted AA' being below. In Figs. 18-21, 
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angle A is acute [equal to P^X'(90°)— /r^C7], and the arc -4(7 is in front 
of the paper. In Figs. 22-25, angle A is obtuse [equal to P^J5r(90°) + 
KAC)j and the arc -40 is behind the paper. 

In Fig. 21 there are two triangles (not equal or symmetrical) that satisfy fcr 
the given conditions; and likewise in Fig. 25. Hence V. is an ambi^oul 
case in spherical geometry. | 

In each figure let the perpendicular arc CF be drawn from C to the semi- 
circle ALA' J and let its length be called p. [See Ex. 1, p. 101.] 

A. WTien angle A is acute : 
Fig. 18 shows that the triangle required is impossible, if (7-B< CP, i.e, if 

a<p. 

Fig. 19 shows that the triangle required is right angled if CB = CP, i.e, 
if a = p. 

Fig. 20 shows that there is but one triangle which satisfies the given con> 
ditions, if 

CB> CP, CB > CA, and CB< CA' ; 

i.e, if a >p, a > 6, and a < 180° - b. 

Similarly, there is only one triangle if a >|), a < &, and a > 180** — 6. 
Fig. 21 shows that there are two triangles which satisfy the given condi' 
tions, if 

CB> CP, CB< CA, and CB< CA' \ 

i.e, \ia>p, a<h, anda<180°-6. 

B. When angle A is obtuse : 
Fig. 22 shows that the triangle required is impossible, if CGB > CGP, i.e, 

if a >p. 

Fig. 23 shows that the triangle required is right angled, if CGB^=z CGP, 
i.e, a a=p. 

Fig. 24 shows that there is but one triangle which satisfies the given con- 
ditions, if 

CLB < CGP, CLB< CA and CLB>CA'\ 

i.e, iia<p, a<b, and a > 180° - 6. 

Similarly, there is only one triangle ii a<,p, a > 6, and a < 180** — 6. 
Fig. 26 shows that there are two triangles which satisfy the given condi- i 
tions, if I 

CLB< CGP, CLB> CA, and CLB> CA' ; 

i.e, if a <p, a>b, and a > 180° - 6. 

In Fig. 25 produce PGC to meet the great circle ALA' A in F*. Then 
CP = 180° —p. Since AC and CA ' are each greater than CJP, it follows 
that a> 180° -p. 
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It is also apparent from Figs. 20 and 21 that the triangle is impossible, 

HA is acute, a> 6, and a > 180° - b ; 

: and it is apparent from Figs. 24 and 26 that the triangle is impossible, 

if ^ is obtuse, a< &, and a < 180® — b. 

Some special cases which may be investigated by the student, 
are indicated in the exercises on this chapter at page 101. 

YI. Giren two angles and the side opposite one of them. Calcnjate 
the corresponding parts of the polar triangle ; construct it by V. ; 
construct Us i)olar ; this is the required triangle. There may be 
two solutions, since the triangle first constructed may have two 
solutions. 

Ex. 1. Construct ABC: (a) Given a = 52°, b = 71^ A = 4Q°; (6) Given 
a = 99^6=64°, ^ = 96°. 

Ex. 2. Construct ABC : (a) Given A = 46=*, B = 36°, a = 42° ; (6) Given 
^ = 36°, -B = 46°, a = 42°. 

Ex. 8. Determine approximately the remaining parts of these triangles. 



i 



If.B* Questions and exercises on Chapter I. will be found at pages 
101-102. 
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CHAPTER II. 

RIGHT-ANGLED SPHERICAL TRIANGLES. 

25. Spherical trigonometry. Spherical trigonometry treats of 
the relations between the six parts of a triedral angle, or, what is 
the same thing (Art. 14), the relations between the six parts of the 
corresponding spherical triangle intercepted on the surface of the 
sphere. In Art. 24 it has been seen how a triangle can be con- 
structed when any three parts are given; Chapters II. and III. 
are concerned with showing how the remaining parts can be 
computed when any three parts are known. In this chapter the 
relations between the sides and angles of a right-angled spherical 
triangle are deduced.* Throughout the book the relations between 
trigonometric ratios, discussed in plane trigonometry, will be 
employed. 

26. Relations between the sides and angles of a right-angled spheri- 
cal triangle. 

Case I. Tlie sides about the right angle both less than 90®. 
Let ABC be a spherical triangle which is right angled at C and 
on a sphere whose centre is at 0. First suppose that a and b are 

B 




a "\ 



* These relations can also be obtained from the relations, derived in 
Chapter III., between the parts of any spherical triangle or triedral aa^ 

28 
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each less than 90°. (It is easily shown, geometrically, that c is 
then less than 90°.) Draw OA, OB, OC. Take any point P on 
OA ; in the plane O.AC draw PL at right angles to OA, and let 
it meet 00 in i ; in the plane OAB draw PM at right angles to 
OA, and let it meet OB in 3/; and draw ML. Since PL and 
PM are perpendicular to the line OA, the line OA is perpendicu- 
lar to the plane LPM (Eiic. XI. 4) ; and, therefore, the plane 
LPM is perpendicular to the plane OAC (Euc. XI. 18). Also, 
the plane OCB is perpendicular to the plane OAC, since C is a 
right angle. Hence, LM, the intersection of the planes LPM 
and OOB, is perpendicular to the plane OAC (Euc. XI. 19) ; and 
hence, MLP 3,nd MLO are right angles. 

In the triangle 0PM, the angle PM being right, 

cos P0M=^ = 2£.0L. 
OM OL OM 

OP 
Now, angle POM =c, fL= cos POL = cos b, 

^ OL 

and -r— - = cos LOM = cos a. 

OM 

.'. cos c = COS a cos 6. (1) 

In the triangle LPM, angle PLM= 90°, and angle LPM= A-, 

LM 
. ^„,, ZJf OM sin LOM 

8in iPJ/ = ^TTF = ^Tr = -^ 



PM PM" sill POM 
OM 

A sin a /o\ 

.-. sin^ = — — • (2) 

sine 

PL 
PL OP tan POL 



Also, cos ZPJf = ^jTf = -jjTf = 



PM'^ PM~tsiiiPOM' 
OP 



whence, cosu4=^^. (3) 

tanc 



y 
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Also, *^^^^=PL=^ = lI?7oZ-' 

OL 

whence, ta.nA = ^^' (4) 

sin 6 ' 

On remarking that A, a, denote an angle and its opposite side, 
and that b denotes the other side, the relations for angle B cor- 
responding to (2), (3), (4), can be written immediately ; viz. : 

sin5 = ^ (2'); cos^ = ^?:^ (3'); tanJB = *^ (4'). 
sm c tan c sm a 

These relations for B can also be deduced directly, by taking 
any point on OB and making a construction similar to that shown 
in Fig. 26. 

Moreover, 

A 1 A A tana tan& tana 1 rx> /o\ />i\ t 

sm A = tan .4 cos ^ = — — - • = • -• [By (3), (4).l 

sin b tan c tan c cos b ■- ^^ ^ ^ ^ / j 

Similarly, sin B = (5') 

'^' cos a ^ '^ 

Ai r cos -4 cos ^ r-D /^\ /-\ /-is -i 

Also, COS c = COS a cos b = - — - • -: — -• [By (1), (o), (o').l 

.-. cos c = cot A cot B. (6) 

For convenience of reference, relations (l)-(6) may be grouped 
together : 

cos c = cos a cos 6. (1) 



sine sine 



tane taac 



(2), (2') 
(8), (3-) 

cos c = cot^ cot B. (6) 



V. 
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Case II. The sides about the right angle both greaJter titan 90°. 
In ITig. 27, C denotes the right angle, and the sides a, b, are 
each greater than a quadrant. 



a B 

PiQ.27 

Form the Uine CO by producing the sides a and b to meet in 
(7. Then ABC is a right triangle in which the sides about the 
right angle are each less than 90°. 

.•. cos c = cos BC cos AO = cos (1 80 — a) cos (180 — b). 

Hence cos c = cos a cos b. 

Also, 

cosBAC = ^4^; i.e. cos (180° - BAC) = ^ ^^^"° ~/^^ ; 



tanAB' 



t2MAB 



ijvhence. 



cos xi = 



tan 6 



tan c 

In a similar manner the other relations in (l)-(O) can be shown 
to be true for ABC (^i^. 27). 

NoTB. ABO la said to be co-lunar with ABC. Every triangle has three 
co-lunar triangles, one corresponding to each angle. 

Case III. One of the sides about the right angle less than 90**, 
and the otJier side greater than 90°. 

o 




Fia.2S 



In ACB let (7= 90°, a > 90°, and b < 90°. Complete the lune 
BB'. Then ACB' is a right-angled triangle in which the sides 
about the right angle are each less than 90°. 
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In ACB\ cos AB' = cos AC cos CB' ; 

I.e. cos (180° - c) = cos 6 cos (180° - a); 

whence cos c = cos a cos b. 

Again, 

cos CAB' = ^^5^; ^-.e. cos (180° - BAC) = ,^Tr.^^ r. .. '^ 

tanAB'' ^ ^ -tan (180° -J5^) 

whence, cos A = • 

tanc 

In a similar way the other relations in (l)-(6) can be shown 
to be true for ABC (Fig. 28). 

27. On species. Two parts of a spherical triangle are said to 
be of the same species (or of the same affection) when both are less 
than 90°, both greater than 90°, or both equal to 90°. Formula 
(1), Art. 26, shows that the hypotenuse of a right-angled spherical 
triangle is less than 90° when the sides about the right angle are 
both greater or both less than 90° ; and it shows that the hypotentise 
is greater than 90° when the sides are of different species. Formulas. 
(4) and (4') show that in a right-angled spherical triangle (since 
the sines of the sides are positive) an angle and its opposite side 
are of the same species. These important properties can also be 
deduced geometrically. 

EXAMPLES. 
N.B. It is advisable to remember the result of Ex. 1. 

1. State relations (l)-(6), Art. 26, in words. 

(1). cos hyp. = product of cosines of sides. 

(6). cos hyp. = product of cotangents of angles. 

(2), (2'). sin angle = sin opposite side -4- sin hyp. 

(3), (3'). cos angle = tan adjacent side -5- tan hyp. 

(4), (4'). tan angle = tan opposite side -r- sin adjacent side. 

(6), (5'). cos angle = cos opposite side x sin other angle. 

[Compare (2), (3), (4), with the corresponding formulas- In plane tri- J 
angles.] 

2. Deduce formulas (l)-(4) by means of a figure in which P is anywhert 
on OB (see Fig. 26). 
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3. Deduce formulas (l)-(4) by means of a figure in which P (see Fig. 26) 
is : (a) in OA produced ; (6) in OB produced ; (c) at the point A ; (d) at 
the points. 

4. The two sides about the right angle of a spherical triangle are 60° and 
75° ; find the hypotenuse and the other angles by means of relations (1), (4), 
(4'), Art. 26. Check (or test) the result by means of other formulas. 

5. In ABC, give^ -4 = 47° 30', 5 = 53° 40', C=90°; find the remaining 
parts, and check the results. 

6. Solve some of the examples in Art. 31, and check the results. 

28. Solution of a right-angled triangle. 

If .B. The student is advised to investigate this subject independently ; 
and, before reading this article, to put in writing in an orderly manner his 
ideas about the solution of right triangles. These ideas will thus be made 
clearer in his mind, and his subsequent reading will be easier. 

In a right triangle there are five elements beside the right 
angle. These five elements 6an be taken in groups of three in 
ten different ways. Each of these ten groups is involved in the 
ten relations derived in Art. 26-, the three elements of each 
group are, accordingly, connected by one relation. 

Ex. (a) Write all the groups of three that can be formed from a, 6, c, 
A, B, such as a, 6, c ; Gj b, A; etc. 

(6) Write the relation connecting the elements of each group. 

It follows that if any two elements of a right-angled spherical 
triangle besides the right angle be given, then the remaining three 
elements can be determined. The method of finding a third 
element is as follows : 

Write the relation involving the two given elements and the re- 
quired element; solve this equation for the required element. 

Check (or test). When the required elements are obtained, the 
results can be checked by examining whether they satisfy relar 
tions which have not been employed in the solution, and, pref- 
erably, the relation involving the newly found elements. 

E.g., suppose that A, b, are known, C being 90°; then a, c, J5, 
are required. Side a can be found by (4) ; side c, by (3) ; and 
angle B, by (5). The values found for a, c, B, can be checked 

by (30- 
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Note 1. The cosine, tangent, and co-tangent of sides and angles greatei 
than 90°, are negative. Careful attention miLst he paid to the algebraic signs 
of the trigonometric functions appearing in the work. 

Note 2. The properties stated in Art. 27 are very useful. 

Note 3. Determine each element from the given elements alone. If an 
element is found erroneously and then used in finding a second element, the 
second element will also be wrong. 

The ten possible groups of three elements correspond to the 
following six cases for solution, in which the given elements are 
respectively : 

(1) Two sides. (4) Two angles. 

(2) Hypotenuse and a side. (5) Side and opposite angle. 

(3) Hypotenuse and an angle. (6) Side and adjacent angle. 

Before proceeding to the solution of numerical examples, it is 
necessary to refer more particularly to one of these cases ; and 
also to call attention to the fact that the ten formulas for right 
triangles (Art. 26) may be grouped in two very simple and con- 
venient rules. 

29. The ambiguous case. When the given parts are a side and 
its opposite angle, there are two triangles which satisfy the given 
conditions. For, in ABC (Fig. 29), let (7= 90^ and let A and CB 
(equal to a) be the given parts. Then, on completing the lune 
AA\ it is evident that the triangle ABC also satisfies the given 
conditions, since BGA' = 90°, A^ = A, and CB = a. The remain-' 




ing parts in A*BO are respectively supplementary to the remaiih 
ing parts in ABC] thus ^'J? = 180°-c, i.'G = 180*» — 6, A^BG 
= 180° - ABC. 

This ambiguity is also apparent from the relations (l)-(6), 
Art. 26. For, if a, A, are given, then the remaining parts^ naiodyi 
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c, by B, are all determined from their sines [see (2), (4), (5'),]; 
and, accordingly, c, b, B, may each be less or greater than 90°. 
On the other hand, if, for instance, a and c are given, then b is 
determined from its cosine by (1) ; and there is no ambiguity, 
because b is less or greater than 90° according as cos b is respec- 
tively positive or negative. 

N*B* Both solutions should be given in the ambiguous case, unless some 
information is given which serves to indicate the particular solution that is 
suitable. 

30. Napier's rules of circular parts. The ten relations derived in 
Art. 26 are all included in two statements, which are called Napier'' 8 rules of 
circular parts^ after the man who first announced them, Napier, the inventor 
of logarithms. 

Let ABC be a triangle right-angled at C. Either draw a right-angled 
triangle, and mark the sides and angles as in Fig. 31, or draw a circle and 
mark successive arcs as in Fig. 32, in which 6, a, Co-B, Co-c^ Co-A^ are 

CO-B IHY^- 




Co-cl \ t?«Wc y.__^ 



\a 



\ 



Fio. 31 Fig. 32 

arranged in the same order as 6, a, B, c, A^ in Fig. 80. (Here Co-B^ Co-^, 
Co-A^ denote the complements of J5, c, and A^ respectively.) The five 
quantities, a, 6, Co-JB, Co-c^ Co-A^ are known as circular parts. That is, the 
right angle being omitted, the two sides and the complements of the hypote-. 
nnse and the other angles are called the circular parts of the triangle. 

In Figs. 31 and 32 each part has two circular parts adjacent to it, and two 
circular parts 'opposite to it. Thus, on taking a, for instance, the adjacent 
parts are 6, Co-JB, and the opposite parts are Co-c^ Co-A. If any three parts 
be taken, one of tljiem is midway between the other two, and the latter are 
either its two adjacent parts or its two opposite parts. Thus, if a, 6, Co-A, 
be taken, then & is the middle part, and a, Co-A^ are the adjacent parts ; if a, 
&, Ca-c, be taken, then Co-c is the middle part, and a, h, are opposite parts. 

Ex. Take each of the circular parts in turn, write its opposite parts and 
adjacent parts, tlms getting ten sets in all. 
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Napier'' 8 rules of circular parts are as follows : 

I. The sine of the middle part is equal to the product of the tangents oj 
the adjacent parts, 

II, 2%e sine of the middle part is equal to the product of the cosines of 
the opposite parts. 

(The I's, a's, and o's are lettered thus, in order to aid the memory.) 
These rules are easily verified. For example, on taking a for the middle 
part, 

sin a = tan b tan (90° - JB) = tan 6 cot B. [See Art. 26 (40.] 

sin a = cos (90° - A) cos (90° - c) = sin A sin c. [See Art. 26 (2).] 
Again, on taking Co-A for the middle part, 

sin (90° — -4) = tan 6 tan (90° — c), i.e. cos A = tan b cot c. 

^ [See Art. 26 (3).] 
sin (90° — A)= cos a cos (00° — 5), i.e. cos ^ = cos a sin JB. 

[See Art. 26 (5').] 

In a similar way each of the remaining three parts can be taken in turn 
for the middle part, and the remaining six relations of Art. 26 shown to 
agree with Napier's rules.* 

Note. One may either memorize the relations in Art. 26 (or Ex. 1, 
Art. 27), or use Napier's rules. Opinions differ as to which is the better 
thing to do. 

Ex. 1. Verify Napier's rules by showing that they include the 10 relations 
in Art. 26. 

Ex. 2. Prove Napier's rules. 

31. Numerical problems. In solving right triangles the pro- 
cedure is as follows: 

(1) Indicate the two given parts and the three required parts. 

* This is only a verification of Napier's rules. One proof of the rules 
would consist of the derivation of the relations in Art 26 plits this verifica- 
tion. These rules were first publislied by Napier in his .work Mirifici 
Logarithmorum Canonis Descriptio in 1614. Napier indicated a geometrical 
method of proof, and deduced the rules as special applications of a more 
general proposition. They are something more than mere technical aids to 
the memory. For an explanation of this and of their wider geometrical 
interpretation, see Charles Hutton, Course in Mathematics (edited by T. 8. 
Davies, London, 1843), Vol. II. pp. 24-26 ; Todhunter, Spherical Trigo- 
nometry, Art. 68 ; E. 0. Lovett, Note on Napier^s Rules of Circular Parts 
(Bulletin Amer. Math. Soc, 2d Series, Vol IV. No. 10, July, 1808). 



( 
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(2) Write the relations that will be employed in the solution, 
and note carefully the algebraic signs of the functions involved. 
The noting of these signs will serve to show (unless a part is 
determined from its sine) whether a required part is less or greater 
than 90^ 

(3) For use as a cJieck, write the relation involving the three 
required parts. 

(4) Arrange the work as neatly and clearly as possible. 

N.B. Attention may be directed to the notes in Art. 28. Also see Plane 
Trigonometry, Art. 27 (particularly p. 46, notes 2, 4-6), and Art. 69, p. 107. 

NoTB. The trigonometric function of any angle can be expressed m 
terms of some trigonometric function of an angle less than 90°. See Plane 
Trigonometry, Art 46. 

EXAMPLES. 

1. Solve the triangle ABC, given : 
C = 90°, 
a = 44°3(y, 
6 = 71°4(y 



Formulas: 



cos c = cos a cos 6, 
tan A = tan a -i- sin b, 
tan B = tan & -T- sin a. 



Solution * : c = 

A=z 

B = 
Check : cos c = cot ^ cot B 



liOgarithmic formulas : 
[If necessary ; see PI, 
Trig.y Art. 27, Note 6.] 



log cos c = log COS a + log cos b, 
log tan A = log tan a — log sin b, 
log tan B = log tan b — log sin a, 
log cos c = log cot^ + log cot B (jchecK), 



log sin a = 9.84666 -10 
logcosa = 9.86324 -10 
.logtana = 9.99242 -10 
log shi 6 = 9.97788 - 10 
log cos 6 = 9.49768 -10 
logtan& = 0.47969 

Check : .-. log cot A = 9.98497 - 10 

logcotJB = 9.36596 -10 

/. log cos c =9.36092:- 10 



log cose =9.36092- 10 
logtanu4 = 0.01604 
logtanJ5 = 0.63403 
.-. c=ir 2M. 

^ = 46° 59'. 6. 

B = 76° 65'.6. 



♦ To be filled in. 
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Note. Spherical triangles, like plane triangles, can also be 
without the use of logarithms. (See Plane Trigonometry, examples in 
Arts. 27, 66-62.) 

2. Solve the triangle ABC, given : 



(7=90°, 




Solution : c = 


u4 = 57°40', 




6 = 


a = 48° 30'. 




B = 


Formulas: 8inc = ^$^, 
sin^ V 




Check: sinB = ^"'^ 
smc 


8in6 = ^'^V 
tan^ V 






sin5 = ^^«A 
cos a . 






log sm a = 9.87446 - 10 


/. logsinc =9.94763-10 


log cos a = 9.82126 - 10 


log 


sin 6 = 9.85469 - 10 


log tan a = 0.05319 


log 


sin J5 = 9.90697 -10 


log sin ^ = 9.92683 -10 




/. c = 62°25'.4, orll7°34'.6. 


logcos^ = 9.72823 -10 




6 = 45°40'.9, orl34°19M. 


logtan^ = 0.19860 




i5 = 63°49'.3, orl26°10'.7. 



The check gives log sin B = 9.90696. ^ ' 

On combining the results according to the principles of A^. 27, the 
solutions are: :^ 

(1) c= 62°25'.4, 6= 45°40'.9, B= 63°49'.3^ 

(2) c = 117° 34'.6, b = 134° 19M, B = 126° 10'. 7. 

8. Solve Ex. 1 without using logarithms. 

4. Given c = 90°, ^ = 67° 40', a = 108° 30'. Show both by geometry and 
trigonometry why the solution is impossible. 

6. Solve the triangle ABC, in which C = 90°, and check the results, given : 
(1) o= 36° 25' 30", 6 = 85° 40'; (2) c = .120° 20' 30", a = 47*» 30' 40" ; 
(3) c= 78° 25', ^ = 36° 42' 30" J (4)^= 63° 18', B = 37°47'; 
(6) a= 76°48', ^ = 82°36'; (6) b= 39° 60' 20", ^ = 47° 60' ; 

(8) 6= 70°30'80", 5 = 80*' 40*20"} 
(10) c= 78° 20', B = 47**50'; 
(12) a = 108° 42', 6=63<'26'; 

(14) c= 84° 47', 6 = 39*'43'. 



(7) a= 47° 40', ^ = 30° 43'; 

(9) a = 108° 46',. B = 37° 42'; 
(11) A = 110° 27', B = 74° 36' ; 
(13) A = 124° 30', b = 26° 40' ; 
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32. Solution of isosceles triangles and quadrantal triangles. 

Isosceles Triangles, Plane isosceles triangles can be solved by 
means of right triangles, as shown in Plane Trigonometry, Art. 32. 
A spherical isosceles triangle can be solved in a similar way, 
Damely, by dividing it into two right triangles by an arc drawn 
f ronr ^he vertex at right angles to the base. This arc bisects the 
base ttid the vertical angle. 

QuMrantal Triangles, The polar triangle of a quadrantal tri- 
angle (Art. 18) is right-angled (Art. 16. d). Hence, a quadrantal 
triangle may be solved by solving its polar triangle by Arts. 28, 
31, and then computing the required parts of the quadrantal 
triangle by Art. 16. d. 

EXAMPLES. 

1. Solve the triangle ABC, in which A and B are equal, and check the 
results, given : 

(1) a = 64° 20', c = 72°54'; (2) a= 66° 29', A= 50° 17'; 
(3) a = 64° 30', C = 71° ; (4) c = 166° 40', C = 187° 46'. 

2. Solve the triangle ABC, given : 

(1) c = 90°, = 67° 12', a = 123° 48' 4" ; 

(2) c = 90°, A = 136° 40', B = 106° 47'. 

33.* Solution of oblique spherical triangles. It has been seen 
(Plane Trigonometry, Art. 34) that oblique plane triangles can be 
solved by means of right triangles. Oblique spherical triangles 
can also be solved by means of right spherical triangles. Kelat- 
ing to spherical triangles there are six problems of computation; 
these correspond to the six problems of construction discussed in 
Arts. 23, 24. If any three parts of a triangle are given, the tri- 
angle can be constructed and the remaining parts can be com- 
puted. The several cases for computation will now be solved 
with the help of right-angled triangles.f 

(In the figures in this article the given parts are indicated by crosses. ) 

N.B. The student is advised to try to solve Cases II. -VI. before reading 
the text. 

♦ When time is limited this article may be omitted, or merely glanced over 
t Other q^ethods of solving triangles are shown in Chap. IV. 
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Case I. Giren the three sides. In ABC (Figs. 33, 34) let a, b, c, 

be given, and A, B, C, be required. From C draw OD at right 
angles to AB, or AB produced. Let the segments AD and DB be 
denoted by m and n, respectively. If the direction from A to B 
is taken as the positive direction along the arc AB, then m is 
positive in Fig. 33 and negative in Fig. 34, while n is positive in 
both figures. 





Fia.33 



Fio.84 



Special formula. In each figure, 

cos a = cos n cosp, and cos b = cos m cosjp. 

. «««., cos a cos 6 

/. cos » = = • 

cos n cos m 

, cosn __ cosq 
" cosm COS& 

. cos n — cos m cos a — cos 6 



[Composition and division.] 

cos n + cos m cos a + cos o 

From this, on applying Plane Trigonometry, Art. 62, formulas (7),.(8)» 
tan^ (n + m)taii J(n - m) = taii^(a + &)tan|(a - 6). (1) 

Now n -f 7n = c ; hence, n — m can be found by (1). Then the 
segments m and n can each be determined. The triangles ADO 
and BDC can then be solved by Arts. 2S, 31 ; and the solution of 
ABC can be obtained therefrom. 

Ex. 1. Solve Exs. 1, 2, Art. 42, by the method outlined above. 

Ex. 2. Show how to solve this case when the peipendicular is dzam 
from A to BC. 
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Case n. GlTen the three angles. Solve the polar triangle by 
the method used in Case I. ; and therefrom (Art. 16. d) compute 
the parts of the original triangle. 

Ex. Solve Exs. 1, 2, Art. 43, by this method. 

Case III. GiTen two sides and their included angle. In ABO 

(Fig. 35) let a, c, B, be given. Draw AD at right angles to BO, 

or BC produced. 

In ABD, c and B are known ; hence, 
BAD, AD, and BD can be found. In 
ADC, AD and DC (equal to a - BD) 
are now known; hence DAC, ACD, and 
AC can be found. Also, CAB = CAD 
+ DAB, The student can examine the 
case in which AD falls outside ABO. 

Ex. 1. Show how to solve the triangle by- 
drawing a perpendicular arc from C to AB, 

Ex. 2. Solve Exs. 1, 2, Art. 44, by means 
of right triangles. 

Case IT. Given a side and the two adjacent angles. Two meth- 
ods of solution may be employed. 

Either: (1) Solve the polar triangle by the method used in 
Case III.; and therefrom compute the parts of the original 
triangle. 

Or : (2) In ABO (Fig. 36) let A, B, c, be given. Draw the arc 
BD at right angles to AC In ADB, 
AD, DB, and ABD can be found, since 
A and AB are known. Now DBC = 
ABO -ABD. In DBC, DB and DBO 
are now known; hence BC, CD, and (7- 
can be found. Then AC = AD + DC 

' The student can examine the case in 
which BD falls outside ABC 

Ex. . 1. Solve the triangle by drawing a dif- 
ferent perpendicular. 

• Ex. 2. How may solution (2) aid in the solution of Case III. ? 

Ex. 3. Solve Exs. 1, 2, Art. 46, by means of right triangles. 
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Case y. GiTen two sides and the angle opposite one of them. (This 
may be an ambiguous case; see Art. 24, V.) 

In ABC (Fig. 37) let a, c, A, be given. From B draw the arc 
BD at right angles to AC to meet AC or 
AC produced. In ABD, c and A are 
known; hence ADy DB, and ABD can be 
found. In DBC, DB and a are now 
known; hencp DBCy C, and DC can be 
found. Then AC =^ AD + DC, and ABC 
= ABD + DBC 

Ex. 1. Examine the cases in which BD falls 
outside ABC, 

Ex. 2. Examine the case in which two triangles satisfy the given con- 
ditions. 

Ex. 3. Solve Exs. 1, 2, Art. 46, by means of right triangles. 

Case YI. Giyen two angles and the side opposite one of them. 

Like Case Y. this may be ambiguous; see Art. 24, VI. Two 

methods of solution may be employed. 

Either: (1) Solve the polar triangle by the method used in 

Case Y. ; and therefrom compute the parts of the original triangle. 
Or: (2) In ABC (Fig. 38) let A, C, c, be known. From B 

draw BD at right angles to AC to meet AC, or AC pro- 
duced. Solve the triangle ABD', then 
solve the triangle DBO. The parts of 
ABC can be computed from these solu- 
tions. 

Ex. 1. How may (2) aid in the solution of 
Case v.? 

Ex. 2. Solve Exs. 1, 2, Art. 47, by means of 
right triangles. 

Ex. 3. Solve the numerical examples in 
Art. 24. 

34. Graphical solution of (oblique and right) spherical triangles. 

A plane triangle can be solved graphically by drawing to scale 
a triangle that satisfies the given conditions, and then measuring 
the required parts directly from the figure (Plane Trigonometry, 




84,] GRAPHICAL SOLUTION. 48 

Arts. 10, 21). A spherical triangle can be solved graphically by 
drawing (Art. 24) upon any sphere a triangle that satisfies the 
given conditions, and then measuring the required parts of the 
triangle. The sides and angles (see Art. 11. c) can be measured 
^th a thin, flexible, brass ruler, on which a length equal to a 
quadrant or a semicircle of the sphere is graduated from 0® to 
90° or 180° respectively. 

Small slated globes can be obtained fitting Into hemispherical cups, whose 
rims are graduated from 0° to 180° in both directions. With such a globe, 
cup, and a pair of compasses, the constructions discussed in Art. 24 and the 
measurements referred to in this article are easily made. 

If the student has the means at hand, it is advisable for him to 
solve some of the numerical problems graphically. 

. N.B. Questions and exercises on Chapter II. will be found at p, 102. 



CHAPTER III. 

RELATIONS BETWEEN THE SitES AND ANGLES OF 
SPHERICAL TRIANGLES. 

35. In this chapter some relations between the sides and 
angles of any spherical triangle (whether right-angled or oblique) 
will be derived. In the next chapter these relations will be used 
in the solution of practical numerical problems. The first two 
general relations (namely, the Law of Sines and the Law of 
Cosines), which are by far the most important, can be derived in 
various ways. In a short course it may be best to deduce these 
laws by means of the properties of right-angled triangles as set 
forth in Art. 26; and, accordingly, this method is adopted here. 
These laws are also derived directly from geometry in Note A at 
the end of the book. It may be stated here that the geometrical 
derivation will strengthen the student's understanding of the 
subject, and will show more clearly the correspondence (Art. 14) 
between the parts of a spherical triangle and the parts of a 
triedral angle. 

36. The Law of Sines and the Law of Cosines deduced by means 
of the relations of right-angled triangles. 

A. Beriyation of the Law of Sines. 

Let ABC (Figs. 39, 40) be any spherical triangle. From B 
draw the arc BD at right angles to AC to meet AC, or AC pro- 
duced, in D. 

In ABD, sin BD = sin c sin J. ; 

in CBD, sin BD = sin a sin C (Fig. 39) 

= sin a sin BCD (Fig. 40) = sin a sin BCA 

Hence, in both figures, sin a sin (7 = sin c sin A. 

sin a sine ^ • 

.*. -: 7 = -: — —• 

Sin A sin C 
44 
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Similarly, by drawing an arc from O at right angles to AB, it 
sin a sin h 



oan be shown that 



sin A sin B 

. sing _ sin6 _. sinc ^ 
" sin^ sinJS sinC* 



(1) 



In words : In a spherical triangle the sines of the sides are pro- 
portional to the sines of the opposite angles, (Compare Plane 
Trigonometry, Art. 54, I.) 





B. DeriTation of the Law of Cosines. 

cos BC = cos CD cos DB 

= cos (b — AD) cos DB, or cos (AD — b) cos DB 
= cos b cos AD cos DB + sin b sin AD cos DB. 

But cos AD cos DB = cos c : 



(a) 



and 



sin .42) cos Z>-B = 52ilE^^ = cos c tan JZ> 



cos AD 

= cos c tan c cos -4 = sin c cos A. 
Hence, on substiti^ting in (a), 

008 a = cos & cos c + sin & sin c cos A • (2) 

Similarly, or by taking the sides in turn, 

cosb = cos c cos a -{- sin c sin a cos B, 
co8C = COS acosb -i- sin a sin b cos C. 

In words : In a spherical triangle the cosine of any side is equal 
to the product of the cosines of the other two sides plus the product of 
the sines 0/ these two sides and the cosine of their included angle. 
(Compare Plane Trigonometry, Art. 54, II.) 
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Note 1. The law of cosines, (2), is the fandamental and the moa^ 
important relation in spherical trigonometrj. For, as shown in Note j^r , 
it can be deduced directly ; the law of sines, (1), can be deduced from ifc ; 
all other relations follow from these ; and the relations for right triangles. 
Art. 26, can be deduced from the relations for triangles in general, on letting' 
(7 be a right angle. The formulas for cos a, cos 6, cos c, were known to the 
Arabian astronomer Al Battani in the ninth century. (See Flane Trigo' 
nometry, p. 166.) 

C. The Law of Cosines for the angles. Eelation (2) holds for 
all triangles, and, accordingly, for A'B'C, the polar triangle of 
ABC. (See Fig. 14, Art. 16.) That is, 

cos a' = cos 6' cos c' + sin 6' sin c' cos A\ 

/. cos (180° -A) = cos (180° - B) cos (180° - C) 

+ sin (180° - B) sin (180° - 0) cos (180° -r a). [Art. 16. d] 

A — COS A= (■— COS B) (— cos C) + sin B sin C(— cos a). 

.'. cos ^ = - COS J8 cos C + sin B sin C cos ai (3) 

Similarly, cos B = — cos C cos JL + sin sin A cos 6, 

cos (7 = — cos A cos JB + sin ^ sin B cos c. 

Eelation (3) can also be derived by means of right-angled tri- 
angles. 

XT^^„ o •!?-««« /ON ««« A COS a — cos h cos c 
Note 2. I^rom (2), C08-A = • 

sm&smc 

The denominator in the second member is always i)ositive. If a differs 
more from 90° than does 6, then cos a is numerically greater than cos 6, and, 
accordingly, greater than cos b cos c ; hence cos A and cos a have the same 
sign, and thus, a and A are in the same quadrant. 

Similarly, a and A are in the same quadrant when a differs more from 
90° than does c. 

From (3), in which cos a = ^^iAicos^cosa 

sin^smC 
it can be shown in a similar way that if A differs more ftom 90° than doei 
B or C, then a and A are in the same quadrant, 

Ex. 1. Derive cos h and cos c by means of right triangles. 
Ex. 2. Derive cos J. and cos B by means of right triangles. 
Ex. 3. Derive cos C from cos c by means of the polar trian^e. 
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37. Formulas for the half-angles and the half-sides. 

[Compare the method and results of this article with those of 
Art. 62, Plane Trigonometry'], 

I. The half-angles. 

From Art. 36, (2), cos A = cos ^"^08^ cose , ^^. 

smdsinc 

^ vi 1 cos a — cos 6 cos c 

.*. 1 — cos -4=1 : — ; — : 

sin sin c 

_ cos h cos c + sin 6 sin c -- cos a 
sin h sin c 

_ cos (6 — c) — cos g ^ 
sin 6 sine 

.% gninM J. = ^^^^*^^~^"^^^^^^^^^"^^^^^ 
*" '^ - sin 6 sine 

[^Plane Trigonometry y Art. 52, (8). j 
On putting a + 6 + c = 25, then — a + 6 + c = 2 (s — a), 
a ■— 6 + c = 2 (s — 5), and a + 6 — c = 2 (s — c). 

.-. sinH^ = ^'^^^T^)^!^("^"> > (2) 

sin 6 sin c 

Similarly, f rbm (1), 

1 I «^« >i i , cos a — cos h cos c 

1 + cos ul = 1 H : — ; — : 

sm sin c 

r> I. ■ 

_ COS g +^8in & sin c -- cos h cos c 
sin & sin c 

__ cos g — cos (6 4-,c) 
sin 6 sin c 

^ sin 6 sin c 

... cos> i .d = si"^s^"(^-"«X (3) 

sin & sin c 
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S V aln n ain ^ 



sin 6 sine 



■JIA 



a ^ sin & sine 



and hence, 
Therefore, 

hence, if 
then 



2 ' sin 8 sin (8 — a) 



(4) 



tani^ = ^ / sin(8-a)sin(8~&)sin (g-c) . 

din(s— a) ^ sins ' 



^jmj.^J sin(8-a)8in(8-&)8in(g-c) ^ 



tanr 



2 sin(«-a) 



(5) 



Like formulas can be similarly derived for \ B and J C ; or they may be 
written immediately on observing the symmetry in formulas (4) and (5); 
namely, 



sin J B =JsiP(^-«)sin(g-c)^ ^^.^ /sin(8-a)sin(g-&) 

^ sin a sin c ^ sin a sin & 

^ sm a sin c 



,^ /8in8sin(8^c)^ 
' sin a sin 6 



tan * ^ ^Jsin(g-a)sin(g-c)^ 
^ sinasin(s— &) 



tan i C7 =:JsiP(g-q)siD(g-6) 
^ sin « sin (« — c) 



K6) 



tanr 



tan|B=- ^ _, 
2 sin (« - b) 



tanr 



tonic = - , 

2 sin(«-c) 



(J) 



It is shown in Art. 50 that r is the radius of the circle inscribed 
in the triangle ABC. Article 50 may be read at this time. 

Note. By geometry, 2 s < 360° and h + c'> a. Hence, 8 — a is positive 
and less than 180°. Similarly, « — 6, « — c, are positive. Therefore, the 
quantities under the radical signs are positive. The positive signs must be 
given to each radical, for -4, 5, C, are each less than 180°, and, consequently, 
J -4, J JB, J C, are each between 0° and 90°. 

EXAMPLES. 

1. Derive each of the above formulas. 

2. Given a = 68°, 6 = 80°, c = 96°. Find A, JB, C. 

8. Given a = 46° 30', 6 = 62° 40', c = 83° 20'. Find A, JB, C. 
The results in Exs. 2, 3, may be checked by Art. 86, (1). 
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Ho The half-sides. From Art. 36, (3), 

^^« ^ cos ^ 4- cos B cos C 

cos a = : — — : — — • 

sin B sin G 

On finding 1 — cos a and 1 + cos a, combining and simplifying 
in the manner followed for the half-angles, and putting 

. A + B^C = 2S, 

the following formulas are obtained : 



2 > sin B sin C * 



2 ^ sinBsinC ' 

2 >C08(S-B)COS(-S 



CO 



Let 
tlien 



tan 






— cosS 



COS (S - ^) COS (S - B) COS (S - C)' 

mJB cos(S--4). 
Similarly, or from (8) and (9) by symmetry, 



tan \a = tan JB cos (S - ^). 

8 



(8) 



(9) 



,,in J 6 ^J-oo^ScoB{S^rB)^ ^^ ^ ^ U cos 8 cos ^S^cj^ 

' sin ^ sin C * ^ sin ^ sin B 

^ sin ^ sin C ^ \ sin ^ sin ^ 

tan^&=JI^s^cos(^-^) ^ tan^c^J -cos ^ cos (^-(7) 



*co8 (iS'-^) cos (S-0) 
tan I & = tan JB cos(S - B), 



^co8(^S-A)cos(S-B) 
tan|c = tan JR C08(/Sf -C). 

a 



(10) 



(11) 



It is shown in Art. 49 that R is the radius of the circumscribing 
circle of the triangle ABC, Article 49 may be read at this time. 

Note 1. Formulas (8)-(ll) can also be derived from formulas (4)-(7) 
by making use of the polar triangle, as done in Art. 36. C. 

Note 2. Sfaice A-{-B-\-C lies between 180° and 540° (Art. 17), S lies 
between 90° and 270° ; hence, cos S is negative, and, accordingly, — cos ;6I 
is positive. Since all the other functions under the radical signs are positive, 
the whole expression under each radical sign is positive. 

Note 3. The positive value of the radical is taken, since each side 
(Art. 19) is less than 180° 
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EXAMPLES. 

1. Derive formulas (10) from the values of cos h and cos c. 

2. Derive formulas (10) from formulas (6) by means of the polar triangle. 

3. In ABC, given A = 78° 40', B = 63° 60', C = 46° 20'. Find a, b, c. 
[Suggestion. Either use formulas (8)-(10); or, solve the polar triangle, 

and thence obtain the parts of the original triangle. [2%e results may he 
checked by using both these methods^ or by Art. 36, (1).] 

4. In ABC, given A = 121°, B = 102°, C = 68°. Find a, 6, c. 

5. Show that cos (aS^ — A) is positive. 

38. Napier's Analogies. On dividing tan ^ ^ by tan ^ B (Art. 37), 
there is obtained, , , . . , 

tan ^ B ~ sin (« — a) 

From this, by composition and division, 

tan tJ J. + tan ^ ^ __ sin (s — 6) + sin (s — a) 
tan \A — tan ^ J5 ~ sin (s — 6) — sin (« — a) * 

This, by Plane Trigonometry , Arts. 44. J5, 52 (also, see Art. 61), 
reduces to 

sin ^ u4 cos ^5 -f cos ^ J. sin -1^ J5 _ 2 sin ^(2 s — a — h) cos ^(a — h) 
sin ^ ^ cos I J5 — cos -J A sin | -B " 2cos^(2s — a — 6)sin^(a — 6)' 

sinV^ + B) tan^c 

and thence, to — ^ = ^ * (1) 

sinl(^-B) tani(a-ft) 

On multiplying tan ^^ by tan^ J5, there is obtained 

tan -i ^ tan -1 B = 2HLifJlJ2), 
sin« 

sinj^ J.sin J-.B __ 8in(8 — c) 

cos \ A cos ^B sin s 

From this, by composition and division, 

cos ^ A cos ^ J5 — sin j- ^ sin -^ J5 _ sin s — sin {s — c) 

cos ^ -4 cos ^ -B + sin ^ ^ sin ^ jB "" sin s + sin (s — c) 

_ 2 cos ^ (2 8 — c) sin j- c 

"" 2 sin ^ (2 s — c) cos ^ c 

C08|(^ + B) tan^c 

Whence, — ? = — — -^ . (3) 

C08i(^-B) tanj(a + ft) 



38.] NAPIEB'S ANALOGIES. 51 

Either, on proceeding in a similar way with tan \ a and tan \ b 
[Art. 37, (8), (10)], or, on applying (1) and (2) to the polar tri- 
angle, there is obtained, 

Biiil(a + 6) cotlC 

— ^ - = ^ (3) 

8iii|(a-6) taiil(^-B) 

eonUa + b) cotic 

and — ^ = ^ • (4) 

C08l(a-6) tanl(^ + B) 

a a 

Relations (l)-(4) are known as Napier's Analogies,* 

Note 1. Compare (3) with formula (2) Art. 61, Plane Trigonometry. 

Note 2. The numerators in (3) are always positive, since a+6+c < 360** 
and C< 180°. It follows, accordingly, that a — b and A — B must have the 
same sign. This also follows from the geometrical fact [Art. 15, (6)] that 
the greater angle is opposite the greater side. 

Note 3. In relation (4), cot J G and cos J (a — b) are positive quantities ; 
hence cos J (a + 6) and tan J(^ + B) have the same sign ; and, accordingly, 
J(a + 6) and J(-4 + B) are of the same species (Art. 27). 

Note 4. Derivation of (3) hy applying (1) to the polar triangle. On 
applying (1) to the polar triangle A'B'G' (Fig. 14, Art. 16), 

sin iCA^ + B') __ tan ^ c' 
sin J(^' - B') tan J(a' - b')' 



.^ sinK180° ~ g + 180° - h) ^ tan ^180° - G) 

sini(180°--a-180°-6) tan J(180° - ^ - 180° - ^) ' ^ ^' ' '^ 

.^^ sin(180° - \ q+T) _ tan (90° -\G) ^ 

sin J(6 - a) tan ^(^B- A)' 

Whence. sin}(a + 5)^ cotjC 

sinJ(«-&) tanJ(-4-^) 

Note 6. For a geometrical deduction of Napier's Analogies and the for- 
mulas in Art 39, see M'Clelland and Preston, Treatise on Spherical Trig- 
onometry^ Part I., Art. 66, and the article Trigonometry in the Encyclopedia 
Britannica (9th edition). 

* That is, Napier's proportions. For a long time the word analogy was 
used in English in one of its original Greek meanings, namely, a proportion 
(I'.e. an equality of ratios). This use of the word is now obsolete, and is 
only retained in a few phrases such as the above. Napier (see Art. 30, and 
Plane Trigonometry, Art. 1) discovered these proportions and gave them 
in his work, Mirifici logarithmorum canonis descriptio, in 1614 
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EXAMPLES. 

1. Express Napier's Analogies in words. 

2. Write the analogies involving^ and G, A and C, h and c, a and c 
8. Derive some of the analogies in £x. 2. 

39. Delambre's Analogies or Gauss'd Formulas. 

By Plane Trigonometry, Art. 46, (1), 

sin }(^ + 5) = sin J ^ cos J B + cos J -4 sin J J?. 

By Art. 37. (4), (6), 

sin}^cosi^ = »^^^"'-^)>^^«^°C^"^) = »^^(^"^) cos^fi 
sin c ^ sin a sin 6 sin c 

and cos i ^ Bin i B =»'"(» -'')-J^"°<''"''>='''°^*-''> COB *a 
sin c ^ sin a sin b sin c 

.•.BinK^+-B) = ""(»-'') + «'°('-^) co8}g 



smc 



^ 2sin}(23~a-6)cos}(g-&) ^^^ 

2 sin i c cos J c * ' 

...•Bini(^ + 5) = ^5?^=^coBia (1) 

In a similar way it may be shown that 

Bini(^-B) = ?i^^i^coBiCr. (2)' 

C0Bj(4 + S)=55!^±^BinJC, (S) 

coBK^-B) = ?i^i^Bini(7. (4) 

Formulas (l)-(4) are known as Delambre's Analogies, and also as Gauss's 
Formulas or Equations.* 



* These formulas were discovered by Karl Friedrich Gauss (1777-1855), 
one of the greatest of German mathematicians and astronomers, and pub- 
lished without proof in his Theoria Motus Corporum Ccelestium in 1809 J 
thus they bear his name. They were, however, published earlier by Kaii 
Brandon MoUweide of Leipzig (1774-1825) in Zach's Monatliche Correapon- 
denz for November, 1808. They were earliest discovered by Jean BaplJste 
Joseph Delambre (1749-1822), a great French astronomer, in 1807, and pub- 
lished in the Connaissance des Temps in 1808. The geometrical proof (see 
Note 5, Art. 38) was the one originally given by Delambre. This proof was 
rediscovered and announced by M. W. Crofton in 1869, and published in the 
Proceedings of the London Math, JSoc, Vol. IIL (1869-1871), p. 18. 
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NoTB 1. Equations (3) and (4) can also be derived by applying (1) and 
(2) to the polar triangle. 

Note 2. Delambre^s Analogies can also be deduced by help of Napier^s 
Analogies, (See Todhunter, Spherical Trigonometry^ Art. 64 ; Nature^ Vol. 
XL. (1889, Oct. 31), p. 644.) 

NoTB 3. On the other hand, Napier's Analogies can be easily derived 
from Delambre's Analogies; namely, on dividing corresponding members, 
one by the other, in (1) and (3), (2) and (4), (4) and (3), (2) and (1). 

EXAMPLES. 

1. Write Delambre^s Analogies involving B and C, and C and A* 

2. Derive (3) and (4) from (1) and (2), using the polar triangle. 
8. Derive Delambre's Analogies from Napier's Analogies. 

4. Derive some of the analogies in Ex. 1 directly. 

40. Other relations between the parts of a spherical triangle. The 
preceding articles of this chapter present few more relations than 
are required for the solution of spherical triangles. Between the 
parts of a spherical triangle there are many other relations which 
are interesting and useful for many purposes, and which either 
set forth, or lead to the discovery of, important geometrical prop- 
erties * of spherical triangles. 

For example, if in equation (2) Art. 36, the value of cos c in the second 
equation that follows, be substituted, then 

cos a = cos a cos^ 6 + sin a sin 6 cos 6 cos C + sin 6 sin c cos A ; 
-whence, on putting for cos^ h its value 1 — sin^ 6, dividing by sin 6, and 
transposing, it follows that 

cos a sin 6 — sin a cos 6 cos C = sin c cos A. 
Kve similar relations can be derived by permuting the letters ; and on 
applying these six relations to the polar triangle, six others can be derived. 

To pursue this topic further is beyond the scope of this book, 
which aims to give little more than the simplest elements of 
spherical trigonometry and what is absolutely required for the 
solution of spherical triangles. Those who are interested can 
refer to the works on spherical trigonometry by M'Clelland and 
Preston (Macmillan & Co.), Casey (Longmans, Green, & Co.), 
Bowser (D. C. Heath & Co.), and others. 

N oB. Questions and exercises on Chapter III, will he found on page 104, 

* Instances in which geometrical properties are deduced by means of 
trigonometry, are given in Art. 27, Art. 36, (Note 2), Art. 38, (Notes 2, 3). 



CHAPTER IV. 

SOLUTION OF TRIANGLES. 

N.B. The student is recommended to work one or two examples in each 
set in this chapter before reading any of the text. 

4L Cases for solution. This chapter is concerned with the 
numerical solution of spherical triangles. In all there are six 
cases for solution ; these correspond respectively to the six cases 
for construction which were discussed in Arts. 23, 24. In these, 
cases the given parts axe as follows : 

L Three sides. 

II. Three angles. 

III. Two sides and their included angle. 

lY. One side and its two adjacent angles. 

Y. Two sides and the angle opposite one of them. 

YI. Two angles and the side opposite one of them. 

With slight changes the procedure described in Art. 31 is rec- 
ommended. Figures may be helpful. Of formulas adapted for 
logarithmic computation, the necessary ones are (1) Art. 36, (4)- 
(11) Art. 37, and (l)-(4) Art. 38. If the polar triangle is used 
in finding the solution, then I. and II. constitute one case, like- 
wise III. and lY., and likewise Y. and YI. ; and the necessary 
formulas are (1) Art. 36 (4)-(7) or (8)-(ll) Art. 37, and (1), (2), 
or (3), (4) Art. 38. Cases Y. and YI. must be examined as to 
ambiguity; and accordingly, they give more trouble than the 
others. Unless the triangle satisfies the conditions specified in Arts 
15, 17, 24 Y., its solution is impossible. 

Checks. The results obtained should always be checked. Delam- 
bre's Analogies and formulas which have not been used in the 
course of the solution, may be used as check formulas. 

N.B. Before doing any of the numerical work the student should try to 
get a clear idea of the figure of the triangle upon a sphere. This geometrical 
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inception will enable him to make a reasonable estimate of what the results 
^ill be; this estimate will help him to detect wild results that may be 
obtained by making numerical errors. For example, in ABC let a = 110°, 
^ = 114°, C= 10° ; and suppose that the result c = 76° presents itself. A person 
^ho has drawn a figure of the triangle on a sphere, or one who has geometri- 
cal imagination sufficient to give him an idea of the look of the given triangle, 
>ill at once see that the result, c = 76°, must be wrong. In working spherical 
triangles it is much better not to proceed blindly. 

42. Case I. Given the three sides. 

EXAMPLES. 
1. In ABC, given a = 47° 30', b = 55° 40', c = 60° 10'. Find A, B, C. 



formulas: tan r ^ ^'^ <" " ^) "^^ (" " ^) ^^ ("-") , 
^ sm« 



sin (« — a) sin (« — b) sin (s — c) 

Check : Law of Sines, or Napier's Analogies, or Delambre's Analogies. 
Logarithmic formulas : 
log tan^ r = log sin (« — «) + log sin (s — 6) + log sin (s — c) — log sin «, etc. 
Check : log sin a — log sin A = log sin b — log sin B = log sin c — log sin C. 

a = 47° 30' log sin « = 9.99539 - 10 /. M = 28° 16' 2" 

b= 66°*40' log sin (s- a) = 9.74943-10 J ^ = 34° 33' 41.5" 

c = 60° 10' log sin (« - 6) = 9.64184 - 10 J C = 39° 29' 12" 

.-. 2 « = 163° 20' log sin (« - c) = 9.56408 - 10 .-. A = 56° 32' 4" 

« = 81° 40' .-. log tan2 r = 18.95996 - 20 B = 69° 7' 23" 

« - a = 34° lO' .-. log tan r = 9.47998 - 10 C = 78° 58' 24" 

« - 6 = 26° .-. log tan J ^ = 9.73055 - 10 

«-c= 21°80' logtanJ^= 9.83814-10 

logtaniC= 9.91590-10 

Check : log sin a = 9. 86763 log sin b = 9.91686 log sin c = 9. 93826 

log Bin wdl = 9^92128 log sin ^ = 9.97051 log sin = 9.99191 

9.94635 9.94635 9.94636 

Note 1. Directions for the numerical work : Fill in the first column ; 
turn up the first four logarithms in the second column (since these logarithms 
are required by the formulas) ; compute the last five logarithms in the second 
column according to the formulas (these computations may be made on 
another paper, if necessary) ; find the first three angles of the third column 
by the tables ; thence compute A, By C. 

NoTB 2. If only one angle is required, say -4, it can be found by one of 
formulas (4) Art 37 ; preferably, the second. Angle A can also be found 
(without logarithms) by formula (1) Art 37. 
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S. 8olTe-4J?C, given that a = 43° SO', 6 = 72=24', c = 8rW- 

S. SoWe .cLBC, given that a = 110=40', 6 = 45= 10', c = 12P20. 

4. Sol?e ABC, given that a = 120^ W, 6 = 9r'40', c = 74** W. 

ft. Solve PQB, given that j> = 67^ 40', g = 47^ 20^, r = 83=»50'. 

43. Case H. Giren the three angles. 

Either : Solve the polar triangle by the method used in Case L, 
and therefrom obtain the parts of the original triangle. 
Ch': Solve by means of formulas (8)-(ll) Art 37. 

EXAMPLES. 

Solve ABC, and check the results. 

L Given ^ = 74° 40', J9 = 67° 30', C=49°60. 

2. Given ^ = 112° 30', B = 83° 40', C = 70° W. 

8. Given A = 130°, B = 08°, C = 64°. 

4. Given P = 33° 40', § = 26° 10', J? = 20° 30'. Find p, g, r. 

Note. The results may also be checked by solving the examples by bodi 
the methods above. 

44. Case III. Given two sides and their included angle. 

EXAMPLES. 
L In ABCy a = 64°24', 6 = 42° 30', 0=68° 40'; find^, 5,c 

Formulas ' Uai\{A + ^) = ggg i (^ - ^) cot ^ C ; 

cos i (a + 6) 

^^ ^ sinJ(a + 6) ' 

-sin (7. 



sin^ 
Checks : Law of Sines, etc. 

C = 68° 40' log cot J 0=026031 .-. log tan i(A+B) =0.46743 ' 

a= 64°24'. log sin i(a+&) =9.90490-10 log tan i(^-^) =9.62406 

b= 42^30' logco8i(a+&)=9.77490-10 .-. K^+5)=71°10'41' 

;. a+6=106°54' logsin J(«-&)=9.27864-10 i(-^-^) =22° 49' 12' 

a-6 = 21° 64' log cos i(a-b) =9.99202-10 .-. ^=93° 69' 63' 

J (7= 29° 20' ^a=9.95513-10 JB=48°21'29' 

i(a4.6)= 63^27- =9.93164 -10 .-. log sin ^=9.99894- 

|(a-6)= 10°67' A logsinc=9.88773- 

/. 0=60° 33' 6" 
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Note 1. Since C<A, then c<,a ; and hence, the acute value of c is taken. 

Note 2. Directions for the numerical work : Fill in the first column ; 
then turn up all the logarithms for the second column, these logarithms being 
Required by the formulas ; then compute the first two logarithms in the third 
Column, according to the formulas ; thence find the corresponding angles, and 
Calculate A and B; turn up log sin ^; compute log sine according to the 
formula ; then find c in the Tables. 

Note 3. In using formulas involving the difference of two sides or two 
angles, place the larger side or angle first. 

2. Solve ABC, given a = 93° 20', b= 56° 30', 0=74° 4a. 

3. Solve ABC, given 6 = 76° 30', c= 47° 20', ^ = 92° 30'. 

4. Solve ABC, given c = 40° 20', a = 100° 30', B = 46° 40'. 

5. Solve PQB, given g = 76°30', r = 110°20', P=46°50'. 

45. Case IV. Given one side and its two adjacent angles. 

Either : Solve the polar triangle by the method used in Case III. ; and 
tberefrom obtain the parts of the original triangle. 
Or : Solve by using formulas (1), (2), Art. 38. 

EXAMPLES. 

1. Solve ABC, given A = 67° 30', B = 45° 50', c = 74° 20'. 

2. Solve ABC, given ^ = 98° 30', = 67° 20', a = 60° 40'. 
; 3. Solve ABC, given C = 110°, A = 94°, b = 44°. 

4. Solve PQB, given B = 70° 20', Q = 43° 50', p = 50° 46'. 

46. Case Y. Given two sides and the angle opposite one of them. 

This ,is an ambigaons case,* since (Art. 24, V.) there may be two 
solutions. It may be well to examine this case (1) geometrically, 
that is, by an inspection of the figure ; (2) analytically, that is,^ 
by an inspection of the formulas involved in its solution. 

(1) Geometrically. In Art. 24, V. (Figs. 21, 25) it has been 
seen that, when two sides and an angle opposite one of them 
(say, a, 6, A) of a triangle ABC are given, there are two triangles 
possible if either of the following sets of conditions holds, viz. : 

A < 90**, a >p, a < 6, and a < 180° - 6; (a) 

A > 90^ a <p, a > 6, and a > 180° - b. . (b) 

♦ For a detailed discussion of the ambiguous case, see Todhunter, Spher- 
ical Trigonometry, pp. 53-58; M'Clelland and Preston, Spherical Trigo- 
nometry, pp. 187-143, 
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In order that the triangle be possible, it is apparent that : either 
CB=GP] or, in Fig. 21, CB>CF, U. sin (75 > sin GP, i.e. 
sin a > sin AC sin CAP, 

i.e, sin a > sin b sin A ; 

and, in Fig. 25, CLB < (7P, and CLB > (7P', i.e. sin a > CP^, i.e 
sin a > sin AC sin CAP', 

i.e, sin a > sin 6 sin (180® — CAP), i.e. sin a>sinb sin A. 

Art. 24 also shows that, when the triangle is possible, there is 
orm solution if either of the following sets of conditions holds, viz. : 

J.<90°, a>'p, a between b and 180**- 6; (c) 

ul>90^ a<p, a between b and 180° — 6. (d) 

If CB= CP, i.e. if a=p, then there is one solution. 
Art. 24 also shows that the triangle is impossible if either one 
of the following sets of conditions holds, viz. : 

A < 90^ a greater than both b and 180° — 6 ; (e) 

A > 90°, a less than both b and 180° - b. 

. Since the greater angle is opposite the greater side, B must be 
such that A — B shall have the same sign as a — 6. 

(2) Analytically. The formulas used in solving this case are as 
follows : 

sma 
cot iC = f^ 11^ + ^> tan i(^ - B), [or, (4) Art. 38] (2) 

*^*' = SeI(Z^*^°*(«-^>- [«^' (2) Art. 38] (3) 

Since B is determined from its sine, it may be in either the first 
or the second quadrant. If sin a = sin 6 sin A, then B = 90®. If 
sin a < sin 6 sin A, then sin B>1, and B has an impossible value, 
and, accordingly, the triangle is impossible. [Compare above.] 
Equation (2) shows that A^B and a — 6 have the same sign. 
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Hence, from the analytical inspection comes the following rule: 

7jf sin a < Bin 6 sin ^9 there is no solution; i/ sin a = sin 6 sin ^, 
there is one solution; i/ sin a > sin & sin^^ and if both valv£S of B 
obtained from (1) he such thai 

A — JB and a — b have like signs, 

there are two solutions; if only one of the values of B satisfies this 
condition, there is only one solution ; if neither of the values of B 
satisfies this condition, the solution is impossible. 

From the geometrical inspection comes the following rule : 

ijf sin a < sin 6 sin A, there is no solutioyi ; i/ sin a = sin 6 sin Ay 
there is one solution; if sin a > sin & sin Ay then : 

When A is less than 90"": 

there are two solutions if a is less than both b and 180® — 6; 
th£re is one solution if a lies between b and 180° — b; 
there is no solution if a is greater than both b and 180** — b. 

When A is greater than 90"" : 

there are two solutions if a is greater than both b and 180° — b; 

there is one solution if a lies between b and 180° — b; 

there is no solution if a is less than both b and 180° — b. 

Note 1. The second rule has one advantage over the first, in that it 
enables one to say, merely on calculating sinJS, but without finding B^ 
whether the triangle is ambiguous or not. 

Note 2. The property observed in Art. 36, Note 2, is frequently used in 
investigating the ambiguous case. 

EXAMPLES. 
1. In ABC, a = 43° 20', b = 48° 30', A = 58° 40' ; find B, C, c. 
sin b sin A 



Formulas : sin 5 = - 



sma 



Checks : Formulas (2), (4), Art. 38 ; or, formulas, Art. 87 ; or, Delambre'a 
Analogies. 
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[Ch. IV. 



^ = 58° 40' 

a = 43° 20' 

6 = 48° 30' 

/. 6 + a = 91° 50' 

6-a= 6° 10' 

J(6 + a)=45°66' 

i(b-a)= 2° 36' 



log sin ^ = 9. 93154- 10 
logsma = 9.83648 -10 
log sin b = 9.87446 - 10 
/. log sin 5 = 9.96952 - 10 
.-. B= 68° 47' 
B' = 111° 13' 
[According to the test for 
ambiguity.] 



In ABC, (See Fig. 21, Art. 24.) 
log sin i(h + a) = 9.85632 - 10 
log sin J(6 - a) = 8.65391 - 10 
log tan J(& - a) = 8.65435 - 10 
log sin i(B-\-A)= 9.95264 - 10 
log sin J(B -A)= 8.94532 - 10 
log tan i(B -A)= 8.94702 - 10 
.-. logcotJC = 0.14943 
logtanJc = 9.66167 -10 
/. i 0=35° 19' 55".4, J c=24° 38' 53". 
/. C= 70° 39' 51", c=49°17'46". 



.\ B-\-A = 127° 27' 
B-A= 10° 7' 

i(B + A)= 63° 43' 30" 
i(B-A)= 5° 3'30'' 
.-. 5' + ^ = 169° 53' 
B'-A= 62° 33' 

i(B'-\-A)= 84° 66' 30" 
i(B'-A)= 26° 16' 30" 

In ABfG. 



As in ABC. 



log sin }(B' + A)= 9.99830 - 10 

log sin J(-B' -A)= 9.64609 - 10 

log tan J(^' - ^) = 9.69345 - 10 

.'. log cot} C = 0.89686 

logtan}c = 9.00656 -10 

.iC= 7°14'36", }c= 5°47'49". 
. C = 14°29'12", c=ll°35'38". 



Hence, the solutions are : 

ABG= 68° 47', ^05 = 70° 39' 51", ^B = 49° 17' 46" ; 

AB' (7 = 111° 13', ACB' = 14° 29' 12", AB' = 11° 35' 38". 

Note 3. Directions for the numerical work : Fill in the first of the three 
columns; turn up the first three logarithms in the second column, these 
being required by the first formula ; compute log sin B according to the first 
formula ; find B in the tables ; decide the question of ambiguity ; fill in the 
third column (only four lines when the triangle is not ambiguous). Turnup 
the first six logarithms in the first of the next two columns ; compute the 
next two logarithms according to the formulas ; find the corresponding values 
in the Tables ; thence compute C and c. If the case is ambiguous, do the 
same work for the second triangle. 

2. Solve ABC when a = 56° 40', b = 30° 60', A = 103° 40'. 

3. Solve ABC when a = 30° 20', b = 46° 30', A = 36° 40'. 

4. Solve ABC when c = 74° 20', a = 1 19° 40', C = 88° 30'. 
6. Solve ABC when b = 30° 10', c = 44° 30', B = 86° 50'. 
6. Solve PQi? when g = 42° 30', r = 46° 50', Q= 56° 30'. 
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47. Case VI. Given two angles and the side opposite one of them. 

This is also an ambiguous case. 

Either: Solve the polar triangle by the method used in Case V.; 
and therefrom obtain the parts of the original triangle. 

Or : Solve by using formula (1) Art. 36, and Napier^s Analogies. 

The first rule (Art. 46) for determining ambiguity suits the 
3ase, if a, 6, be substituted for A, B, therein. On making use of 
'h-e polar triangle, it is found that the second rule can be adapted 
>y substituting a, A, B, for A, a, b, respectively. 

EXAMPLES. 

1. Solve ABC when A = 108*» 40', B = 134° 20', a = 146° 36'. 

2. Solve ABC when B = 36° 20', G = 46° 30', 6 = 42° 12'. 

3. Solve ABC when C = 62° 10', A = 23° 40', c =: 33° 60'. 

4. Solve STV when T = 102° 60', V= 81° 20', t = 124° 30'. 

48. Subsidiary angles. Formulas can sometimes be adapted for loga- 
rithmic computation and the triangle solved, by the use of subsidiary angles. 
For example, in ABC let a, c, B be known, and b required. (See Fig. 36, 
Art. 33.) 

cos 6 = cos a cos c -f sin a sin c cos B (Art. 36, B) 

= cos c (cos a + sin a tan c cos B), 
On putting tan c cos B = tan 0, this becomes 

cos 6 = cos c (cos a + sin a tan <p) 

^ cos c (cos a cos + sin q sin 0) 

COS0 

_ COS c COS (a — 0) 

COS0 

On referring to Fig. 35 it is seen that BD = 0, that DC = a -^ <pj and 

DOS AD = £2i£ ; so that solving as above is equivalent to solving the triangle 

cos 
by dividing it into right-angled triangles. 

N.Bo Questions and exercises on Chapter IV, will be found on page 106. 



CHAPTER V. 




CIRCLES CONNECTED WITH SPHERICAL TRIANGLES, 

49. The circumscribing circle. The circle passing through the 
vertices of a spherical triangle is called the circumscribing circle^ 
or drcum-circle, of the triangle. This circle can be constructed 
in somewhat the same manner as the circumscribing circle of a 
plane triangle. 

Let ABC (Fig. 41) be a spherical triangle, and let E denote 
the radius (i,e. the polar distance, Art. 6) 
of its circumscribing circle. Bisect the 
arcs BC, CA, in L, My respectively; aad 
at L, M, draw arcs at right angles to BCy, 
CA, respectively. The point O, at whicli 
these arcs meet, is the pole of the circuin- 
scribing circle. 

For, draw OA, OB, 00, arcs of great . 
circles. In the triangles OLB and OLCj 
BL = LC, LO is common, and the angles at L are right angles. 
Hence, OB = 00, In a similar way it can be shown that 
00 = OA, Hence is the pole of the circumscribing circle. 

Join and N, the middle point of AB \ then it is easily shown 
that ON is at right angles to AB, 

In ABC, A-\-B-\-C=2S. 

Now (since OA=OB=: 00), 

OAB=OBA, OBC=OCB, OCA=OAG. 
Hence, OAB + OBC-\- 6aC= S. 

.-. OBC=S-(OAB-{-OAC) = S'-A. 
In the right-angled triangle OBL, 

tan J5Z 



Fia. 41 



tan 05 = 



cos OBL 



[Art. 26, Eq. (3)] 
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i.e. taiiJB = — ^J ^ ■ (1) 

•^' cos(/S'-5) cos(aS-(7) 

On substituting in (1) the value of tan ^ a in relation (8) Art. 
37, equation (1) becomes 

tan E / ~cos5 ^2) 

^cos (S - A) cos (6^ - J5) cos (S-C) ^ ^ 

Note 1. Compare (1) with the corresponding case in plane triangles 
{Plane Trig., Art. 68). (In plane triangles, /S'=90^ and, hence, 
cos (^S — A) = sin A.) 

Note 2. On putting N= V- cos S cos(/S' - A)cos(S ~ B)cos{S - C), 

cos/S' 



tan/2 = -: 



iV 



50. The inscribed circle. The circle which touches each of the 
sides of a spherical triangle is called the inscribed circle, or in- 
circle, of the triangle. This circle can be constructed in some- 
what the same manner as the inscribed circle of a plane triangle. 

Let ABC be a spherical triangle, and let 
r denote the radius (i-.e. the polar distance) 
of its inscribed circle. Bisect angles A, B, 
by arcs of great circles, and let these arcs 
meet at 0. Draw OL, DM, ON, at right 
angles to BC, CA, AB, respectively. 

In the triangles 0AM and OAN, the 
angles at A are equal, the angles at N and 
M are right angles, and the side OA is 
common. Hence these triangles are symmetrical, and 0M= ON. 
Similarly it can be shown that 0N= OL. Hence is the pole 
of the circle inscribed in ABC. 

Since the triangles 0AM and OAN are equal, AM= AN, 
Similarly, BN=BL, and CL = CM. 

Now AB-{'BC-{-CA = 2s; 

hence AN+ BL+ CL = s. 

.'. AN=s - (BL + LC) = « - a. 
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In the right-angled triangle AON^ 

tan 0N= tan OANAnAN. [Art! 26, (4)] 

.'. tanr = tan|^sin(0--a). (1) 

Similarly, tan r = tan vj- J5 sin (s — 6) ; tan r = tan J (7 sin (s — c). 

On substituting in (1) the value of tan^^ in (4) Art 37, 
equation (1) becomes 



^ sin ^ ' 

On putting n = Vsin8sin(0 - a)sln(«-6)8in(«- c), (3) 

tanr = -/^. (4) 

Note 1. Compare (1) with Plane Trigonometry^ Art. 69, Note ; (2) with 
Art. 69, (3); n with S, Art. 66, (3); (4) with (3) Art. 69. 

51. Escribed circles. A circle which touches a side of a spher- 
ical triangle, and the other two sides produced (that is, which 
is inscribed in a co-lunar triangle), is an escribed circky or an ex- 
circle, of the triangle. There are three ex-circles, one correspond- 
ing to each side of the triangle, 
^o^ Let ABC be a spherical tri- 

angle; and let the radii of the 
^^' escribed circles, touching a, 6, c, 

"■^g-^^ LS^>'^^ respectively, be denoted by r„ rj, 

pjq ^^ r^, respectively. Complete the 

lune whose angle is A. The 
escribed circle which touches a is the inscribed circle of the 
co-lunar triangle A'BC. Hence [Art. 50, (1)], 




tan r. = tan ^ A' sin ^ [(a -f 180° - 6 -f 180° ^c) — 2a]; 
i,e. tanra = tan|^sin0. (1) 

Similarly, tanr^ = tan^5sin«; tanr,, = tan^Osina. 
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On substituting for tan ^-4 its value in (4) Art. 37, equation 
(1) becomes 

taar. = Jg^i^ (^-^)"f ("-''), (2) 

>» sin(« — a) ^ ^ 

*^"- = Sir(Sr^- [Art. 60, (3)] (3) 



Similarly, tan r^ = — — — ; tan r^ 



sin(s — 6) sin(s — c) 

Note. Compare (3) with the corresponding result in Plane Trigonome- 
j • «»-y, Art. 70. 
I 

Some other relations between the sides and angles of a spherical 

triangle and the radii of the circles connected with it, are indica>ted 
in the ex&i'dses at the end of the hook. 

Ex. Find the ra^ii of the circumscribing, inscribed, and escribed circles of 
some of the triangles in Chapters II., IV. 

N.B. For questions and exercises on Chapter F., seepage 107. 



CHAPTER VL 



AREAS AND VOLUMES CONNECTED 'WITH .SPHERES. 

52. Preliminary propositions. 

a. The lateral area of a frustum of a regular pyramid is equal 
to the product of the slant height of the frustum and half the 
• sum of the perimeters of its bases. 





Pia.45 



Fia. 46 



The student can easily prove this (Fig. 44). It should be 
noted that the half sum of the perimeters of the bases of the 
frustum is equal to the perimeter of the section which is parallel 
to the bases and midway between them. 

In symbols : If pi, pa? Pj are the perimeters of the bases and 
the middle section of the frustum, and MN is its slant height, 
then 

lateral area of frustum = \ MN (pi +p^ = MN > P. 

6. The lateral area of a frustum of a cone of revolution is 
equal to the product of the slant height of the frustum and half 
the sum of the circumferences of its bases. 

[^Suggestion for proof: If the number of the lateral faces of a 
frustum of a regular pyramid be indefinitely increased and each 
face be indefinitely decreased, then this frustum approaches the 
frustum of a cone of revolution as a limit (see Fig. 46). Accord- 
ingly, Proposition (p) follows at once from (a)]. It should be 
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noted that half the sum of the circumferences of the bases of 
the frustum is equal to the circumference of the section which 
is parallel to the bases and midway between them. 

In symbols: If Ci, Og, C (Fig. 45) are the circumferences of the 
bases and the middle section of the frustum, and MN is its slant 
height, then lateral area of frustum 

= iMN (Oi + Q = MN' 0=2 irLG • MN. 

Note. The lateral surface of the frustum of the cone (Fig. 46) can be 
generated by the revolution of the line MIf about the line AB which is in 
the same plane with MN", 




53. To find the area of a sphere. The surface of a sphere can 
be generated by the revolution of a semicircle about its diameter. 
Por example, the semicircle AT KB of radius B 
on revolving about its diameter AB, will describe 
the surface of a sphere of radius OA, 

Let a polygon ALTGKB be inscribed in this 
semicircle. At M, the middle point of one of the 
chords LT, draw MO at right angles to LT, By 
geometry, MO will meet AB at 0, the middle 
point of AB. Project LT on AB, the projection 
being It] draw XQ at right angles to Tt. 

By Art. 52. b, the area generated by XT in its revolution 
about AB 

=:2 7rMm'LT. (1) 

Since the angles of the triangle LTQ are respectively equal to 
the angles of OMm, these triangles are similar ; accordingly, 

LT:LQ==OM:Mm. 

A Mm . LT^LQ • 0M= It . OM. 

Hence, from (1), area generated hy LT= 2 wOM- It. " (2) 

In words: When a chord of a semicircle revolves about tl!e 
diameter, the area generated is equal to 2 tt times the product of 
the length of the perpendicular from the centre to the chord, 
and the projection of the chord upon the diameter. 
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••. The area of the surface generated by the revolution of the 
polygon ALTOKB 

= 2 TT X (perpendicular on AL from 0) x Al 

+ 2 IT X (perpendicular on LT from 0) x It 

+ 2 TT X (perpendicular on TG from 0) x tg 

+ 2 TT X (perpendicular on GKirom 0) x gk 

•+ 2 TT X (perpendicular on KB from 0) x JcB. 

If the number of sides in the polygon inscribed in the semi- 
circle is indefinitely increased and each side is indefinitely de- 
creased, then the broken line ALTGKB approaches the semicircle 
as a limit, and each of the perpendiculars drawn from to the 
middle points of the chords approaches J^ as a limit; while 
the sum of the projections of the chords remains equal to AB^ 
the diameter of the circle. Hence, area of surface generated by 
revolution of semicircle AGB = 2 tt • i^ • 2 J^ ; 

i.e. area of surface of sphere of radius -B = 4 ttB^, 

In words : The area of the surface of a sphere is four times the 
area of a great circle of the sphere. 

Definition. A zone of a sphere is a portion of the surface in- 
cluded between two parallel planes, or, what comes to the same 
thing, is the portion of the surface included between two circles 
which have common poles ; for example, the surface between the 
parallels of 30° N. latitude and 50° N. latitude. 

The area of a zone. An infinite number of chords can be in- 
scribed in the arc LT (Fig. 47). By reasoning similar to that 
employed above, it can be shown that 

area of surface generated by arc LT=s2 irB • U. 

.'. The area of a spherical zone is equal to the product of the length 
of a great circle of the sphere and the height of the zone. 

It follows that on a sphere or on equal spheres the areas of 
zones of equal heights are equal. 
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EXAMPLES. 

1. Find the area of a sphere of radius 15 inches. 

2. Find the surface of a spherical zone of height 2.5 inches on a sphere of 
diameter 50 inches. 

3. Find the convex surface of a spherical segment of height 4.5 inches on 
a sphere of diameter 7 feet. [See definition, Art. 63.] 

4. Suppose that the earth is a sphere whose radius is 8960 miles ; find the 
area of the surface included between the North Pole and the parallel of 80° 
N. latitude ; between the parallels of 49° N. and 50° N. ; between 5° N. 
and6°S. 

54. Lunes. Definition. The spherical surface bounded by two 
halves of grealHjircles is called a lune; e.g. the surface between 
two meridians. The angle of the lune is the angle between the 
two semicircles ; thus the angle of the 

lune between the meridians 70° W. and 
80'' W. is 10^ 

Proposition. On the same circle or on 
equal circles the areas of lunes are propor- 
tional to their angles. This can be proved 
by a method similar to that which is used 
in proving that the angles at the centre of 
a circle are proportional to the arcs sub- Fia. 48 

tended by them. 

55. A spherical degree defined. From the proposition in Art. 54 
it follows that the area of a lune is to the area of the surface 
of the sphere as the angle of the lune is to four right angles. 
That is, 

area of lune of angle A"* : area of sphere = A° : 360°. 

Hence, area of lune of angle 1° = ^^ea of sphere ^ 

' ^ 360 

Let a great circle be drawn about one of the vertices of a lune 
of angle 1° as a pole. The lune is then divided into two equal bi- 
rectangular triangles ; accordingly, each triangle contains (7^^)th 
of the surface of the sphere, or (^f5^)th of the surface of the 
hemisphere. The surface of each such triangle is called a spherical 
degree. 
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For example, the part of the surface of a globe bounded by the 
meridians 43° W. and 63° W. longitude and the equator, contains 
20 spherical degrees ; the lune bounded by these meridians con- 
tains 40 spherical degrees. 

A lune of angle A° contains 2 A Spherical degrees. 

The passage from spherical degrees of surface to the ordinary 
measure (of the area) of the surface is easily effected when the 
radius of the sphere is given. 

A spherical degree = (■fi^)th part of the surface of a sphere; 
hence, on a sphere of radios r, 

A. tr^ 2 

a spherieal degree contains ^^^^' ^•^- ^|^ square nnits of area. 

Thus, 
area of a lune of angle 20° on a sphere of radius r = ■ = \ iti^, 

EXAMPLES. 

1. Find the area of a lune of angle 10° on a sphere of radius 2 feet. 

2. Find the area of a lune of angle 37° 30' on a sphere of radius 7 feet. 

3. Find the area between the meridians 77° W. and 83° 20' W. ; and the 
area between the meridians 174° 20' W. and 168° 35' E. (Radius of earth 
= 3960 miles.) [Express areas in spherical degrees and in Square miles.] 

56. Spherical excess of a triangle. The sum of the angles of a 
plane triangle is always equal to 180° ; the sum of the angles of 
a spherical triangle is always greater than 180° (Art. 17). The 
difference between the latter sum and 180° is called the spherical 
excess of the triangle. (This excess is due to the fact that the 
triangle is spherical and not plane; hence the excess is called 
spherical,) For example, in the triangle bounded by the meridi- 
ans 47° W» and 48° W. longitude and the equator, the sum of the 
angles is 181° ; and, accordingly, the spherical excess is 1°. In 
the triangle bounded by the meridians 43° W. and 63° W. and 
the equator the sum of the angles is 200°, and the spherical ex- 
cess is 20° ; in the spherical triangle having angles 50°, %b^, 125°, 
the spherical excess is (50° + Q^"" + 125° - 180°), i,e, 60°. 
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If E denote the number of degrees in the spherical excess, and 
Sr denote the number of radians therein, then 



in a triangle ^J5(7, IT = A°+ B° + CT -im"; 
and [^Plane Trigonometry, Art. 73, (7)], 

^--[ 180 )'• 



(1) 



(2) 



Ex. Find the spherical excess (in degrees and in radians) of the tri- 
angles described in Art. 42, Exs. 1, 2, 3 ; Art. 43, Exs. 1, 2 ; Art. 44, Exs. 
1, 2, 3 ; Art. 46, Exs. 1, 2; Art. 46, Exs. 1, 2, 3 ; Art. 47, Exs. 1, 2. 

57. The area of a spherical triangle. 

Proposition : The number of spherieal degrees (of surface) in a 
^hericdl triangle is equal to the number of (angular) degrees in 
its spherical excess.* 

Let ABC be a spherical triangle whose 
spherical excess is E°', then area ABC 
is equal to E spherical degrees. Com- 
plete the great circle BCB'C\ and pro- ^z^.- 
duce the arcs BA, CA to meet this circle 
in J5', C, respectively. Complete the 
great circles BAB'B and ACA'C. The 
triangle AB'C^ is equal to the triangle 
A'BC. For, 

B'A = 1S0''-^AB = BA', 

C7'jB' = 180°-jB'(7=(7J5. 
Hence, in area, ABC+AB'C' = luneACA'BA; 
also ABO-\-AB'C=: lune BCBAB, 

ahd ABC + ABC = lune CBC'AC 




J^O.tf 



*This proposition is sometimes stated thus: The area of a triangle is 
equal to its spherical excess; but this enunciatioxi is rather slipshod. 
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Hence, on addition, 

2 ABC + (ABC +AB'C' + AB'C + ABC) 

= lime A + lune B + lune (7; 

2 ABC = lune J. + lune B + lune C — hemisphere. 

.-. (by Art. 55) 2 ABO =(2 ^+2 5+2(7-360) spherical degrees. 

ABC = (^ + -B + O - 180) spherical degrees 

= E spherical degrees. 

Since (Art. 55) a spherical degree on a sphere of radius r con- 
tains yj-^ ttt^ square units of area, then, on this sphere, 

area^BC = ^-±^^f^l50^* = ^^^., (1) 

= E^r^, [Art. 56(2)] (2) 

in which E denotes the number of degrees, and E^ denotes the 
number of radians in the spherical excess. 

Hence, in order to find the area of a triangle, find the angles, 
calculate the spherical excess in degrees or radians, and use one 
of formulas (1), (2). 

Note. It should be observed that [from Art. 14, Art. 56 (1), and the 
proposition above], the number of spherical degrees contained in the area 
subtended on a spherical surface by a solid angle at the centre of the sphere, 
remains the same, however the radius may vary. On the other hand, by (1) 
and (2), the number of square units in the subtended area varies as the 
square of the radius. 

* This expression for the area of a spherical triangle was first given in 
1629 by Albert Girard (1590-1634) (see Plane Trigonometry, pp. 22, 167); 
and it is often called Girard^s Theorem. The method of proof used above 
was invented by John Wallis (1616-1703) professor of geometry at Oxford. 
(See Wallis, Work?, Vol. II., p. 875.) 

It follows from (1) that 

area ABC :2TrR^ = E°: 360°. 

Hence, the above proposition may be expressed thus : Tlie area of a 
spherical triangle is to the surface of the hemisphere as the excess of its three 
angles above two right angles is to four right angles. 
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EXAMPLES. 

Find the areas of the following triangles (see examples, Art. 56) : 

1. Those described in Art. 42, Exs. 1, 2, 3, when on a sphere of radius 
10 feet. 

2. Those described in Art. 43, Exs. 1, 2, when on a sphere of radius 
25 inches. 

3. Those described in Art. 44, Exs. 1, 2, 3, when on a sphere of radius 
30 yards. 

4. Those described in Art. 45, Exs. 1, 2, when on a sphere of radius 
4 feet. 

6. Those described in Art. 46, Exs. 1, 2, 3, when on a sphere of radius 
18 inches. 

6. Those described in Art. 47, Exs. 1, 2, when on a sphere of radius 
3960 miles. 

58. Formulas for the spherical excess {E") of a triangle. Smce, in 
a spherical triangle ABC, JST' = -4° + ^ + C° - 180°, and since there are 
many relations between the sides and angles of a triangle, it may be expected 
that there can be many formulas for the spherical excess ; and, accordingly, 
for the area of a spherical triangle. [It will be remembered that there 
are several formulas for the area of a plane triangle {Plane Trigonometry, 
A.rt. 66).] Following are some of the most important of these (the deduc- 
tion of some of them is given in Note B) : 

A. The spherical excess in terms of the three sides. 

(a) L^Huillier^s formula : 



tan ^E° = Vtan J s tan J(s — a) tan J(s — b) tan i (« — c). 

(b) CagnolVs formula : sin i ^ = , 

2 cos i a cos J & cos \ c 

in which n = Vsin s sin (s — a) sin (s — b) sin (s — c). 

(c) 2>c^wa's formula*: coti^ = ^ + ^^^^ + "^"^ + ^^"^ -^ 
^ ^ ^ 2n 

• Simon' V Huillier (1750-1810), a Swiss mathematician and philosopher ; 
Antoine Cagnoli (1743-1816), an Italian astronomer; Uabbe Jean Paul 
de Gua (1712-1786), a French philosopher. 

t For the deduction of this formula see Chauvenet, Trigonometry, p. 230, 
and Crawley, Trigonometry, p. 166. 
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B. The spherical excess in terms of two sides and their included angle. 

(d) tani 5°== tanj^gtaiUdginC 

"^ ^ ' l + tanJatanJ6cosa' 

(e) cot iir = cotjacotift + cosC 
^ '^ ' sin a 

Ex. By these formulas find the spherical excess of soi)ae of the triangles 
referred to in Ex. 1, Art. 56. 

59. a. The number of spherical degrees in any figure on' a sphere, 

whatever may be its boundary, is the ratio of the area of the 
figure to the area of a spherical degree, that is, to (Yj7f)th part of 
the area of the hemisphere (Art. 6^). Thus, on a sphere of radius 
r, if A denotes the area of the figure, and E the number of spheri- 
cal degrees therein, then, since area of a hemisphere = 2 irr*, 

[Compare Art. 57 (1), Art. 59 (2).] 

The plane angle E^ may be called the spherical excess of the 
figure. For example, the spherical excess of a lune of angle A° 
is 2A\ 

h. The spherical excess of a {non-re-entraivt) spherical polygon. 
On drawing diagonals from any vertex of a polygon of n sides to 
the other vertices, it will be seen that the polygon is divided into 
n — 2 triangles. The sum of the angles of all these triangles is the 
same as the sum of the angles of the polygon. Hence, 

spherical excess (E^) of polygon ofn sides 

= sum, of angles — (w — 2)180®. 

If the radius of the sphere is r, then (Art. 57) 

E 

area of the polygon = -— ttt^. (2) 

loO 

60. Given the area of a figure : to find its spherical excess. Hoie 
fully : To find the spherical excess of a figure on a sphere when ft« 
area of the figure is given in square units. 
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Let r denote the radius of the sphere, A the area of the figure, 
E the number of degrees, n the number of seconds, and E^ the 
number of radians, in its spherical excess. Then, by (1) Art. 59, 

E = ^. <1) 

.-. n = 3600 E = 2062664- (2) 

IT 
"NOYT 

hence 



r = j|^ radians; 




^=q~-^ radians 




= — radians. 

7^ 


[by (1)] 




(3) 



A i)articular application of (2) can be made to the following 
problem, viz. : The area of a spherical triangle on the earth^s sur- 
Jace being knowny to derive a formula for computing the spherical 
excess. 

The length of a degree on the earth's surface is found to be 
366165 feet. Accordingly, 

R (the radius of the earth) = ^^^^^6 x 180 ^ ^^^ ^^^ 

IT 

From (2), log n = log ^ + log 206266 - 2 log J?. (5) 

On expressing A in square feet, and substituting in (6) the 
value of B in (4), there is obtained, 

log w = log ^ - 9.3267737. (6) 

Formula (6) is called Boy^s Bule, as it was used by General 
William Eoy (1726-1790) in the Trigonometrical Survey of the 
British Isles.* The area of the spherical triangle can be approxi- 
mately determined to a sufficient degree of accuracy. 

•The rule should probably be credited to Isaac DaJby (1744-1824), who 
'Was mathematical assistant to General Roy from 1787 to 1790, and later 
became professor of mathematics at the Royal Military College. [See Phil, 
Trans., vol. 80 (1700).] This was the first practical application of Gerard's 
theorem (Art. 57). 
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61. The measure of a solid angle. A plane angle can be measured 
by any circular arc which it subtends; and the measure can be 
expressed in radians and in degrees. The radian (or circular) 
measure of an angle is the number of times any circular arc sub- 
tended by it contains the radius {Plane Trig., Art. 73) ; and the 
number of degrees in the angle is equal to the number of degrees in 
the subtended circular arc. Thus, the radian measure of an angle 
of an equiangular triangle is -^tt, and its degree measure is 60. 

A solid angle can be measured in a somewhat similar manner, 
namely, by means of any spherical surface which it subtends. 
What may be called the spherical measure of a solid angle is the 

number of times any spherical sur- 
Ji face subtended by it contains an 

^ -\ ^y^ \ „ area equal to the square on the radius. 

/ A^X^^^'^^'\^\ ^or example, since the surface of a 

I o-<i-iT~ r ( SP^®^® is equal to 47rr*, the sum of 

I ^ r^^I~~~\ / ^ *^® solid angles about any point 

\ y ^^^A^_/ is 47r. The angle at the corner of 

^ a cube subtends one-eighth of the 
Fia. 60 surface of the sphere ; accordingly, its 

spherical measure is ^-j-r^, t.e. \t* 
A solid angle may also be measured in spherical degrees, b. term 
that will be explained presently. What may be called the 
spherical degree measure of a solid angle (or, the number of 
spherical degrees in the angle) is a number equal to the number 
of spherical degrees of area in any spherical surface subtended 
by the angle. An angle that subtends a spherical degree of 
surface, contains what may be called a solid spherical degree. 
For example, the sum of all the solid angles about any point 
is 720 spherical degrees (of angle); the angle at the comer of 
a cube contains 90 spherical degrees (of angle). Thus the 
spherical measure of the angle at the comer of a cube is ^ ^, and 
its spherical degree measure is 90. On comparing these defini- 
tions of solid angular measures with Art. 55 and equations (3) and 
(1) Art. 60, it is seen that these measures of solid angles are eqvd 
to the measures, in radians and degrees respectively, of the spherical 
excess of the figures subtended on any sphere by the angle, when 
the vertex of the angle is at the centre of the sphere. 
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Note 1. The term degrree. In geometry and trigonometry the word 
degree is used in connection with four very different kinds of quantities ; 
Aamely, circular arcs, plane angles^ spherical surfaces, and solid angles, 

A degree of arc, or an arcual degree, is (yi7j)th part of any circle ; 

A degree of angle, or an angular degree, is (Ti7f)th part of four right 
angles ; 

A degree of surface on a sphere, or a spherical degree of surface, is (7iTr)th 
part of the surface of any sphere ; 

A degree of solid angle, or a solid spherical degree, is {t^)^^ part of the 
solid angles about any point. 

Note 2. If two plane angles are equal, they can be superposed, the one 
on the other. On the other hand, just as two figures on a sphere may be 
equal in area and differ in every other respect, so two solid angles can be 
equal in measure and differ in every other respect. 

Note 3. The following remarks relating to the measurement of solid 
angles are from Button's Course in Mathematics, Vol. II., p. 64 : 

'^ Solid angles: If about the angular point of a solid angle as centre, a 
sphere be described to radius unity, the portion of its surface intercepted 
between the planes which contain the solid angle is the measure of the 
solid angle, (This method of estimating the magnitude of solid angles 
appears to have been first given by Albert Girard in his Invention Nouvelle 
en Algebre, 1629 ; and it would very naturally suggest itself as one of the 
simplest applications of his theorem for the spherical excess.)" [Compare 
Plane Trigonometry, p. 126, Note 2.] 

Ex. 1. The edge angles of a triedral angle are 74° 40', 67° 30', 49° 60' ; 
calculate its spherical degree measure, and its spherical measure. (See Ex, 
1, Art. 43.) 

Ex. 2. The face angles of a triedral angle are 47° 30', 65° 40', 60° 10' ; 
calculate its spherical degree measure, and its spherical measure. (See Ex. 
1, Art. 42.) 

Ex. 3. Two face angles of a triedral angle are 64° 24 , 42° 30', and the 
edge angle between their planes is 68° 40' ; calculate its spherical degree 
measure, and its spherical measure. (See Ex. 1, Art. 44.) 

Ex. 4. A face angle of a triedral angle is 74° 20', and the two adjacent 
edge angles are 67° 30' and 45° 50' ; calculate its measure. (See Ex. 1, Art. 
45.) 

Ex. 6. Calculate the spherical degree measure, and the spherical measure, 
of the solid angles corresponding to the spherical triangles described in 
Art. 42, Exs. 2, 3 ; Art. 43, Ex. 2 ; Art. 44. Exs. 2, 3 ; Art. 45, Ex. 2 ; Art 
46, Exs. 2, 3 ; Art. 47, Ex. 2. (See Ex., Art. 56.) 
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62. The Tolome of a sphere. In some works on solid geometry 
and in books on mensuration it is shown that the volume of a 
pyramid is equal to one third the product of its base and altitude. 
Now suppose that a polyedron (i,e, a solid bounded by plane faces) 
is circumscribed about a sphere, each of the faces of the polye- 
dron, accordingly, touching the sphere. This polyedron may be 
regarded as made up of pyramids which have a common vertex 
(namely, the centre of the sphere), and a common altitude (namely, 
the radius of the sphere), and which have the faces of the poly- 
edron as bases. Then, E being the radius of the sphere, W^<^ >7 

Vol. of polyedron = ^ i2 x (sum of faces of polyedron). (1) 

If the number of faces of the polyedron be increased and the 
area of each face be decreased, then the sum of the faces becomes 
more nearly equal to the area of the surface of the sphere, and 
the volume of the polyedron becomes more nearly equal to the 
volume of the sphere. By increasing the number of faces and 
decreasing the area of each face, the difference between the sum 
of the faces of the polyedron and the area of the sphere can be 
made as small as one please ; and, likewise, the difference between 
the volume of the polyedron and the volume of the sphere can be 
made as small as one please. In other words : 

The area of the surface of the sphere is the limit of the area of 
the surface of the polyedron, and the volume of the sphere is the 
limit of the volume of the polyedron, when the faces of the latter 
are increased without limit, and each face is made to approach 
zero in area. 

Hence, from (1), Vol. of sphere = J J? x surface of sphere 

= |^i2«.* (2) 

63. Definitions. A spherical pyramid is a portion of a sphere 
bounded by a spherical polygon and the planes of the sides of the 
polygon. The polygon is called the base of the pyramid. 

* For a note concerning the measurement of the circle and the sphere see 
Plane Trigonometry, Art. 72, and Note (7, p. 171. For the proofs of Archi- 
medes, see T. L. Heath, The Works of Archimedes edited in modem notcOion, 
with introductory chapters (Cambridge, University Press), pp. 39, 41, 83. 
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For example, in Fig. 11,. Art. 12, O-ABCD, O-ABC, 0-ABD^ 
are spherical pyramids ; thieir bases are ABOD, ABO, ABD, 

A spherical sector is the portion of a sphere generated by the 
revolution of a sector of a circle about any diameter of the circle 
as axis. For example, in Fig. 47, Art. 53, when the semicircle 
ATB revolves about AB, each of the circular sectors AOL, LOT, 
LOK, etc., describes a spherical sector. 

A spherical segrment is the portion of a sphere bounded by two 
parallel planes and the zone intercepted between them. (One of 
the planes may be tangent to the sphere.) 

64. Volume of a spherical pyramid; of a spherical sector. By 
reasoning analogous to that in Art. 62, it can be shown that, in a 
sphere of radius B, 

vol. of a spherical pyramid = ^ i? x area of its base ; 

vol. of a spherical sector = J i? x area of its zone. 

Since the area of a zone of height A = 2 irBh (Art. 53), 

then vol. of spherical sector = ^ irlPh, 

Thus in Fig. 11, Art. 12, 

vol. 0-^ABCD z=\OAx area ABOD-, 

in Fig. 47, Art. 53, 

vol. of sector described by AOL = ^ OA x area of zone described 
by arc AL = | irJ^ • AL, and 

vol. of sector described by LOT ^ \ OA x area of zone described 
by arciyr = |7r^.Z^. 

EXAMPLES. 

1. Find the volumes of the spherical pyramids whose bases are the tn- 
angles described in Art. 57, Exs. 1-6. 

2. Find the volumes of the following spherical sectors : 

(a) The sector whose base is a zone of height 2 inches on a sphere of 
radius 18 inches. 

(&) The sector whose base is a zone of height 3 feet on a sphere of radius 
12 feet 
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65. Volume of a spherical segment. Let AB be an arc of a semi- 
circle of radius E having the diameter DD\ From A, B, draw 
Aa, Bb, at right angles to BB*, It is required to find the volume 
of the spherical segment generated by the revo- 
lution of ABba about BB', 

Let h denote the height of the segment, and 
^t Pi, Pz) the lengths of the perpendiculars from 
|f« the centre to the parallel bases of the seg- 
' * ment. On making the revolution of the semi- 
circle BAB', it is seen that 

segment generated by -456a = cone generated 
Pia. 51 ^y BOb -{- spherical sector generated 
by AOB — cone generated by AOa, 

Now, vol. cone generated hy BOb=^\ t^^Pz] 

vol. sector generated by -405 = | irB!^h ; (Art. 64) 

vol. cone generated hy AOa = ^Trr^p^, 

.". vol segment = ^ tt {rip2 4- 2 B^h — r^p^, (1) 

Note. The result (1) can be reduced to various forms. For example, 
since 

pi^ = ^2 _ ri2, pc,^ = ^2 _ r^2^ p2 - Pi = h, 

then vol. segment = J wR^^pz — pi) + J vp2{B^ — p^) — \ 7rpi(R^ — p^^) 

= (P2 -Pi)TrR2 - Jt(p23 -pi8) (2) 

^P2_:zPl^lSR^-(iP2^^P2Pi +Pi2)]. (3) 

Since h=p2— Pu then h^ = p^ — 2p2Pi + pi^. 

.: PIP2 = ^°'+^''-^' , and p,^ + p,p, +pi'=\ W + Pa*) - ^. 

On substituting the last result in (.3), expressing p-^ and p^ in terms of 
R, rx, rj, and reducing, the following formula is obtained, viz. : 

vol. segment = ^ / ri2 + rgS + ^\ . (4) 
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EXAMPLES. 

1. Show that if (in Fig. 51) angle AOD = a, then the volume of the 
spherical sector generated by AOD is j irB\l — cos a). 

2. Show that if angle AOD = a, then the volume of the segment generated 
by the revolution of ADa is } tB^ sin* J a(l + 2 cos^ J a). 

Suggestion. Segment generated by ADa = sector generated by AOD — 
cone generated by AOa. 

8. Find the volume of a spherical segment, the diameters of its ends being 
10 and 12 inches, and its height 2 inches. 

4. The diameters of the ends of a spherical segment are 8 and 12 inches, 
and its height is 10 inches. Find its volume. 

N.B. For questions and exercises on Chapter VI,, seepage 108. 



CHAPTER VII. 

PRACTICAL APPLICATIONS. 

66. Geographical problem. To find the distance between two places 
and the bearing (i.e. the direction) of each from the other, when their 
kUitudes and longitudes are known. An interesting application of 
spherical trigonometry can be made in solving this problem. In 
the following examples the earth is regarded as spherical^ and its 
radius is taken to be 3960 miles. 

EXAMPLES. . 

1. Find the shortest distance along the earth's surface between Baltimore 
(lat. 39° 17' N., long. 76° 37' W.) and Cape Town (lat. 33° 66' S., long. 
18° 26' E.). 

In Fig. 52 B and C represent Baltimore and Cape Town ; EQ is the earth's 
jy. equator ; NGS, NBS, NCS are the meridians of 

Greenwich, Baltimore, and Cape Town respec- 
tively ; BG is the great circle arc whose length is 
required. 

In the spherical triangle BNC, NB^ IfC^ and 
BNC are known. For 

NB = 90° - -BZ = 90° - 30° 17' = SO** 43' 
JVrC = 90°+ r(7=90° + 33°66' = 123°66' 
BNC = BNG + GNC = 76° 37' + 18° 26' = 96** 3' 

Hence, BC can be determined in degrees by Art. 44 ; then, the radius 
of the sphere being given, BC can be determined in miles. The angles NBC, 
NCBj can also be found. 

Answers: J5C = (66° 47' 48") = 4685.8 miles; iVBC = 115** 1' 86' ; NCB 
= 67° 42' 23". 

Note 1. The bearing of one place from a second place is the ang^e which 
the great circle arc joining the two places makes with the meridian of the 
second place. Thus, in Fig. 52 the bearing of Cape Town from Baltimore is 
the angle NBC, and the bearing of Baltimore from Cape Town is NCB, 
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Since NBC= 116° 1' 36" the ship sets out from Baltimore on a course 
S. 64° 68^ 26" B.; since NCB = 67° 42' 23" the ship approaches Cape Town 
on a course S. 67° 42' 23" E. 

Note 2. A ship that sails on a great circle (excepting the equator or a 
meridian) must be continuaUy changing her course. 

2. Find the latitude of the place where BC crosses the meridian 16° W. j 
also find the bearing of Cape Town from this place. 

8. If a vessel sails from Baltimore and keeps constantly on the course 
(see Ex. 1) 8. 64° 68' 26" E. (i.e. crosses every meridian at the angle 64° 68' 
26"), will she arrive at Cape Town ? [Answer, No.] 

4. What path will the vessel in Ex. 3 make on the sea ? Answer, A 
X)ath which is a spiral going round and round the earth and gradually 
approaching the south pole. This path is called the loxodrome, or rhumb 
line, 

5. If a person leaves Boston, Mass. (lat. 42° 21' N., long. 71° 4' W.), start- 
ing due east, and keeps on a great circle : (a) Where will he be after he has 
passed over an arc of 90°, and in what direction will he be going ? (6) Where 
will he be after he has passed over an arc of 180°, and in what direction will 
he be going ? (c) Where will he be after he has passed over an arc of 270°, 
and in what direction will he be going ? [Solve this example : (1) by 
spherical geometry; (2) by spherical trigonometry.] 

6. What is the distance from New York (40° 43' N. , 74° 0' W. ) to Liverpool 
(63° 24' N., 8° 4' W.)? Find the bearing of each place from the other. , In 
what latitude will a steamer sailing on a great circle from New York to Liver- 
pool cross the meridian of 60° W. ; and what will be her course at that point? 

H.B. Check the results in the following exercises .: 

7. Find the distance and bearing of Liverpool from Montreal (46° 30' N., 
73«83'W.). 

8. Find the distance and bearing of Liverpool from Halifax, N. S. (44® 
iC N., 63° 36' W.). 

9. Find the distance and bearing of Santiago de Cuba (20° N., 76° 60' W.) 
from Rio de Janeiro (22° 64' S., 43° 8' W.). 

10. Find the distance and bearing of San Francisco (37° 47' 66" N., 
122° 24' 82" W.) from New York. 

11. Find the distance of Victoria, B. C. (48° 25' N., 123° 23' W.) from 
Sydney, N. S. W. (33° 62' S., 161° 13' E.) ; and the bearing of each place 
from the other. 
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12. rind the distances between the following places : (a) San Francisco 
and Honolulu ; (6) Cape Town and Cairo ; (c) Honolulu and Manila ; 
(d) Victoria, B. C, and Tokio. 

13. Find the distances between other places, and their bearings from each 
other. 

APPLICATIONS TO ASTRONOMY. 

N.B. In connection with his study of the following articles the 
student should consult some elementary text-book on astronomy. The 
numerical examples given here wiU supplement his outside reading on 
spherical astronomy. 

67. One of the most important applications of spherical tngo- 
nometiy is to astronomy. Trigonometry was invented t<nid 
astronomy, and for centuries was studied as an adjunct of the 
latter subject. (See Plane Trigonometry, pp. 165, 166.) A few of 
the simplest problems of spherical astronomy are introduced in 
Arts. 73, 74. In order to understand these problems a clear con- 
ception of a few astronomical terms and principles is necessary. 
These terms are explained in Arts. 68-72. 

68. The celestial sphere. To a person on the surface of the 
earth, the sky above is like a great hemispherical bowl with him- 
self at the centre. The stars seem to move from east to west 
across the spherical sky in parallel circles whose axis is the earth's 
polar axis prolonged. Each star makes a complete revolution 
about this axis in 23 hours 6^ minutes ordinary clock time. The 
stars appear never to change their positions with reference to one 
another, being in this respect like places on the earth's surface.* 
Another way of describing the relations of the earth and the 
enveloping sky, is to say that the whole sky is turning, like an 
immense crystal sphere, about an axis which is the earth's polar 
axis prolonged, the motion being from east to west. The stars 
keep the same positions with respect to one another, and, accord- 
ingly, appear to be attached to the surface of the sphere. As the 
sphere turns, the stars fixed in it appear to trace parallel circles 

* The positions of some of the stars suffer a very slight change which is per- 
ceptible in the course of centuries. 
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about the axis. The sphere turns completely in 2'3 hours 56 
minutes ordinary clock time.* The stars all seem to be at the 
same distance from the observer because his eyes can judge their 
directions only, and not their distances. 

The following considerations will show that it is natural enough for an 
observer on the earth to think that he is always at the centre of the sphere on 
which the stars appear to be. When a person changes his position, the direc- 
tion of an object at which he is looking changes also, unless he moves directly 
towards or away from the object. For instance, from a certain point a tree 
naay be in an easterly direction, and when the observer moves a little way 
the tree may be in a southeasterly direction. Moreover, the further away an 
object is, the less will be the change in its direction caused by' any particular 
change in the observer's position. Thus, if a person is near a tree, a few steps 
on his part may change the direction of the tree from east to southeast, but if he 
is five miles from the tree, an equal number of steps taktn by him will make 
Tery little difference in the direction of the tree. Now the earth's mean distance 
from the sun is about 93,000,000 miles. Hence, an observer who now looks at 
the stars from a certain position, in about six months from now will look at 
them from a point 186,000,000 miles distant from his present position, t As- 
tronomers have succeeded in a few instances in determining the distances of 
the stars from the earth. J It has been f pund that the nearest star yet known. 
Alpha CentaurU is so far away that the change in its direction from the centre 
of the earth, due to the change of position of 186,000,000 miles on the part of 
the earth, is less than the change in the direction of an object 3| miles away 
when the observer moves his head a couple of inches at right angles to the 
line of sight. This being so in the case of the sun's nearest stellar neighbour, it 
is natural for an observer on the earth to think that he is always at the centre 
of the great sphere on which the stars appear to be ; and it is perfectly proper 

* The student probably knows that the apparent turning of the spherical 
sky from east to west about an axis which is the earth's polar axis prolonged, 
is really due to the rotation of the earth in an opposite direction. The 
observer is not conscious of any motion of the earth, and thinks that the sky 
with its bright points is revolving about the earth from east to west, while all 
the time the sky is motionless, and the earth is turning under it from west to 
east. Just as to a person in a swiftly moving train the objects outside seem 
to be rushing by him while the train appears to be at rest. 

t This, moreover, does not take any account of the motion of the sun with 
his system through space. • 

t The first stellar distance determined was that of 61 Cygni by Friedrich 
Wilhelm Bessel (1784-1846), one of the greatest of German astronomers, in 
1838. Since then the distances of about 100 stars have been measured ; about 
50 of these distances are regarded as reliably determined. 
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for him to act in accordance with this notion when he makes astronomical 
observations and deductions.* 

The sphere on which the stars appear to move in parallel cir- 
cles, or, what comes to the same thing, the sphere which appears 
to have the stars attached to it and to revolve about the earth's 
polar axip prolonged, is called the celestial sphere. 

69. Points and lines of reference on the celestial sphere. There 
will now bo shown some methods for indicating the positions of 
the heavenly bodies on the celestial sphere — their positions with 
respect to the observer and their positions with respect to one another. 

The positions of places on the terrestrial sphere are described 
by means of certain points and great circles on the sphere. There 
are various pairs of circles which are used for reference; for 
example, the equator (whose poles are the north and south x)oles 
of the earth) and the meridian passing through the Royal Observa- 
tory at Greenwich, the equator and the meridian passing through 
the observatory at Washington, etc. It will be observed that in 
each case the reference circles are at right angles to each other, and, 
accordingly y eojch of them passes throiigh the poles of the other. 

In an analogous manner the positions of bodies on the celestial 
sphere are described by means of, or by reference to, certain points 
and great circles on that sphere. There are four different systems 
of circles of reference. As in the case of the terrestrial sphere, 
each system consists of two circles, each of which passes through 
the pole of the other, and, accordingly, is at right angles to the 
other. Two of these systems are described in Arts. 70, 71, a third 
in Art. 76, and the fourth in Art. 77. A point which will be referred 
to in these systems is the north celestial pole. This is the point 
where the earth's axis, if prolonged, would pierce the celestial 
sphere. It is near the pole star, being about 1^ from it. 

**'.,. imagine the entire solar system as represented by a tiny circle the 
size of the dot over this letter i." (Neptune the outermost planet known of 
the solar system is 2790 millions of miles from the sun ; t'.e. 30 times as for 
as the earth.) " Even the sun itself, on this exceedingly reduced scale, could 
not be detected with the most powerful microscope ever made. But on the 
same scale the vast circle centred at the sun and reaching to Alpha Centauri 
would be represented by the largest circle which could be drawn on the floox 
of a room 10 feet square.'* (Todd, New Astronomy^ p. 438.) 
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70l The horizon system : Positions described by altitude and azi- 
muth. Por any place on the earth's surface, the point at which 
the plumb line extended upwards meets the celestial sphere is 
called the zenith ; the diametrically opposite point is called the 
nadir. If a plane perpendicular to the plumb line be passed either 
immediately beneath the observer's feet, or through the centre of 
the earth, about 4000 miles below him, then the intersection of this 
plane with the celestial sphere is called the horizon. (Since the 
earth is so small and so far away from even the nearest star, two 
parallel planes 4000 miles apart and passing through the earth 
will appear, to a terrestrial observer, to intersect the celestial 
sphere in the same great circle.) 

Great circles passing through the zenith are perpendicular to the 
horizon; they are called vertical Zizenith) 

cirdes. The north point of the horizon y^cl~~^^\^^ 

is the point which is directly north /^ r'^^^^^\^ie) 

from the observer. It is where the / ^- fr**V* \ 

vertical circle passing through the ^^'gV— jf- — I— rNA'brfA 

north pole intersects the horizon. ^^^^>^ — /! — l'^ 

This cirde which passes throtigh the ToJtadtr 

zenith and the pole is called the me- ^^^ ^ 

ridian of the observer, Tlie horizon 
and the meridian are the reference circles in the horizon system 

The altitude (denoted by h) of a heavenly body is its angular 
distance above the horizon. Thus the altitude of M (Fig. 53, in 
which E is the earth and Z the zenith of the place of observation) 
is Mm. The altitude of the zenith is 90°. The distance of a star 
from the zenith is called its zenith distance ; this is obviously the 
complement of the altitude. 

The azimuth (denoted by A) of a heavenly body is the angle 
between its vertical circle and the meridian. This angle is 
measured usually along the horizon from the south point in the 
direction of the west point, to the foot of the star's vertical circle. 
Thus in "Fig. 63 the azimuth of Jf is ISO"* + N2^y which is measured 
by the arc 180**,+ Nm on the horizon. 

KoTB. Any two points on the eaxth^s surface have dlfEerent zeniths. 
Hence, the above system of describing positions on the celestial sphere is 
peooliarly local. Moreover, a star rises in the eastern part of the horizon 
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(altitude zero), mounts higher in the sky until it reaches the observer's merid- 
ian, then sinks towards, and sets in, the west ; it is, accordingly, continually 
changing its altitude and azimuth. 

71. The equator system: Positions described by declination and 
hour angle. . The north celestial pole is the principal point of this 
system. The celestial equator is the great circle of which that point 
is the pole ; it is evidently the projection of the earth's equator 
upon the celestial sphere. The celestial equator and the meridian of 
the observer are the reference circles in 
^j^^^J^^^ the system now being described. In 
^iwe) Fig. 54^ p is the north celestial pole, S 
the south celestial pole, EQ the celestial 
equator ; also, HR is the horizon and Z 
the zenith for some particular place on 
the earth's surface. As said in Art i 
68, the stars move in parallel circles I 
whose axis is PS ; these circles are, accord- i 
ingly, parallel to the equator EQ. The 
angular distance of a star from the equator is called the declination 
(denoted by D or 8) of the star ; Tiorth (or +) declinoMon when the 
star is north of the equator, and south (or — ) declination when the , 
star is south. Thus the declination of S^ is /S^^v The angular dis- 
tance of a star from the north pole is called its north polar distance; 
this is evidently the complement of the star's declination.* t 
In 24 (sidereal) hours a star appears to make a complete revolo- j 
tion (i.e, to pass over 360°) about the celestial polar axis ; hence, j 
the star passes over 15° in 1 hour.^ The great circles passing ; 
through the poles are called hour circles. Thus PS^ is the honr i 
circle of S^, The hour angle (denoted by ff. A.) of a star is the angle j 
between the meridian of the observer and the hour circle of the ' 
: ^ \ 

* The declination of the stars change by an exceedingly small amount in ^ 
the course of a year. I 

t The interval of time between two successive passages of the obaerrer^s 
meridian by the sun (i.e. from noon to noon) is about 4 minates longer than 
the interval of time between two successive passages of the meridian l^ any 
particular star. (This difference is due to the yearly revolution of the earft 
about the sun. See text-books on astronomy.) The second Interval is 
called a sideieal day ; it is divided into 24 sidereal hours. 
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The right ascension (denoted by R.A.) of a heavenly body is 
the angle at the north celestial pole between the hour circle of 
the body and the hour circle of the vernal equinox. This angle 
is measured from the latter circle towards the east, from 0° to 360° 
or 1 h. to 24 h. ; it may be measured by the arc intercepted on the 
equator. Declination Kas been defined in Art. 71 

In Fig. 58, P is the north celestial pole, E2Q the equator, EiO 
the ecliptic, and V the vernal equinox. If S is any star, then 
ioT S ^ ^ jgjj^^ ^^^ j^j^ ^ a^jjglg VPM= arc VM. 

77. The ecliptic system : Positions described by latitude and longi- 
tude. In this system the point and circles of reference are the 
pole of the ecliptic, the ecliptic, and the great circle pasfiinrj through 
tJie pole of the ecliptic and the vernal equinox. The latitude uf a 
star is its angular (or arcual) distance 
from the ecliptic; its longitude is tho 
angle at the pole of the ecliptic between 
the circle passing through this pole and 
the vernal equinox and the circle passing 
through this pole and the star. This 
angle may be measured by the arc inter- 
cepted on the ecliptic. It is always 
measured towards the east from the vernal 
equinox. 

In Fig. 59, Kh the pole of the ecliptic, EiC the ecliptic, P the 
pole of the equator, E2Q the equator, and V the vernal equinox. 
If S is any star, then 

latitude of /S = SM, longitude of /S = VKM=^ VM. 

When the latitude and longitude of a star are known, its declination 
and right ascension can be found, and vice versa. For, in the tri- 
angle KPS (the triangle whose vertices are the star and the poles 
of the equator and the ecliptic), ^P= 23|° (since QF(7= 23-i-°), 
KS = 90**- lat., /S^P= 90°- long., SP= 90°- D; SPK= VPK 
-•VPS = 90°- (360° - E.A.), if S is west of VP; SPK = 90° + 
R.A., if 8 is east of VP. If any two of these be i^nown besides 
KP, the remaining two can be found by solving KPS. 

N.B. Questions and exercises on Chapter VIL mil he found at page 109. 




APPENDIX. 



NOTE A. 



ON THE FUNDAMENTAL FORMULAS OF SPHERICAL 
TRIGONOMETRY. 

1. The relations between the sides and angles of a right-angled spherical 
triangle were obtained in Art 26. The law of sines and the law of cosines 
(Art. 36) for any spherical triangle have, been derived by means of these 
relations. (See Note 1, Art. 36.) These two laws can also be derived directly 
by geometry ; this is done in Arts. 2, 3, below. Moreover, the law of slues 
can be derived analytically from the law of cosines, as shown in Art 4. In 
Art. 5 it is shown how the relations for right-angled triangles can be derived 
from these two laws. Other relations between the parts of a spherical tri- 
angle have been referred to in Art 40 ; these relations can also be deduced 
Dy means of the law of cosines and the law of sines. The law ofeosinea is, 
accordingly^ the fundamental and most important formula in spherical trigo- 
nometry, 

2. Direct geometrical deriyation of the law of cosines. Let 0-ABQ 
be a triedral angle, and ABC be the corresponding spherical triangle on 
a sphere of radius OA. It is required to 
find the cosine of the face angle COB, or, 
what is the same thing, the cosine of the 
side CB. 

In OA take any point P, and through 
P pass a plane MPN at right angles to 
the line OA. Then OBN and 0PM are 
right angles, and angle 3£PN'= angle A, 
Also, the measures (in degrees) of the 
sides AB, BC, CA, are the same as the 
measures of the face angles COB, BOA, AOC, respectively. 




JnMPN, 
In if OiV, 



Mir = MP^ '\-Pir - 2 afP . PNcobMPN'; 

SiP = M0^-\- OlP --2 MO* ON cos MQIT. 
95 



(1) 

(2) 
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Hence, on equating these valaes of MlP and transposing, 

2M0'0NcosM0N=M^-MP^+ ON^ - FN^ + 2 MP » FN cos MPN. 

Now OM^ - MP^ = OP^, and ON^ - PiP = OP^, since 0PM and 
OPK are right angles. 

••• 2JfO. ONco8MON'=:2 0P^'{-2MP'PNcobMPN. 

. i.r^a\fn\r^OP OP , MP PK ^^^Ti^r^T^, 

i.e. cosa = co85co8c + sln5slncco8ul. (3) 

Like formulas for cos &, cos c, can be derived in a similar manner ; they 
can also be written immediately, on paying regard to the symmetry in (3), 
The formulas for cos^, cos B,' and cos C, can be derived by means of the 
polar triangle, as done in Art. 36, C. 

EXERCISES. 

1. Make the figure and derive the law of cosines : (a) when P is taken 
at A ; (6) when P is taken in OA produced towards A, 

2. Derive the formula for cos h geometrically. (Take any point in OB^ 
and through this point pass a plane at right angles to OB.) 

8. Derive the formula for cos c geometrically 

3. Direct geometrical derivation of the law of sines. Let O-ABG 
be a triedral angle, and ABC be the corresponding spherical triangle on 

a sphere of radius OA, 

In 0(7 take any point P, and draw PM 
at right angles to the plane A OB, and in- 
tersecting this plane in M. Through M 
draw MG and MH, at right angles to OA 
and OB respectively. Pass a plane through 
the lines PJf and MG. 

Since PM is perpendicular to OAB, the 
plane PMG is perpendicular to OAB (Euc. 
XI. 18). Hence, since AGM is a right 
angle, AGP is also a right angle. There- 
moJSl fore angle PGM = angle A. Similarly it 

can be shown that angle PHM = angle B. 

P& OPmnAOO OPaiab OP ^ 
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Also, sin B==:^=—^^^—=--|^ .-. 8inB8ina=^ (2) 
PH OP^BOC OPsina OP ^ ^ 

/. by (1), (2), sin ^4 sin 6 = sin B sin a. 

sin^ __ sinB ^ 
sin a sin & 

In a similar way it can be shown that ^ " = .. Henoe 

sin a sine 

BinA _ sinB _ sin C^ 
sina 8iii6 sine 

Ex. 1. Show geometrically : 

(a) that Sta^ = ?inC ^jj a^t dnB^sina 
sma smc sin& sine 

Ex. 2. Make the derivation when M is not in the sector AOB, 

4. Analytical deriyation of the law of sines from the law of cosines. 

^^3^ ^coso-^osftcosc. ^j^^ ^3j ^^ 2^ 

sm6sinc 



1 ■ co^A = 1 - f <^Qs^ - cos&coscy 
\ sin d sin c / 



__ sin^ b sin^c — cos^ a — cos^ h cos^c + 2 cos a cos 6 cos c , 
'^ 8in2 6 8in2c ' 

_ (l~cos2 6Xl— cos^c)— cos^g— co82fico82c4-2co8acos6cosc . 
sin2 h sin2 c ' 

i.€ sin^ J. = ^ — cos'g ~ cos'6 — cos^c + 2 cos a cos6 cosc^ 

sinaftsin^c 
. sin^ J. _ 1 — cos^ a — cos^ 6 — cos^c + 2 cosg cos h cosc ^ ^^v 

*' sin^a sin^asin^dsin^c 

Similarly, ^-^ — - and ^\"^ can each be shown to be equal to the second 
sin'-* 6 sin^c 

member of (1). Hence, 

sin^ _ 8inB _ 8in C _ 2n ,n\ 

sin a sin h sin c ~ sin a sin 6 sin c ' 

in which 2 n denotes the positive square root of the numerator of the second 

member of (1). 

Ex. 1. Show the truth of the statement made above. 

Ex. 2. Show that the numerator in the second member of (1) is equal to 
4 sin « sin (s — o) sin (s — 6) sin (8 — c). 

SuGOvsTiON. sin ui = 2 sin — cos ^^soUl ^rti^^4)* ' 
'\ r^. 



similarly. 

Also, 

tan^ = 

similarly, 


sin^ 
cos -4 


sin^ 


cosB 

[by (6')] 
tanB 


tana 
tanc 

__ sin a 


sin B cos a 


sin 6 cos a 
tan 6 
sin a 
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5. Formulas for right-angled triangles derived from the general formulas. 

In the triangle ABC l^t angle (7 = 90^. Then sin C= 1, and relations 
(1), p. 45, become (2) and (2'), p. 30. Also, cos = 6, and the third 
formula in Art. 36, B becomes (1), p. 30. The three formulas in Art. 36, C 
reduce to (5), (5'), and (6), p. 30, respectively. Formulas (3), (8'), (4) 
and (4'), p. 30, can be derived from the others on that page. For 

cos^ = sinBcosa [by (5')] =^ • ^ [by (2'),(1)] =ii^ ; 

smc cos6 ^ ^ ^^ ^^ tanc 



Cby(2),(2n]=^i 



Other relations in triangles (see Art. 40) can also be used in the derivation 
of the formulas for right-angled triangles. 

EXERCISES. 

1. Deduce the law of cosines : (1) directly, by geometry ; (2) by means 
of the relations in a right-angled triangle. 

2. Deduce the law of sines : (1) analytically, from the law of cosines 
(2) directly, by geometry ; (8) by means of the relations in a right-angled 
triangle. 

8. Deduce the ten relations between the sides and angles of a right-angled 
spherical triangle : (1) by means of the relations between the sides and angles 
of the general spherical triangle ; (2) directly, by geometry. 

NOTE B. 

[Supplementary to Art. 58.] 

DERIVATION OF FORMULAS FOR THE SPHERICAL EXCESS 

OF A TRIANGLE. 

!• Cagnoli's Formula. {In terms of the sides.) 
sin }^ = sin J(^ + -B + C- 180°) = - cos J(^ + 5 + C) 
= sin 11a + B) sin JC - cos i(A + B) cos JC 

= sin^Ccos^a |.^^g j^^ _ ^j __ ^^g }(« + 6)] [Art. 39, (1), (3)] 

cos ^ c 
^ sin^qsinfftsinC ^^^^ ^ ^gj^ gg ^g^^ p^^^^ j,^^^^ .^^ 

cos J c 
^ sin}gsin}5 . _^n — ^^^^ ^^ j^^ ^ ^ . , 

cosjc sin o sin 6 ^ ' 



2cos}acos}&cos Jc 
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Xr. Lhnillier'8 Formula. (In terms of the sides,) 

* cosK^ + B + (7-180°) 

co8j(^ + ^)+cosJ(180°-(7) *• y»F J 

co8Ka + 6)+co8}c 8in}a •■ * ^'^ ^ >'» '^ ^'J 

_ sin ^(8 — h) sin ^(g — ct) ^ j sin « sin (g — c) 
"" C08 J s C08 J(s — c) ^sin (8 — a) sin (« — 6) 

[Art. 37, (6); Plane Trig., p. 94] 

s Vtan J 8 tan J(8 — a) tan J(8 — 6) tan J(8 — c). 

III. Formula in terms of two sides and tlieir inelnded angle. 

co8jJ?=:cosJ(^ + B+ C-lS0°)=8mi(A + B+ C) 
= cos i(A + B) sin JC + sin }(^ 4- B) cos JC 

= [cos J (a + 6) sin2 JC + cos J(a — 6) cos^ JO] sec J c 

[Art. 39, (1), (3)] 
= (cos J a COS J 6 + sin J a sin J 6 cosO) sec J c. (2) 

Hence, from (1) and (2), on division and reduction, 

taniJg= tan}gtan}6sinC \ 
1 + tan J a tan J 6 cos (7 

On taking the reciprocals and reducing, this takes the form 

cot * Jg? == 52Li£cotiML2osC. 

* sinC 



\ 
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QUESTIONS AND EXERCISES FOR PRACTICE 
AND REVIEW. 



CHAPTER L 

1. On a sphere let N be the pole of a great circle ABO, and P be any 
point on the surface between K and ABC; also let DPNG be a semicircle 
drawn through P at right angles to ABC^ and let it intersect ABC in D 
and G : prove (a) that PD is the shortest great-circle arc that can be drawn 
from P to ABC ; (6) that PNG is the longest great-circle arc that can be 
drawn from P to ABC. 

2. Show that the greater the distance of the plane of a small circle from 
the centre of the sphere, the less is the circle. 

8. The radius of a sphere is 10 inches, and the radius of a small chxsle 
upon it is 6 inches. Find : (a) the distance between the centre of the sphere 
and the centre of the small circle ; (6) the angular radius of the small circle ; 
(c) the polar distance (or arcual radius) of the small circle ; (d) the dis- 
tance on tl^e sphere from the small circle to the great circle having the 
same axis. 

4. Prove that if a spherical triangle has two right angles, the sides oppo- 
site them are quadrants, and the third angle has the same measure as its 
opposite side. 

6. Prove that in any spherical right triangle an angle and its opposite 
side are always in the same quadrant. 

6. Prove that any side of a spherical triangle is greater than the difference 
between the other two sides. 

7. Prove that each angle of a spherical triangle is greater than the differ- 
ence between 180° and the sum of the other two angles. 

8. Show that the surface of a sphere is eight times the surface of a trirec- 
tangular triangle. 

9. (a) Show that a trirectangular triangle is its own polar; (fi) show 
that a triquadrantal triangle is its own polar. 

10. Show that if two great circles are equally inclined to a third, their 
poles are equidistant from the pole of the third. 

101 
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11. Show that tho arc through the poles of two great circles cuts both 
circles at right angles. 

12. A ship sails along the parallel of 45'^N. a distance of 600 nautical 
miles. Find the difference of longitude that she has made. 

18. Two places in latitude 60° N. are 160 statute miles apart. Find their 
difference of longitude. [Take the radius of the earth as 3960 miles.] - 

14. Compare the lengths ol the parallels of 30° N., 46° N., and 60° N., 
with the length of the equator. 

16. Prove that if the first of two spherical triangles is the polar triangle 
of the second, then the second is the polar triangle of the first. 

16. Show that in two polar triangles each angle of the one is the supple- 
ment of the side opposite to it in the other. 

17. Show that the sum of the angles of a spherical triangle is greater than 
two, and less than six, right angles. 

18. Discuss the following cases, in which A, a, and b are given in a spheri- 
cal triangle ABC: 

I. A = 90°: (1) 6 = 00°; (2) &<90°(a<6, a = 6, a>h and <ir-fr, 
a = ir-6, a>ir-6); (3) 6>90°(a<ir - 6, a = ir - 6, a>ir-6 and 
<6, a = 6, a>6). 

II. u4<90°: (1) 6 = 90°(a<^, a = A, a>A and <6, a = 6 = 90°, 
a > 6) ; (2) 6 < 90°(a <Py a =p, a >!> and < 6, a = 6, a > 6 and <ir - 6, 
a = ir-6, a>ir-6); (3) 6>90°(a<i>, a=p, a>p and <ir-6, 
a = ir — 6, a>ir — 6 and < 6, a = 6, a > 6). [For definition of p, see p. 26.] 
IIL -4>90°: (1) 6 = 90° (a = 6, a between 6 and ir - 6, a between 
IT — 6 and J)); (2) 6<90°(a>j?, a=p, a<p and >h, a = b, a between b 
and IT -6); (3) 6>90°(a<6, a>b and <p, a<p and >w-6, 
a between b and ir — 6, a = 6). 

CHAPTER II. 

1. Define spherical angle, spherical triangle, Napier^s circular parts, 
polar triangle, quadrantal triangle, oblique spherical triangle, pole of an 
arc, spherical excess, spherical polygon. 

2. In a right-angled spherical triangle show that : (a) It is impossible 
for only one of the three sides to be greater than 90° ; (b) The hypote- 
nuse is less than 90° only when both the other sides are in the same 
quadrant ; (c) If another part besides the right angle be right, the triangle 
is biquadrantal. 

8. Prove, by geometry and by trigonometry, that in a right spherical 
triangle an angle and its opposite side are always in the same quadrant, that 
is, either both are less or both are greater than 90°, 
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4. Prove that in a right spherical triangle ABC, (C = 90®) . (a) sin^ =r 
cos B -i- cos b ; (b) cos e = cotA cot B; (c) cos c = cos a cos b. 

6. (a) Mention in order Napier's circular parts, and state the two prin- 
cipal rules for their use. (&) State Napier's Rules and write the ten for- 
mulas for the right spherical triangle by means of them, (c) Prove three 
of these formulas. 

6. What formulas should be used to find B, a, and & of a right spherical 
triangle ABC (C = 90°) when A and c are given ? What formula includes 
all- the required parts? 

7. Show how to obtain the formulas for finding a, B, and C of a qua- 
drantal triangle, when A and b are given and c = 90^ 

8. Given one side and the hypotenuse of a right spherical triangle, write 
all the formulas for the solution and check, and state how the species of each 
part will be determined. 

9. How many solutions are there for a right spherical triangle ABCy 
given side b and angle B ? Discuss fully. 

10. Given A and 6 of a right spherical triangle ABC (C = 90°) : write 
and derive formulas for computing each of the parts B, a, and c in terms of 
A and b only ; also the check formula. 

11. Show how to solve a right spherical triangle, having given (a) the 
sides about the right angle ; (6) the two oblique angles. 

12. (a) Show how the solution of a quadrantal triangle may be reduced 
to that of a right triangle, (fi) Write the relations between the sides and 
angles of a quadrantal triangle ABC, in which c = 90°. 

18. In a spherical triangle ABC, A = B: write the relations between the 
sides and angles of ABC, 

14. If ^ be one of the base angles of an isosceles spherical triangle whose 
vertical angle is 90° and a the opposite side, prove that cos a = cot ^ ; and 
determine the limits within which it is necessary that A must lie. 

16. Show how oblique spherical triangles can be solved by means of right 
spherical triangles. (Six cases.) 

16. In a right spherical triangle ABC(C = QO°) prove that: (a) sin^B 
— cos2^ = sin2 b sin^^; (6) sin ^ sin 2 6 = sin c sin 2 ^ ; (c) sin 2 ^ sin c = 
sin2osinB; ((?) sin2asin26 = 4 cos-icosJSsin^c; (6) cos2^sin2c = 
sin2 c — sin« a ; (/) sin^ A cos^ c = sin2^ — sin2 ^, 

17. (a) In ABC, if C = 90°, and a = 6 = c, prove that sec -4 = 1 + sec a, 
(b) In ABC ( (7 = 90°) show that if 6 = c = -, then cos a = cos A. 

18. In a right spherical triangle whose oblique angles are 72° 34' and 
59° 42', find the length of the perpendicular from the right angle upon the 
base, and the angles which it forms with the sides. 
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19. Two planes intersecting at right angles .are intersected by a third 
plane making with them angles of 60® and 75° respectively. Find the angles 
which the three lines of intersection make with each other. 

20. Two planes intersect at right angles ; from any point of their line of 
intersection one line is drawn in each plane making the respective angles 60° 
and 73° with the line of intersection. Find the angle between the two lines 
thus drawn. 

21. A triangle whose sides are 40°, 90°, and 125° respectively, is drawn on 
the surface of a sphere whose radius is 8 feet. Find in feet the length of 
each side of \h\a tr||,^gle, and also the angles of the polar triangle. Write 
the formula ibr ^ding either angle in terms of functions of the sides. 

22. Solve *he following spherical triangles given : (1) Right triangle, 
hypotenuse = 140°, one side = 20°. (2) Sides 90°, 50°, 50°. (3) Sides 100°, 
50°, 60°. (4) Sides each 30° in length. (5) A = 100°, <7= 90°, a = 112°. 
(6) ^ = 80°, a =90°, 6 = 37°. (7) o = 6 = 119°, (7 = 85°. (8) Triangle 
FQR, R = 90°, P = 63° 42', Q = 123° 18'. (9) Right triangle, one. angle = 
110° 30' 20", hypotenuse = 75° 45'. (10) ^ = 90°, 6 = 21° 30', c = 122° 18'. 
(11) B = 90°, (7=79° 40^, 6=137° 62'. (12) ^=90°, a=108°23, c=37°42'. 
(13) 5=90°, ^=43° 10', a=78°36'. (14) 5=90°, a=33°57', u4=43°18'. 
(15) ^ = 87° 40' 20", 6 = 33° 42' 40", 5 = 90°. (16) ^ = 83° 42' 40", 6 = 
87° 40' 20", 5 = 90°. 

CHAPTER III. 

1. In a spherical triangle ABC prove that : (a) sin a : sin u!i=sin 6 : sin 5 
= sin c : sin (7 ; (6) cos a = cos 6 cos c + sin 6 sin c cos ^ ; (c) cos A = 
—cos 5 cos 0+ sin 5 sin (7 cos a ; (d) cos i -4= Vsin s sin(«— a) -t-sin 6 sin c, 
where 8 = i(a + 6 + c); (c) tan Ju4 cot J 5 = sin (« — 6) cosec (« — a). 

2. Give the equations (or proportions) known as Napier's Analogies. 
Derive them. 

3. Derive formulas giving the values of sin^, cos -4, tan^i, and cose, in 
terms of functions of a, 6, and c. 

4. In a spherical triangle ABC show that : (a) If a = 6 = c, then sec^ 
sl+seca. (6) If 6 + c = 180°, then sin 25 + sin2 (7 = 0. (c) If C=90°, 

then tan J(c + a) tan J(c — a) = tan^ -. 

6. In an equilateral spherical triangle show that : (a) 2 sin — cos ^ = 1, 

2 2 
and hence, that such a triangle can never have its angle less than 60°, nor its 

side greater than 120° ; (6) 2 cos -4 = 1 — tan^ ^. 

6. Show that : (a) If the three angles of spherical triangle ABC are 
together equal to four right angles, then cos^|= cot ui cot 5. (6) If « is 
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the side of a spherical triaogle formed by joining the middle points of the 
equilateral triangle of side a, then 2 sin | = tan |* 

7. (a) In a spherical triangle ABC show that, if 6 + o = 90®, then 

COS a = sin 2 c cos^ — . (b) If a be the side of an equilateral triangle and a' 
2 

that of its polar triangle, prove cos a cos a' = }. 

8. (a) If, in a triangle ABC^ I be the length of the arc joining the middle 
point of the side c to the opposite vertex C, show that cos I = (cos a + cos 6) 
-?- 2 cos-. (6) In a right spherical triangle ABC (JC = 90°), If o, /S be the 
arcs drawn from C respectively perpendicular to and bisecting the hypote- 
nuse c, show that sin^ - (1 + sin^ a) = sin^/S. 

2 

9. (a) Prove that the half sum of two sides of any spherical triangle is in 
the same quadrant as the half sum of the opposite angles^ (fi) Two sides of 
a spherical triangle are given : prove that the angle opposite the smaller of 
them will be greatest when that opposite the larger is a right angle. 

10. ABC is a spherical triangle of which each side is a quadrant, and Pis 
a point within it. Prove that cos^ PA + cos^ PB + cos^ PC = 1. 

11. In a spherical triangle, if il = 36°, B = 00°, and C = 90°, show that 
a + 6 + c = 90°. 

CHAPTEE ly. 

1. (a) Name the six cases for solution of spherical triangles. (6) Dis- 
cuss each case in detail, writing the formulas used in the solution, and deriv- 
ing these formulas, (c) Solve an example under each case. Test the result 
by (1) solving by right triangles, (2) solving without logarithms, (3) using a 
check formula. 

2. How many solutions are possible for the oblique spherical triangle 
ABC^ given A^ By and a ? Discuss in full the question of one solution, two 
solutions, or no solution. Plan the solution. 

3. In a spherical triangle ABC^ two sides a and h and the included angle 
C are given. Write all the formulas used in the solution and check ; describe 
fully the process of solution. Derive the formulas used. 

4. Write and deduce the formulas for finding A^ B, and C of any spheri- 
cal triangle when a, 6, and c are given. 

6. Given A, B, and C. Show how to find the remaining parts, writing 
the formulas to be used. 

6. In an equilateral spherical triangle the side a is given. Find the 
angle A, 



\ 
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7. Solve the spherical triangle whose sides are 70°, 60°, and 60°. Solve 
the plane triangle obtained by connecting by straight lines the vertices of 
this spherical triangle, the sphere on which it is drawn being 2 feet in 
diameter. 

8. In a triangle ABC on the earth's surface (supposed spherical) a = 483 
miles, b = 321 miles, (7= 38° 21'. Find the length of the side c. [Earth's 
radius = 3960 miles.] 

9. Two planes intersect at an angle of 76°. From any point of their line 
of intersection one line is drawn in each plane, making the respective angles 
66° and 80° with the line of intersection. Find the angle between the lines 
thus drawn. 

10. Two planes intersecting at an angle of 66° are intersected by a third 
plane, making with them the respective angles 66° and 82°. Find the angles 
which the three lines of intersection make with one another. 

11. A solid angle is contained by three plane angles 62°, 83°, 38°. Find 
the angle between the planes of the angles 62° and 38°. • 

12. Two of the three angles which contain a solid angle are 42° and 65° 30', 
and their planes are inclined at an angle of 60°. Find the angle of the third 
plane face and the angles at which this third plane is inclined to the other 
two planes. 

13. A pyramid has each of its slant sides and base an equilateral triangle. 
Find the angle between any two faces. 

14. A pyramid each of whose slant faces is an equilateral triangle has a 
square base. Find the angle between any two slant faces, also the angle 
between any slant face and the base. 

16. In the following cases ABC is a three-sided spherical figure each of 
whose sides is an arc of a great circle. Select those which are spherical tri- 
angles, and give reasons for so doing. Explain why the other figures can- 
not be triangles. Solve the triangles and check the results. (Solve some 
without using logarithms.) 

(1) a = 76°, 6 = 54°, c = 36°. (2) A = 54° 35' 20", 6 = 104° 25' 45", 

e = 92° lO'. (3) A = 107° 47' 7", B = 38° 58' 27", c = 51° 41' 14". 

(4) A = 60°, B = 80°, C = 100°. (5) A = 120°, B = 130°, C = 80°. 

(6) ^=54° 35', & = 104°24', c=95° 10'. (7) ^=61°37'63", jB=139°54'34", 
6=150° 17' 26". (8) a=72° 18', b = 146° 35', c=98° 11'. (9) ^=125° 16', 
C=85° 12', 6=100°. riO) ^=60°, ^=114° 5' 8", 6=50°. (11) ^=83° 40', 
6 = 73° 45', a = 30° 24'. (12) A = 83° 40', 6 = 30° 24', a = 73° 46'. 

(13) A = 97° 20', a = 94° 37', 6 = 36° 17'. (14) a = 127° 40', 6 = 143° 60', 
c = 139° 39'. (15) A = 40°, B = 30°, C = 20°. (16) A = 40° 35', 

B = 36°42', c = 47°18'. 
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CHAPTER V. 

[In the following exercises, 



n = Vsin « sin (« — a) sin (» — 6) sin (» — c), 
and JV = V- cos ^co8(/!?-^) cos (/S-jB) cos els' -C); 

also, r, Vat r& re, denote the radii of the circles inscribed in the spherical tri- 
angle ABC and its three colunar triangles, and JR, Bai Hht Be denote the 
radii of the circumscribing circles of these triangles.] 

1. Given a spherical triangle ABC, find (1) the radius of the inscribed 
circle ; (2) the radius of the circumscribing circle ; (3) the radii of the 
inscribed circles of the colunar triangles ; (4) the radii of the circumscribing 
circles of the colunar triangles. 

Show that : 

2. Tanr = -^. 

sin 9 

8. TanJB= ' -^ 



cos (S -A)co8(S- B) cos (S - (7) 
4. (a) Cot B cot Ba cot Bi cot Be = N^ ; 
(6) Tan B cot Ba cot Bi cot Be = cos^ S. 
— cos /J? sin* 



6. Tani? = 4tanr- 



sin a sin b sin c sin A sin BainO 

6. Tan r« tan n tan Ve = tan r sin^ s. 

7. Tani2 -f cot r = tan Ba + cot ra = taniJj + cot r* 

= tan Be + cot re = i (cot r + cot r« + cot n + cot re). 

8. Tani?tanr = -^^^^^^"^ = -^^^^^^"^ = etc. Write the other for- 
mulaofthisset. sin. sin ^ sin. sin 5 

9. Tan2 JB+tan2 i?a+tan2 i^j+tan^ i?c=cot2 r+cot^ ra+cot^ r^+cot^ r*. 

10. Tan r tan Va tan n tan re = n^; cot r tan ra tan rj tan Ve = sin^ «. 

11. In any equilateral triangle, tan B = 2 tan r. 

12. Taniga = -^"i^ = ^Q^(^~^^= ^i^Jif 

cos/S iV sin-4sin Jftsin Jc 

^ 2siniacosi6cos^c ^J_^g.^^^g.^^^^^^^3.^(^^^)^g^^^^^)j^ 
n 2n 

Write the corresponding formulas for Bh and Be> 
18. Cot ra + cot n + cot re — cot r = 2 tan B. 

14. Find the radii of the circles connected with some of the triangles in 
Ex. 16 of the preceding set. 
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CHAPTER VI. 

1. Define the following terms : zone of a sphere, lune, spherical degree^ 
spherical excess of a triangle, spherical excess of a (non-re-entrant) polygeny 
spherical excess of any figure on a sphere, spherical measure and spherical 
degree measure of a solid angle, spherical pyramid, spherical sector, spherical 
segment 

2. Derive the area of the surface of a sphere. 
8. Derive the area of a spherical triangle. 

4. Discuss fully the measurement of solid angles. 

' 5. Show how to find the spherical excess of a figure on a sphere when 
the area of the figure is given (in square units). 

6. State and deduce Boy^s Bute for computing the spherical excess of a 
triangle of known area on the earth^s surface. 

7. Derive the volumes of a sphere, a spherical pyramid, a spherical 
sector, and a spherical segment. 

8. The area of an equilateral triangle is one-fourth the area of the 
sphere : find its sides and angles. 

9. If the three sides of a spherical triangle measured on the earth^s 
surface be 12, 16, and 18 miles, find the spherical excess. 

10. If a=6 and a = -. show that tan^° = -^H^. (In ABC^ 

2* 2 cos a ^ ^ 

11. If a = 6 = 60° and c = 90°, show that E = cos-i J. (In ABC.) 

12. If C = 90° in ABC, then E=2 tan-i(tan J a tan J 6). 

18. In a triangle on the earth's surface (assumed spherical), two sides 
are 483 and 321 miles, and the angle between them is 38° 21'. Find the area 
of the triangle in square miles. [Radius of earth = 3960 miles.] 

14. The sides of a triangle on the earth's surface (supposed spherical) 
are 321, 287, and 412 miles ; find the area. 

15. Prove that in a right triangle ABC ((7= 90°), 

cosJ^ = 22ii«c2si&, and sin i ^ = ?lHi«sini6. 
cos J c cos J c 

16. The spherical excess of a triangle on the earth's surface is 2". 5. 
Find its area, the radius of the earth being taken as 3960 miles. 

17. Find the fraction of the earth's surface (supposed spherical) con- 
tained by great-circle arcs joining London, New York, and Paris. Find the 
spherical degree measure, and the spherical measure of the angle subtended 
at the centre of the earth by this part of the earth's surface. 
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18. Find the spherical excess of some of the triangles in Ex. 15, p. 104. 
Also find their areas in square inches on spheres of radii, say, 4 inches, 
10 inches, 12 inches, 20 inches, a inches. 

19. Find the spherical measures and the spherical degree measures of the 
solid angles corresponding to the triangles taken in Ex. 18. 

CHAPTEE VII. 

1. Given the latitude and longitude of each of two places : show how to 
find the shortest distance between these places, and the direction of one place 
from the other. 

2. Given the latitudes and longitudes of three places on the earth's sur- 
face, and also the radius of the earth : show how to find the area of the 
spherical triangle formed by arcs of great circles passing through them. 

8. Given the sun's altitude and declination and the latitude of a place : 
8how clearly how the time of day may be determined. 

4. If d represents the sun's declination, what formulas will be required in 
order to determine the time of sunrise for a place whose latitude is Z ? 

6. Show what formulas must be used to find the length of a degree of 
longitude on the earth's surf ace for a place whose latitude is Z, r representing 
the radius of the earth. 

6. The shortest distance d between two places and their latitudes I and V 
are knovsm ; find their difference of longitude. 

7. Given the obliquity of the ecliptic w, and the sun's longitude X, show 
that if a and 5 denote his right ascension and declination respectively, then 
tan a = cos <a tan X, and sin d = sin w sin X. 

8. The faces of a regular dodecaedron are regular pentagons, three faces 
meeting at each vertex. Find the diedral angle at the edge of the solid. 

9. The ridges of two gable roofs meet at right angles; each roof is 
inclined to the horizontal at an angle of 65°. Find the diedral angle between 
the planes of the two roofs, and the angle their line of intersection makes 
with the ridge of either roof. 

10. What is the direction of a wall in latitude 52° 30' N. which casts no 
shadow at 6 a.m. on the longest day of the year ? 

11. Two ports are in the same parallel of latitude, their common latitude 
being Z, and their difference of longitude 2 X. Show that the saving of dis- 
tance in sailing from one to the other on the great circle instead of sailing 
due east or west, is 

2 r {X cos Z — sin-i(sin X cos Z)}, 

\ being expressed in radian measure, and r being the radius of the earth. 
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12. If a ship sails from New York (40° 28' N. , 74° 8' W.) starting due east, 
and continues her course on an arc of a great circle, what will be her lati- 
tude when she reaches the meridian of Greenwich, and in what direction will 
she then be sailing ? 

18. Find the distance between New York (40° 28' N., 74° 8' W.) and Cape 
Clear (51° 26' N., 9° 29' W.), and the bearing of each from the other. [Radius 
of earth = 3960 miles.] 

14. From Victoria, B.C. (48°26'N., 123° 23' W.), a ship sails on an arc 
of a great circle for 1260 miles, starting in the direction S. 47° 36' W. Find 
its latitude and longitude, taking the length of 1° as 69^ miles. 

16. Two places are both in latitude 60° N., and the difference of their 
longitudes is 60°. Find the distance between them (a) along the parallel of 
latitude, (&) along a straight line, (c) along a great circle. [Earth^s radius 
= 3960 miles.] 

16. What will be the first course and the shortest (great circle) distance 
passed over in sailing from a place in latitude 43° N. to another place 80° 
east of it and in the same latitude ? What is the distance between the tuvo 
places along the parallel ? What is the straight-line distance between them ? 

17. At what hours will the sun rise in London (51° 30' 48" N.) and New 
York (40° 43' N.) when its declination is respectively 23° N., 20° N., 16° N., 
10° N., 5° N., 6° S., 10° S., 16° S., 20° S., 23° S. ? 

18. When the sun^s declination is 18°, find his right ascension and 
longitude. 

19. What is the altitude of the sun above the horizon when its angular 
distance from the south point is 76° and from the west point is 60° ? 

20. The right ascension of Sirius is 6^ 38°* 37'.6, and his declination is 
16° 31' 2" S. ; the right ascension of Aldebaran is 4^ 27°» 25».9, and his decli- 
nation is 16° 12' 27" N. Find the angular distance between these stars. 

21. If the Sim's declination be 20° 45' N. and his altitude be 41° 10' at 
3 P.M., find the observer's latitude. 

22. What will be the altitude of the sun at 3.30 p.m. in San Francisco 
(37° 48' N.), its declination being 15° S. ? 

23. In Bombay (18° 54' N.) the altitude of the sun is observed to be 
27° 40'. If the sun's declination is 7° S. and the observation is made in the 
morning, find the hour of the day. 

24. Find the latitude and longitude of a star whose right ascension ii 
4^ 40", and declination 57°. 

25. Find the distance in degrees between the sun and moon when theii 
right ascensions are respectively 15*» 12', 4^ 45', and their declinations are 
21°30'S., 5°30'N. 
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96. Find the length of the longest day in the year at the following places 
(the sun's greatest declination being 23° 27' N.) : London (51° 30' 48" N.), 
New York (40° 43' N.), Montreal (46° 30^ N.), St. Petersburg (60° N.), Hong 
Kong (22° 17' N.). 

27. Find the length of the shortest day in the year at the places mentioned 
in Ex. 26. (The sun's declination is then 23° 27' S.) 

28. At Copenhagen (56° 40' N.), at an afternoon observation, the sun's 
altitude is 44° 20' ; find the time of day, the sun's declhiation being 18° 25' N. 

29. At what time of day will the sun have an altitude of 63° 40' for a 
place in latitude 40° 36' N., his declination being 13° 48' N. ? 

80. What will be the sun's altitude at 3.30 p.m. at a place in latitude 
44° 40' N., his declination being 18° N. ? 

81. What will be the sun's altitude at 10 a.m. at a place in latitude 
44° 40' N., his decimation being 18° S. ? ' 

82. What is the sun's declination when his altitude at a place in latitude 
37° 48' N. is 25° at 4 P.M.? 

Note. The Spherical Trigonometries of M'Clelland and Preston, Casey, 
and Bowser, contain especially good collections of exercises. See Art. 40. 



ANSWERS TO THE EXAMPLES. 



CHAPTER I. 

Art. 24. I. 4. ^ = 88° 12.2', B = 74° 34.7', (7 = 43° 8' ; ^ = 118° 33.2', 
B=113° 11.2', a= 92° 45'. n. 4. a=72° 40.6', 6=67° 46.8', c=51° 43.1'; 
a=71°22.7', 6=108° 37.3', c=104°56.7'. HI. 4. ^=63° 66', ^=126° 21.2', 
c = 77° 3' J B = 32° 47.1', C= 62° 30.7', a = 84° 29.6'. IV. 6. 6=70° 6.7', 
c=102°61.3', ^ = 68° 35.8'; a = 46° 1.5', c = 86° 0.7', ^=122° 66.8'. 
VI. 3. B = 69° 40.1', C=114°66', c = 96° 31.1', and ^ = 120° 19.9', 
= 27° 49.6', c = 30° 46.4'; B = 66°1.8', = 97° 16.9', c = 100° 26'; 
0=110° 43.1', 6 = 33° 8.6', c = 60° 28.8'; 0=166° 3.3', 6 = 126° 1.7', 
c = 162° 66.7', and O = 119° 47', c = 81° 7', 6 = 64° 68.3V 

CHAPTEE II. 

Art. 27. 4. c = 82°33.9', ^ = 60°61.2', i5 = 76°66.1'. 5. a=83°0.26', 
6=36^29.4', c = 47° 37.8'. 

Art. 31. 6. (1) O=86°30.9',^=36°30.2',i5=87°26.4'. (2) 6 =138° 24.4', 
A = 58° 41.9', B = 129° 43.1'. (3) a = 36° 60.6', 6 - 76° 39.6', B = 81° 29.1'. 
(4) a = 42° 49.8', 6 = 27° 47.3', c = 49° 33'. (5) 6 = 33° 37.4', c = 79° 2', 
^=34° 20.1'; and 6 = 146° 22.6', c=100° 68', ^=146° 39.9'. (6) a=36° 16.4', 
c = 51° 16.8', jB = 66°18.6'. 

Art. 32. 1. (1) 6 = 64°20', ^ = 32°0.76', i5=57° 69.26', 0=93°69.3'; 
(2) 6=66°29', c=lll°29.4', ^=50°17', 0=128°41.2'. 2. (1) 6=69°66.2', 
A = 130°, B = 62° 56.6'. (2) a = 136° 33', 6 = 100° 68.6', O = 101° 24.7'. 

CHAPTER III. 

Art. 37. I. 2. ^=65° 68.4', B=74° 14.6', 0=103° 36.6'. 3. ^=43° 58', 
B = 58° 14.4', O = 108° 4.8'. H. 3. a = 39° 29.6', 6 = 36° 36.2', c = 27° 69'. 
4. a = 130° 49.6', 6 = 120° 17.6', c = 64° 56.1'. 

CHAPTER IV. 

Art. 42. 2. A = 41° 27', jB = 66° 26.4', O = 106° 3.2'. 8. -4 = 144° 26.6', 
jB = 26°9.1', 0=36° 34.7'. . ^ 

Art. 43. 1. a = 43° 36', 6 = 41° 20.9', c = 33° 7.4'. 2. a = 111° 40.2', 
b = 91° 17.2', c = 71° 7.4'. 
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Art. 44. 2. ^ = lOP 24.2', B = 64° 67.9', c = 79° 9.5'. 8. JB = 78° 20.6', 
C = 47°47', a = 82° 42'. 

Art. 45. 1. a = 63° 16.1', 6 = 43° 63.7', (7= 96° 1'. 2. 6 = 86° 39.6', 
c = 68° 39.6', ^ = 69° 44'. 

Art. 46. 2. B = 36° 36.6', a = 61° 69.7', c = 42° 38.9'. 8. i5 = 69°3.6', 
C = 97° 38.8', c = 66° 66.9' ; B = 120° 66.6', C = 28° 6.2', c = 23° 27.8'. 

Art. 47. 1. 6 = 164° 46.1', c = 34° 9.1', C = 70° 17.6'. 2, A = 164° 43.7', 
a = 162° 37.6', c = 124° 40.6' ; A = 119° 18.7', a = 81° 18.7', c = 66° 19.4'. 

CHAPTEE VI. 

Art. 53. 1. 2827.44 sq. in. 2. 392.7 sq. in. 8. 8.26 sq. ft 

Art. 55. 1. 1.396 sq. ft. 2. 64.14 sq. ft. 

Art. 56. 24° 37' 47" (.42986), 33° 66.6' (.59213), 27° 10.4' (.47426), 
12° (.20944), 86° 20' (1.5068), etc. 

Art. 57. 1. 42.986 sq. ft., 69.213 sq. ft., 47.426 sq. ft. 2. 130.9 sq. in., 
941.76 sq. in. 

Art. 61. 1. Spherical degree measure = 12, spherical measure = .20944, 
2. Spherical degree measure = 24.63, spherical measure = .42986. 

Art. 64. 1. 143.29 cu. ft., 197.38 cu. ft., 168.09 cu. ft., 1090.8 cu. in., 
7847.9 cu. in., etc. 2. (a) 1367.17 cu. in. (6) 904.78 cu. ft. 

CHAPTEE VII. 

Art. 66. 2. 8° 4.3' S. ; course, S. 45° 6 E. 5. (a) On the equator in 
long. 18° 56' E. ; course, S. 47° 39' E. (6) Lat. 42° 21' S., long. 108° 56' E. ; 
course, E. (c) On the equator in long. 161° 4' W. ; course, N. 47° 39' E. 
6. Distance =(61° 19.8')= 3547.675 mi. ; bearing of New York from Liver- 
pobl is N. 71° 6.8' W., and bearing of Liverpool from New York is N. 48^ 5.8' E. ; 
lat. 61° 44.1' N. ; course, N. 66° 38' E. 

Art. 73. 1. 8.08 A.M. 2. 2.33 p.m. 8. 2.69 p.m. 4. 4.09 p.m. 
5. 6.09 p.m. 6. 9.46 a.m. 

Art. 74. 1. (a) 6.44; (6)6.06; ((5)4.34; (<i) 6.43 ; (c) 6.21 ; 
(/) 6.53; {g) 7.26. 2. (a) 6.37; (6) 4.40; (c) 3.61; (<f) 6.35; 
(e) 6.30; (/) 7.19; {g) 8.09. 8. (a) 5.29; (6) 4.08; (c) 2.51; 

(d) 5.25; (e) 6.42; (/) 7.61. (gr) 9.09. 
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